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|
NOMENCLATURE

Flow variables and coefficients

specific heat at constant pressure
specific heat at constant volume
gas constant

specific heat ratio

thermal conductivity

thermal diffusivity

density

dynamic viscosity

kinematic viscosity

time
(x,y,2) Cartesian coordinate
(u,v,w)  velocity components
pressure
temperature

total temperature

total temperature defined using Pr,, = 1
total energy per unit mass

stagnation enthalpy

., (E,F,G) fluxes in the i-direction

traceless strain rate tensor
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Nomenclature

Reference quantities

wall temperature

wall temperature in the streamwise direction
channel half-width

bulk-averaged density

bulk-averaged velocity

bulk-averaged mass flux

friction velocity scale

streamwise pressure gradient based velocity scale
extended inner velocity scale

friction temperature

streamwise pressure gradient based temperature scale
extended inner temperature scale

Non-dimensional parameters

Re

Rel
Re.
Ref

Re,
Re,

Reynolds number

local Reynolds number

friction Reynolds number
integral friction Reynolds number
Bradshaw’s scaling

Huang’s et al. semi-local scaling
Mach number

local Mach number
bulk-averaged Mach number
turbulent Mach number

friction Mach number

Prandtl number

turbulent Prandtl number
mixed Prandtl number

subgrid scale Prandtl number
non-dimensional heat flux




Nomenclature

Large Eddy Simulation

)
A

Hsgsy Vsgs
)\sgs
,z; .

Q;
w
9

'LL/

a general flow parameter
characteristic scale of the grid mesh
low-pass filter of width A
density-weighted (Favre) filter

sgs eddy viscosities

sgs eddy conductivity

subgrid-scale stress tensor
subgrid-scale heat flux vector
macropressure

macrotemperature

velocity fluctuation in the i-direction

Numerical simulation

(=9
S

1,

TR

Kronecker delta

p,u,v,w,p,T) primitive variables
, Pu, pv, pw, pe)  conservative variables

ensemble or Reynolds average

density-weighted or Favre average

source terms

distributed force modelling the streamwise favorable pressure gradient in the channel
distributed force modelling the streamwise adverse pressure gradient in the channel
normalized speed of sound

normalized pressure

characteristic velocities, one-dimensional eigenvalues
amplitudes of characteristic waves

normal derivatives to the boundary

turbulence anisotropy tensor

second invariant of the anisotropy tensor

third invariant of the anisotropy tensor

correlation coefficient for the Reynolds stress tensor
correlation coefficient for the turbulent heat flux
MSRA coefficient

temperature derivative coeflicient

skin-friction coefficient

heat transfer coefficient

pressure coefficient

Reynolds Analogy factor




Nomenclature

Modelling

0
or
k
It

o, 3

velocity wall-layer thickness

thermal wall-layer thickness

turbulence kinetic energy per unit mass

turbulent dynamic viscosity

turbulent kinematic viscosity

turbulent thermal conductivity

wall friction

wall heat flux

standard wall unit

proposed integral lengthscale

extended wall unit for distorted/separated wall layers
integral extended lengthscale for distorted/separated wall layers
ratios useful for modelling distorted/separated wall layers

Subscripts and superscripts

1, 2, 3 streamwise, wall-normal and spanwise directions

i, j, k
'l 'l/
w

e

0
rms
_|_
c+

*

c*
VD
CDS

tensor directions which vary from 1 to 3
fluctuating quantities

evaluated at wall

referring to the external flow

referring to the homogeneous contribution
root-mean-square fluctuations

referring to the standard wall unit

referring to the extended inner scaling proposed integral scaling

referring to the extended inner scaling

referring to the extended integral inner scaling
referring to the van Driest transformation

referring to the Carvin-Debiéve-Smits transformation




Nomenclature

Abbreviaton
LES Large-Eddy Simulation
DNS Direct Numerical Simulation
CFL Courant-Friedrichs-Levy criterion
FSF Filtered Structure-Function model
SGS Sub-Grid Scale model
AIM Anisotropy Invariant Map
SRA Strong Reynolds Analogy
MSRA  Modified Strong Reynolds Analogy

CESRA Modified Strong Reynolds Analogy for channel flows




CHAPTER 1

Introduction

Compressible turbulent channel flow has been studied extensively both experimentally and using
numerical simulations due to its geometric simplicity. There have been many experimental
studies which provided valuable knowledge about the friction coefficient, the mean velocity and
temperature profiles and so on (|6, 83, 80, 25, 26]. Direct Numerical Simulations (DNS) and Large
Eddy Simulations (LES) exist in the literature for relatively low Reynolds numbers 3000 < Re <
6000 and up to a Mach number M = 3 [14, 34, 50, 48, 74, 27].

The motivation behind this work is to use large-eddy simulation (LES) to extend the knowl-
edge of complex turbulent wall flows involving or not adverse pressure gradient effects and com-
pressibility effects. The flows investigated are fully developed channel flows, spatially developing
channel flow and distorted channel flow, for a compressible fluid. The aim is to analyze the
behavior of attached wall layer and distorted/separated wall layer subjected to a local adverse
pressure gradient at intermediate Reynolds number and non hypersonic Mach number. !

On the basis of the linearized equations of motion in a viscous heat-conducting compressible
gas, Kovasznay decomposed compressibility effects into vortical, acoustic and entropic contribu-
tions [46], which are related to the vorticity, the pressure and the temperature fields, respectively.
The relative growth of each of the three compressibility modes defined above can be used to clas-
sify turbulent wall bounded flows. Bradshaw [6] performed such analysis to express the so called
'Morkovin’s hypothesis: ’in non hypersonic boundary layers (M < 5), the acoustic mode is
negligible (prms < (P)) and the entropic mode is small (Ty,,, < (T;)). In such context, the
compressibility essentially affects the large scales of the turbulent flow and is driven by a ’‘cou-
pling between sound and thermal fields’ described by Morkovin [62] in the following way : "The
coupling occurs primarly through spatial and timewise variation of density, viscosity and heat
conductivity’.

The first consequence of this coupling is a full analogy between the velocity and the temper-
ature field which can be derived at three different levels:

- Reynolds Analogy between integral wall friction and temperature variations [75, 6];

- Crocco-Busemann relation between mean local temperature and velocity [16, 9] and

! The present study is part of a French-German DFG-CNRS collaboration entitled Large Eddy Sim-
ulation of Complex Flows’ (UR507). It is related to "Wall-Layer Models for Large Eddy Simulation of
Complex Flows’, a subproject coordinated by Michael Manhart from the Technische Universitit Miinchen,
for the German side, and Christophe Brun from the University of Orléans, for the French side.



- Strong Reynolds Analogy (SRA) related to turbulent stresses and turbulent heat fluxes [62].

A second consequence of the ’coupling between sound and thermal fields’ concerns the uni-
versality of the structure of the turbulence which is expressed by Morkovin [62] in the following
terms :

"The large scale motion (mean velocity field) should be statistically coupled to the thermal
field almost exclusively through mean values of p, pu, \, and the generalized law of the wall so
that with a variable lateral stretching factor, it may resemble the incompressible motion.’

This universal logarithmic law for the mean velocity profile is obtained based on an only
density-weighted transformation (van Driest transformation, hereafter denoted VD) [88, 6].

An universal logarithmic law for the total temperature has been derived as well thanks to
the VD transformation [59, 11, 17|, and is of special interest for supersonic boundary layers. The
VD transformation performs generally better for adiabatic boundary layers than for isothermal
boundary layers such as the ones developed in a turbulent compressible channel flow [14, 34, 50,
48, 74, 27]. The channel flow configuration is a typical case of non-adiabatic wall layer with non
negligible entropic modes. It is characterised by strong mean property changes at the wall which
were already referred to by Bradshaw [6] :

"The effect of mean density variations in y on the turbulence structure is mot covered by
Morkovin’s hypothesis, but is negligible if streamwise pressure gradients are small (which is
presently not the case in a channel).

"The influence of compressibility that Morkovin’s hypothesis does not treat are the effect of
viscosity, in regions where mean viscous stresses are important, and the effects of spatial gradients
of mean density’.

Such effects have been accounted for to derive a wall scaling for compressible flows such as
the semi-local scaling from Bradshaw [6] or Coleman et al. [14], and the composite scaling from
Huang et al. [34]. They have been applied by some authors [14, 27] to show that VD transfor-
mation was not sufficient to rescale the RMS velocity profiles to fit the incompressible one.

Turbulent separation occurs in turbulent flows involving step changes of the wall, surface cur-
vature or strong adverse pressure gradient. Experimental studies exist for flows over a backward-
facing step, over a bump [89] and smooth surfaces [4, 5]. Flows with adverse pressure gradient
conditions provided by suction over a cylinder [2, 18] or a flate plate [19] also exist. Numerical
simulations involve separation behind a backward-facing step or using suction and blowing on
the upper boundary condition of the simulation [65, 81]. It was observed that the turbulent
boundary layer experiences an adverse pressure gradient. Consequently, the flow is divided into
a thickening inner and an outer layers around the separation with the inner region dictating
the skin-friction distribution. Over the detachment an intermediate diffusion layer between the
outer and the inner layers develops. Thus, the separation process and the outer region behave
almost completely independently as an external free turbulent flow. Therefore, the large scale
outer structures survive the separation process and interfere with the regeneration of Reynolds
stresses in the inner region after reattachment. This continues for several bubble lengths after
reattachment [2].

Simpson |77, 78] has carried out extensive reviews of turbulent boundary layer separation and
showed that the classical law of the wall breaks down and that new relations must be designed
based on the streamwise pressure gradient effects, which is the scope of the present work.

The main objectives of this work are (1) to carry out large-eddy simulations of fully developed
channel flows, spatially developing channel flow and distorted channel flow, and (2) to derive
analytical laws of the wall for velocity and temperature. Thus, the present report is arranged in




three main parts.

In the first part, the compressible Navier-Stokes equations presently solved in the context of
an LES description of turbulent scales are presented. A description of the source model for the
periodic compressible channel flow is provided. Various formulations are proposed, which will be
further studied and compared. Inflow and outflow boundary conditions for simulations in which
no periodicity is assumed are introduced. Finally, the principle to generate a distorted /separated
channel flow is presented.

The second part is dedicated to the description of the results. The first chapter is a de-
scription of the parametric study of fully developed channel flows performed based on Mach
number, Reynolds number and source terms. Compressibility and low Reynolds number effects
are discussed, classical Reynolds and Favre averaging procedures are compared, an anisotropy
invariants analysis is performed, Morkovin’s hypothesis is assessed. The issue of the strong
Reynolds analogy between velocity and temperature fields in a compressible isothermal-wall is
addressed. The modified SRA formulation from Huang et al. is analysed and assessed.

The second chapter presents simulations of a spatially developing channel flow, with and
without streamwise pressure gradient distortion. The boundary conditions are checked for the
spatially developing channel flow. Then, the response of the subsonic turbulent flow to the
change of sign in pressure gradient is discussed in terms of instantaneous and mean flow features
and anisotropy invariants. The modified strong Reynolds analogy is applied to the present results.

The third part, dedicated to the wall modelling, starts with a brief description of the boundary
layers, velocity boundary layer and thermal boundary layer, respectively. The next chapter is
an analysis of the attached compressible wall layers presently computed with the objective of
addressing the issue of whether or not the structure of the turbulence in this wall-bounded flow is
universal and depends on Mach number. The last chapter of this part investigates the behavior
of an extended scaling for turbulent flows including a streamwise pressure gradient.
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Code and problem presentation



CHAPTER 2

Compressible Navier-Stokes solver

In this chapter a method for large-eddy simulation for turbulent channel flow is discussed. The
analysis starts with the governing equations and a description of the numerical method. Two
different source term formulations are presented: first the classical extension of the incompress-
ible configuration by Coleman et al. [14], second a formulation presently derived to model both
streamwise pressure drop and streamwise internal energy loss in a spatially developing compress-
ible channel flow.

Inflow and outflow boundary conditions are discussed for a subsonic compressible turbulent
flow based on the method of characteristics.

A method to get turbulent separation in incompressible flows using an adverse pressure
gradient artificially implemented in the Navier-Stokes equations [32] is presently extended to
compressible flows.

The non-dimensional compressible Navier-Stokes solver used in this study has been developed
first at L.E.G.I. (University of Grenoble) [20] and second at I.M.F.S. (University of Strasbourg)
[31].

2.1 Governing equations

The equations of motion for a compressible fluid are the Navier-Stokes equations presently written
in a conservative form (apart from the source terms),

dp 9(puy)
i = 2.1
o T Tom, 21)
I(pui) 9
T + gj(puiuj +p6ij — ,uSZ-j) = f; (2.2)
d(pe) or1]

B,
+ 5 |(pe+p)uj — pSijui — A =W (2.3)

ot 8:Ej aﬂj‘j
and which assume conservation of mass, momentum and total energy of the flow within the
computational domain.
The total energy (for a perfect gas) and the traceless strain rate tensor are defined as, re-



2.1 Governing equations

spectively
1
pe = pch—i—Epu2 (2.4)
Ou; 0 20
Sy = S4 Sl 2y (2.5)

Ox;  Ox; 3 Oxy
The equation of state (ideal gas law)
p = pRT (2.6)

closes the system of equations describing compressible fluid flow.

fi and W are source terms for the momentum and energy equations, respectively (for exam-
ple: gravity, heat source or sink, etc). For these source terms, we will only consider forces in the
streamwise direction, f; = fd;1, and they will be further defined in Section 2.3.

Ty

— ™ F 2 1

e s e e e o — — ]

Figure 2.1: Geometry of the periodical channel flow

The flow geometry is shown in Figure 2.1. The fluid is assumed to be an ideal gas (air) with
constant ratio of specific heats y = 2 =14, R=c¢,—c, = 287JK g~ ' K~! and constant Prandtl
number Pr = 0.7. Isothermal-wall boundary conditions are imposed.

The equations (2.1)-(2.3) are non- dimensionalized by the wall temperature Ty, the chan-
nel half-width A, the bulk-averaged density p, = 5 f pdy, and the bulk mass flux (pu), =

ﬁ f_ 5, pudy. The non-dimensional governing equations read then in a flux form

ou oFE OF 0G

E—F%—Fa—y—Fg: (27)

where U is the vector of conservative variables, U = (p, pu, pv, pw, pe),
the total flux vectors F; = (E = Fi—1, F = Fi—2, G = F;—3)! in the i-direction, respectively

(Fin = pu;

(Fi)2 = puur + #Péil - %Sﬂ
1 1%
(Fi)s = pusug + WPC;ZQ - ESQ
1 1%
(Fi)a = puiuz + ﬁp&s ~ R0
T
(Fi)s = wilpet P) = 7MQR ujSij i 1R:Pr gxi

13



2.2 Large-Eddy Simulation

the non-dimensional pressure and the non-dimensional total energy are defined as, respectively

P = pT (2.8)
p_ oM

and S the source terms vector, S = (0, f,0,0,yM2W)*.

Non-dimensional parameters are the Mach number, defined in terms of the bulk velocity and

speed of sound at the wall M = %, the Reynolds number, based on the bulk mass flux and

channel half-width Re = (:(“%, and the Prandtl number. Thermal conductivity A(T) is related
to the molecular Prandtl num{)er by
v cpu(T)

Pr=5="1)

A power law p = u(T) = pw(T/Ty)"" is applied for the molecular dynamic viscosity, as a
relatively good approximation of the Sutherland law.

2.2 Large-Eddy Simulation

The behavior of large scales in turbulent flows strongly depends on the flow geometry and flow
parameters, whereas the smaller scales are relatively universal.

In Direct Numerical Simulations (DNS) all scales are computed, which implies a prohibitively
large number of mesh points. Therefore, DNSs are currently limited to low-Reynolds-number
flows with simple geometry, such as channel flows [43, 14] and boundary layers [82, 30].

Because of the universal behavior of small scales, in Large-Eddy Simulations (LES), these
scales of the flow are modeled, while the remaining scales are computed directly using the three-
dimensional, time-dependent Navier-Stokes equations [70].

Let A be a characteristic scale of the grid mesh, larger than the Kolmogorov scale, and Ga
a low-pass filter of width A. Each variable f(2',t) is split into a resolved part

f@ 1) = /f@,t)Ga(? —Y)dy = /f(? ~ Y. )Ga(Y)dy (2.10)

and a Subgrid part f(7',t) — f(Z,t) to be accounted for with a so called Sub-Grid Scale (sgs)
model. The effect of this filter is to remove the high wavenumber (due to scales smaller than A)
fluctuations.
In the context of compressible flows, the density-weighted Favre filter is considered to account
for density changes, L
=t (2.11)
D

Then, the vector of the filtered conservative variables reads

U = (p, pu, pv, pw, pé)'. (2.12)

14



2.2 Large-Eddy Simulation

The resolved filtered dimensionless fluxes are

(fz)g = pu;ul + WWCSZI <% + stgs> 571'1 (214)
) bt — (Lt ) S (2.15)
= plly + —=wdis — | — + pv ; .
)3 pU; U2 'YMQ 12 Re PVsgs 2
(F) pitgiis + ——n 0 L5 S; (2.16)
Y. = i+ ——— 8 — [ 21 oy : ]
i)4 pU;UZ ’YMQW i3 Re PVsgs i3
o T Y f PVsgs \ OV
] _ ] —~AM?2 .S — 9 2.17
(F2)s Ui(pe+ @) = Re 174 v—1 (RePr * Prsgs> 0x; (2.17)
where ps4s and gy are the sgs eddy viscosity and the sgs eddy diffusivity, respectively. Usually,
Asgs 18 written as Aggs = ’;ﬁjgc: where Prggs is the sgs Prandtl number. Prggs is assumed constant

for the simulations, Pry,s =~ 0.6.
The deviatoric part of the subgrid-stress tensor 7;; = —pu;u; + pt;u; and the subgrid heat-

flux vector Q; = —(pe + p)u; + (pé + w)u; have been modeled using Boussinesq’s assumptions
1 .
Tij = Tij — 57?1527‘ >~ PUggsSij (2.18)
09
Qi ~ Pgs (2.19)

Pep Prgys Ox;

The macropressure w and the macrotemperature ¥ introduced by Comte & Lesieur [15] are
defined, respectively,

1
w = -3 (2.20)
~ 1
9 = T—-—17, 2.21
2¢cpp i ( )

The filtered equation of state p = pRT, with the assumption that 7; is negligible in front of p

[24], then reads
3v—95

w = pRI + Ty ==~ pRY.

Large-Eddy Simulations are performed with an eddy-viscosity and an eddy-diffusivity Sub-
Grid Scale (SGS) model based on the Filtered Structure Function (FSF) [58, 21, 53, 22, 52, 54].
It consists in submitting the filtered field to a high-pass-filter, a Laplacian operator disctretized
by second-order centered finite differences and iterated three times. It finally yields the eddy-
viscosity
VIt = 0.0014 0> A(|[Va(x + ) — Voa()|[2)) _a (2.22)

ENE]

where C'x = 1.4 is the Kolmogorov constant. This model has shown to be efficient for solving
compressible boundary layers without inhibiting transition the turbulence [21].

15



2.3 Streamwise homogeneity for compressible channel flow

2.3 Streamwise homogeneity for compressible channel flow

12 For compressible as for incompressible fully developed turbulent channel flow (Fig. 2.1) one
seeks a homogeneous unsteady solution of the primitive variables in the streamwise direction
[14, 27, 43, 48, 50, 51, 61, 74].

For the incompressible case, the strategy to drive the flow at constant mass flux (pi); consists
of adding, on the right hand side (rhs) of the momentum equation (2.2), a source term f [43]
which can be viewed as a mean favourable pressure gradient —d;; © > (0. This model source
term is extended for the compressible case in [14] and the analogy to incompressible flow was
only considered "in the sense that the total mass flow through the channel remains constant
by adjusting the body force f". In a companion paper from [34], it was noted that "the flow is
driven by an external body force in order to avoid non-zero streamwise gradients of mean density
and pressure”". In a recent work, Morinishi et al. [61] also comment that "although the driving
force f has the same role for compressible turbulent channel flow, it is not interpreted as the
mean pressure gradient, since pressure is given by the state equation. Consequently, the rate of
work W = 4 f arises in the equation of the filtered total energy and obviously " f does not appear
in the internal energy equation" [14].

Indeed, by analogy with the procedure described above for the momentum equation, the
strategy to transfer energy to the flow at constant total energy (pé), = (pé)y + 1/2(p@?); should
consist of adding, on the rhs of the total energy equation (2.3), a source term ¥V which can be

d(ph)o _ d(p€)o 4+ 4P

viewed as the rate of work produced by a mean streamwise enthalpy flux, =7 = = T

%%. From these considerations which are a part of the coupling referred to by Morkovin
[62] between sound (ddlz 2) and thermal fields (d(sg)o), we describe in Section 2.3.2 the procedure

we chose to model the energy source term in fully developed compressible channel flow. This
procedure differs from the classical one and it is better supported by the above arguments in the
sense that it constitutes a realistic model for spatially developed compressible channel flow. The
flow fields computed with either formulation will be compared in Chapter 4.

2.3.1 Momentum source term f

Once the flow in a channel has reached a fully developed state, inertial forces in the channel are
balanced by the wall friction forces,

dPy Tw 1 ou
__Tw__1 ou 2.2

The pressure is split into non-homogeneous and homogeneous contributions

p= Po(z) + p(x,y, 2,1t) (2.24)

and introduced in the momentum equation (2.2). When the momentum equations are written in
a primitive form [14, 43, 61|, which is not the present case, the mean pressure drop contribution

'N.B. This section is part of the paper [§]:

Brun, C., Petrovan Boiarciuc, M., Haberkorn, M. and Comte, P., Large eddy simulation of compressible
channel flow. Arguments in favour of universality of compressible turbulent wall bounded flows., Theor.
Comput. Fluid Dyn., 2008

2In the present section we consider Navier-Stokes equations with full dimension for clarity purpose
with respect to a discussion on source term budgets.

16



2.3 Streamwise homogeneity for compressible channel flow

is modeled based on a body force, ~
1 0P,
= ——=— 2.25
fbody ﬁ O ( )
which is used to transform the real spatially evolving problem in which the mean pressure is
linearly decreasing into a periodical problem (Fig. 2.1) in which all the variables are homogeneous
in the streamwise direction. When the momentum equations are written in conservative form

(present case), a mass-weighted force f is applied instead of a body force [48, 51, 74],
B 0Py

f==% (2.26)

2.3.2 Energy source term W

For compressible channel flow, it is customary to consider the source term f in the momentum
equation as an external force to the flow system. When the total energy equation is written in
a conservative force, the source term W is the work of the external force f [51, 74],

- _OP,
Weat = 0f = _“a_xo (2.27)
For the primitive formulation of the total energy equation [31], the source term reads
- 0P,
Wbody = ufbody = _5% (228)

and for the temperature equation [14] or for the internal energy equation [61], there is no source
term W = 0.

The mean internal energy (pé), = %]30 is not a homogeneous quantity in the streamwise di-
rection for a compressible channel flow. Based on the present analysis, we propose an alternative
strategy to the classical one described above which consists of deriving a source term by seeking
a homogeneous velocity and density solution for the full compressible Navier-Stokes equations
(2.1-2.3), in a similar way as is performed on the momentum equation for incompressible case.
In the present case pressure and thus internal energy (which directly affects the temperature)
are split into homogeneous and non-homogeneous contributions

p= Py(z) + p(x,y,2,t) (2.29)
pe = (p€)o + pé(z,y, 2,1) (2.30)
pT = (pT), + pT(x,y, z,t) (2.31)

while density is considered as homogeneous in the streamwise direction, which is consistent with
both the continuity equation and the ideal gaz law. Consequently, the corresponding source term
v -dP _d(ph)o

_ 1
Wine = af + 27 0f = —o—q g = —a— g

> Weat (2.32)

is not equivalent to the work of an external force and pT" can be homogeneous. The fully
developed state of the flow is then reached when there is a balance between streamwise enthalpy
fluxes in the channel (which are related to the mean favourable streamwise pressure gradient),
and wall normal heat flux, and reads based on (2.3) and (2.32),

_g, deho _ _ v o dPy_ _gw 1,07 . dPy

_ _ S N 2.
dx fy—lubda: h h 8y| - e (2:33)

17



2.4 Computational details

This relation differs from the one specific to the classical Wyoqy-West case, for which it is assumed

that % = 0, and thus "an overall energy balance requires that the heat transfer into the walls
equals the total pressure work done across the channel" [34].

In the present formulation the pressure drop affects directly the streamwise evolution of the
thermodynamic pressure. A significant mean internal energy loss is induced dp ;)O =_L P dcgc 0 and
thus a negative streamwise temperature gradient appears and is compensated by wall heat flux.
Since density is assumed to be homogeneous, the mean temperature gradient can be expressed

at the wall by

AT, 1 dP,
=—— 2.34
dx Pw dx ( )
and - _

TUJCC p
is homogeneous.

2.4 Computational details

We take advantage of the conservative form of the lhs of the Navier-Stokes equations (2.7), which
are further discretised on a cartesian collocated grid at each time step n,
n n n _ M n —G"
At Aaj Ay Az

= 5" (2.36)

where U are the conservative variables and S the source terms. The discretisation of the fluxes
(E = F, F = F,, G = F3) in each direction is performed based on an extension of a fully
explicit Mc Cormack scheme, modified by Gottlieb & Turkel [29] to get second order in time and
fourth order in space. It is a generalized Lax-Wendroff scheme.

The time advancement is split in two steps, a predictor and a corrector step, respectively,

' —El' i, +8 — 7L}
Ui = Ul — | 6AZJ:;:U — k} (230
A [—F o, T 8E 1 — TE
I 6AY
A [ =G k2 T8G k1 — TG 1 1+ ALS"
I 6Az
1 nil At [TEY =8B i+ By
Ur =3 [U” TEtun k::| -5 L Ay - (2:3%)
. g _7 7,]]{,’ 8}72] 1k+F;«7;L]_27k
2 6Ay
B g 7G’Lj k 8G?7j,k—l + GZj,k—2 + gsn
2 | 6Az 2

which results in a globally centered fourth order scheme.
This predictor-corrector scheme is valid only for the inner points, excepting the two last
points in each direction. For these points, the derivatives are defined by Kennedy & Carpenter
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2.5 Inflow and outflow conditions

[40], respectively

oF;, 1
a:L’i |1 = 6Awl (—11.7:2|1 + 18fz|2 — 9.7'—2|3 + 2fz|4) (2.39)
oF;, 1
oz, lo = Az, (=2Fil1 — 3Fil2 + 6Fi|3 — Fils) (2.40)

Fil; is the flux in ¢-direction at the point x;. The indices 1, 2, 3, 4 correspond to the boundary
points and the three next points in the i-direction, respectively. This stencil will be applied only
for the free boundaries.

The computing time step is determined based on both a CFL (Courant-Friedrichs-Levy)
and a viscous stability criterion which must both be considered for the present wall-bounded
compressible flow.

Numerical instabilities may occur because the time step is too large to resolve the propagation
of internal waves. Therefore, the CFL criterion yields

Az Ay Az )
lul + ¢’ |v] + ¢’ |w| + ¢

At = Copr, max < (2.41)
where ¢ is the speed of sound, and Cory, is a constant which based on the grid discretization is
set to 0.4 in the present case.

Time step limitation due to viscosity and diffusivity (the case of very fine grids, near the
wall, for example, of a very low Reynolds number flows) read

2.42
v v v (242)

2 2 2
At = Cyis max (Am ’Ay ,AZ >

where C;s is set to 0.2.
Among the two criterions the minimum is chosen as the computing time step.

2.5 Inflow and outflow conditions

Most turbulence simulations are performed by assuming periodic boundary conditions and flow
periodicity, implicitly. For simulations in which no periodicity is assumed, conditions at flow
inlets and outlets must be prescribed. These simulations are strongly dependent on boundary
conditions and on their treatment.

In the present study, two configurations are considered (Figure 2.2):

- the first one, with periodic boundary conditions in the streamwise direction ( T-configuration);

- for the second one, a fully developed channel flow with streamwise periodic boundary con-
ditions (domain 1) is used in order to ensure realistic inflow conditions for domain 2. This
procedure is necessary to develop time dependent realistic turbulent structures which will trig-
ger transition to turbulence in the main domain (if necessary), but it is also very expensive since
the preliminary domain must be large enough to get streamwise decorrelation and well resolved
to describe small turbulent structures. Non-reflecting outflow conditions based on wave decom-
position [46],[68] are applied at the outlet of domain 4 (S-configuration).

For specifying boundary conditions we use the characteristic analysis described by Thompson
in [86], [87] for Euler equations, and generalized to the viscous-diffusive Navier-Stokes equations
by Poinsot & Lele [68]. It consists in decomposing hyperbolic equations into wave modes of
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2.5 Inflow and outflow conditions
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Figure 2.2: Geometry of the separating channel flow

velocity. This characteristic analysis makes clear which waves are propagating into and out of
the computational domain. The behavior of the outward propagating waves is defined entirely
by the solution at and within the boundary, whereas the inward propagating waves are specified
as boundary conditions.

The Navier-Stokes equations (2.7) are converted to an equivalent set of wave equations, which
represent nonlinear waves propagating at characteristic velocities in the z-direction only, as

dp 0 0 B
o + di+ 8—y(pv) + g(pw) =0 (2.43)
o(pu) o 0. 1 oSy
5 + wudy + pds + a—y(puv) + 5 (puw) = Re 0w, (2.44)
o(pv) 0 10 1 0(uSs,)
=z 7 = - A92) 2.4
+ wdy + pdy + 3y (pvv + 7sz) + o (pvw) Re 0w, (2.45)
o(pw) 0 0 11 oSy
= + wdy + pds + 8—y(pwv) + g(pww + ’ysz) = Re oz, (2.46)
1
8(8/16) + M2 [E(ukuk)dl + puds + pvdy + pwd% (2.47)
b (et ph) + o [(pe + pu
gy LPe+ P o5 e+
_ o Mg A OT
~ Oxj < M ReuZSZ] * v — 1 RePr dx;

The characteristic velocities are given as the solution of the eigenvalue problem and are

Al = U= Caorm
)\2 = )\3 = )\4 =Uu (2.48)
A5 = U+ Caorm

where ¢p,opm is the normalized speed of sound, c2,,.,,, = # 1L — dbuern The normalized pressure

DPnorm 18 defined alike. A; and A5 are the velocities of sound waves moving in the negative and
positive z-directions, Ao is the convection velocity (the speed of entropy waves) while A3z and A4
are the velocities at which v and w are advected in the z-direction.

The system of Eqs. (2.43)-(2.47) includes derivatives normal to the x = 0 or L,-boundary
(d1 to ds), derivatives parallel to the x = 0 or L,-boundary like (%)(pvv) and local viscous
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2.5 Inflow and outflow conditions

terms. The vector d is given by characteristic analysis and is expressed as

9
i (L + 305 + L) o &
?(LS + Ll) %(Cnormpu) + (é - V)U Pg;rm
Ly ugs
L4 Ua_;)

where the L;’s are the amplitudes of characteristic waves associated with each characteristic
velocity A\;. The L;’s are given by:

Ly = X\ (g—i - P%m«m%) (2.50)
Ly = (m% - %) (251)
Ly = Agg—z (2.52)
Ly = )\42—: (2.53)
Ly = X5 (g—i + pcnorm%> (2.54)

The time variation of the primitive flow variables can be expressed based on the L;’s as
% + % [LQ - %(L5 - Ll):| =0 (2.55)
% + 2pciorm (Ls — L1) =0 (2.56)
% + L3=0 (2.57)
%—Z} + Ls=0 (2.58)
% + %(L5 + L) =0 (2.59)
i pc;rm {—Lg b5 (st Ll)] —0 (2.60)

All gradients normal to the boundary may also be expressed in terms of the L;’s

% - c%jrm [% + % <u +I;i0Tm + U —I;imm>] (2.61)
A e ) (@62
5 = T (e o) @
" w0 (e )| e

We use the system of Eqgs. (2.43)-(2.47) to obtain the values of variables at the boundary for the
immediately following time step by estimating the amplitude variation L;’s of waves propagating
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2.5 Inflow and outflow conditions

into the domain.

The knowledge of the conditions ensuring well-posedness of the Navier-Stokes equations is
not sufficient for the discretization and implementation of boundary conditions. Poinsot & Lele
distinguished two types of conditions [68]:

- "physical", inviscid or/and viscous, boundary conditions, which specify the known physical
behavior of one or more of the dependent variables. These conditions are independent of the
numerical method used to solve the governing equations.

- "soft" or "numerical" boundary conditions are needed when the number of physical bound-
ary conditions is less than the number of primitives variables (this is always the case at an
outflow). These additional conditions should be viewed as compatibility relations required by
the numerical method and not as boundary conditions.

2.5.1 A subsonic inflow

At the inlet, it was chosen to impose the velocities, u, v and w, as well as the temperature, T,
using the solution of the fully-developed channel flow, domain 1. The only remaining unknown
is the density p which can be obtained through the continuity equation. This case of inflow does
not require any viscous condition, the total number of boundary conditions being four. From
a numerical point of view, we have four physical conditions (for u, v, w and T') and one soft
condition (for p).

For a subsonic three-dimensional flow, the only characteristic variable L, propagates against
the flow direction, while the other four, Ly, L3, L4 and L, are entering the domain. Therefore,
L1 needs to be computed from the interior of the spatially developing channel using Eq. (2.50).
The entering characteristic variables L; and Lo are estimated using Eqgs. (2.56) and (2.60),
respectively

ou
Ls = Li—2pChorm— 2.65
5 1 pc ot ( )
1 pcazmm“m or
Ly = S(v=DLs + Lo) + =5 = (2.66)

The density is avanced in time using Eq. (2.43) and thus, it is strongly coupled to both velocity
and temperature fluctuations in the periodical channel. Consequently, it is very important to
use an accurate model for the inflow channel, source terms implicitly (Section 2.3).

The entering characteristic variables L3 and L4 are not needed in this case of inflow.

2.5.2 A subsonic outflow

For non-reflecting subsonic outflow, one physical condition is needed for the Euler equations.
This condition states that the pressure has to be imposed at infinity so that waves reflected from
infinity towards the computational domain should have a zero amplitude. For the Navier-Stokes
equations, three viscous conditions have to be added [10, 68]

% S (2.67)
‘9(’”(;7“;13) — 0 (2.68)
%<ug—§> =0 (2.69)
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2.6 Artificial distortion of the wall layer

They are implemented numerically by simply setting them to zero in the system of Eqgs. (2.43)-
(2.47).

Considering a three-dimensional subsonic outlet, characteristic waves leaving the domain, Lo
to Ls, are computed using Eqs. (2.51) to (2.54), respectively. The incoming wave L; is modeled.
When it is possible to determine an exact value L§%*“ of L, Poinsot & Lele suggested to set

Li = K(p — poo) + L™ (2.70)

The expression of the constant, K = o(1 — M?)c/L, with M the maximum Mach number in
the flow, L a characteristic size of the domain and ¢ a constant, is the one proposed by Rudy &
Strikwerda [72], [73]. When o = 0, the amplitude of reflected waves is set to 0. This is the so
called ’perfectly non-reflecting’” method.

In the present work, based on the pressure drop modelled in the periodic inflow channel as a

constant force f = —%, we propose the following expression as an exact value L§%% of L,
L = —g (1 — M} )norm f (2.71)
where M is the local Mach number. The constant o is set to o = ﬁ
Finally, the characteristic variable L, is modelled as
p—D
Ll = (1 — Ml)Cnorm |: I = — f:| (272)

Thus, the second term ensures an accurate matching of derivatives between both sides of the
boundary (pressure drop), while the first term keeps the mean values of the pressure around p.

2.6 Artificial distortion of the wall layer

The distortion of the flow in the channel is generated by applying a distributed force g against
the streamwise direction within the domain of an equilibrium channel flow (domain 2, Fig. 2.2)
and the outgoing flow readjusts to the new conditions. This distributed force per unit area is
equivalent to a local adverse pressure gradient.

In order to get an incompressible separated turbulent flow, R. Howard [32] 2 used a distributed
force of the following expression

F(z,y) = Csin (27r%) tanh (5%) (2.73)

for0 <z < % and F(x,y) = 0 for % < x < L. The constant was set to C' = 40. Thus, the
distributed force varies sinusoidally in the streamwise direction between 0 < x < % The tanh
function in the wall normal direction is used to reverse the sign of the forcing in order to satisfy
continuity, Fig. 2.3(a).

3The Howard’s test case was simulated with a friction Reynolds number of Re, = 130 and using periodical
boundary conditions in the streamwise direction. ’The simulation was shown to generate a mild separation region
of the upper surface of the channel and a small but strong separation bubble on the lower surface. Upstream of
the separation, the flow underwent a strong acceleration which caused laminarescent flow and streak elongation.
Just downstream of the mean separation point the streak structures were completely destroyed and the anisotropy
map showed the turbulence to be close to the azisymmetric contraction limit near the wall. This persisted far
downstream beyond the mean reatachment point. Turbulence budgets showed that the flow in the vicinity of the
separation bubble was very energetic with mazimum turbulence production more than ten times the plane channel
flow value. Budgets and anisotropy profiles in the recovery region showed the turbulence to be at similar levels to
steady channel flow. Instantaneous visualization also showed the regeneration of streaks in this region.’
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2.7 Parallelization and optimization of the code

(a) Howard’s distributed force F' (b) distributed force g

Figure 2.3: Distribution of the streamwise adverse pressure gradient.

In the present work, we have chosen a distributed force of the following expression,
(z,y) = C exp —04(5—277)2—02(5—%)4 tanh (53) (2.74)
9y “\h “\n h ‘

for L& < 2 < Lz and g(z,y) =0for 0 <z < £ and L& < 2 < L,, 2.3(b). The tanh function in
the wall normal direction was kept and the sin function in the streamwise direction was replaced
by an exp function. Computations were carried out with the constant set to C' = 10.

This force g replace the force f in the source terms in the Navier-Stokes equations (2.1 to 2.3).

2.7 Parallelization and optimization of the code

Within the present study, it was planned to investigate the near wall behavior for turbulent
compressible wall layers involving separation. The ultimate goal of the study is to develop wall
models for complex flow situations including separation, compressibility, and turbulence. This
goal can only be successfully achieved if simulations are done on a sufficiently large domain and
an adequate resolution to allow for basic and reliable studies of the near wall physics of such
flows. Therefore the parallelization and the optimization of the code were essential.

A typical run of a non-separating flow takes about 200 hours of CPU-time on the IDRIS’s
NEC SX-5 or SX-8 platforms. The separating flow requires a computational domain which is at
least four times larger. In addition, a slightly higher grid resolution is necessary in the region
around the distortion.

Consequently, the parallelization was done based on the exisiting multiblock structure of the
code. The platform for parallelization was the NEC SX-8 at the HLRS in Stuttgart because
only minor modifications were necessary for porting the code from NEC SX-5 to NEC SX-8.

“The code used was parallelized by the Message Passing Interface (MPI) implementation during a first
HPC-Europa stay at the Fachgebiet Hydromechanik of Technische Universitdt Miinchen and optimized
during a second HPC-Europa visite at the HLR Stuttgart. The main computing resources were assured
by the HLR Stuttgart.
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2.7 Parallelization and optimization of the code

Nevertheless, a serial optimization was performed for making efficient use of the hardware.

The parallelization of the code was made using the Message Passing Interface (MPI) imple-
mentation [1]. Due to the multiblock structure of the code, it was chosen to compute one block
per processor. Point-to-point communication subroutines (as MPI SENDRECV, MPI SEND,
MPI RECV) were used to exchange information from a processor (block) to its neighbours.
To compute the minimum time step of all processors, MPI REDUCE collective comunication
subroutine was used. Another collective comunication subroutine, MPI BCAST was used to
share some information with the first processor, e.g. the f force.

Computations for both T- and S-configurations have been performed on the HLRS’s NEC
SX-8. In Table 2.1, the number of grid points and the one processor (serial) time per time steps
for each of these tests are presented. The speed-up achieved by parallelisation on 2, 4 and 8
processors is reported in Figure 2.4. The result is satisfactory and further optimization was
done.

1 2 4 8
grid points 673920 | 1347840 | 2695680 | 5391360
serial time/time steps | T-conf | 0.09 0.2 0.4 0.8
(sec) S-conf — 0.22 0.42 0.82

Table 2.1: Grid points number and serial time per time steps of the tests done

Linear speedup
| T-configuration
S-configuration =

~

Time Speed-up

o

1 2 3 4 5 6 7 8
Number of processors

Figure 2.4: Speed-up relative to CPU time on 1 processor

An important issue in optimization was to minimize the time spent for communication.
Processors communication visualization was possible using the PARAVER software. One time
step parallel run on four processors is represented in Figures 2.5a (T-configuration) and 2.5b
(S-configuration). The color’s signification is: blue - running time outside the MPI subrou-
tines, orange - collective communication subroutines (MPI REDUCE or MPI BCAST), grey
- MPI_SENDRECYV point-to-point communication, green - blocking send duration and red -
waiting for a message duration. In Table 2.2 are reported the corresponding times in percent-
age. The global communication time is greater for the S-configuration (80.31% vs 12.63% for
T-configuration), so the main optimization effort has been focussed on this configuration.

The most time expensive communication subroutines are MPI_SEND,

MPI RECV and MPI SENDRECYV, therefore it was decided to replace them by
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Figure 2.5: Zoom of the parallel run on 4 processors: T-configuration (a); S-configuration

(b).

Config. Thread | Running | Waiting a | Blocking Group Send
Message Send Communication | Receive

1.1.1 97.21% — — 0.99% 1.76%

T-config. 1.2.1 96.59% — — 1.71% 1.67%
1.3.1 96.79% — — 1.41% 1.72%

1.4.1 96.78% — — 1.44% 1.78%

1.1.1 75.73% — 15.84% 8.40% 0.00%

S-config. 1.2.1 80.78% 13.21% 1.46% 4.54% 0.00%
1.3.1 75.43% — — 1.33% 23.24%

1.4.1 87.75% 5.94% 4.80% 1.44% 0.01%

Table 2.2: Time spent for

processors comunication
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2.8 Statistical analysis

‘ S-config. ‘ # processors ‘ 1 ‘ 2 ‘ 4 ‘ 8 ‘
before time(secs) 181.4 | 504.4 | 1144.2 | 2795.8
optimization speed-up 1 1.76 2.96 4.72

rel. speed-up 1 0.88 0.74 0.59
after time(secs) 181.4 | 503.0 | 1052.4 | 2718.6
optimization speed-up 1 1.76 3.21 4.86
rel. speed-up 1 0.88 0.8 0.61

Table 2.3: Computing times and speed-up of parallel program running on 1 to 8 processors,
S-configuration

MPI ISEND+MPI_ WAIT, MPI IRECV+MPI_ WAIT and

MPI IRECV + MPI ISEND-+MPI WAIT sequences, respectively. The MPI WAIT sub-
routine controls that the desired data is completely transfered from one processor to the other.
The impact of these replacements on the speed-up is reported in Table 2.3. Computing times
are expressed in seconds for 1771 iterations. We note no significant improvements perhaps due
to the vectorial computation.

2.8 Statistical analysis

Turbulent flows are complex due to their properties of irregularity or randomness. Analysis
revealed that although the instantaneous behavior of such a flow is irregular, there is a general
statistical behavior of turbulence that is repeatable. This has led to a statistical description of
turbulence. Different types of averaging can be carried out depending on the type of flow field
being examined.

The ensemble average (f(z;,t)) is defined as

g
(Fzit) = lim N;fn(wi,t) (2.75)

——400

where f(xz;,t) is taken at a given position and time, and NN is the number of data points taken.
In flows that are statistically steady, it is possible to use the ergodic hypothesis to replace the
ensemble averages by time averages. The time average is given by

t+T
(Pela) = lim = /t flas t)dt (2.76)

T—+4o00 T

where T is the mean integration time and it must be sufficiently long for the mean to be stationary.
Fully developed channel flows are homogeneous in the streamwise and spanwise directions,
thus a spatial average might be defined

1
1m
Lo, L,—+400 LyL,

Ly L
(f)zz(y,t) = / flz,y,z,t)dx dz (2.77)
o Jo
In the case of spatially developing flows which are homogeneous only in the spanwise direction,
this spatial average is defined

1 (L=

(Neyt) = dim = | gz 0 (2.78)
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2.8 Statistical analysis

For compressible flows, both Reynolds averaging and Favre averaging can be used. The
Reynolds averaging is a standard (classical) averaging of a quantity f over homogeneous direc-
tions, and is used to define a fluctuating part,

fr=r=n (2.79)

Consequently, in an LES the dependent variables are decomposed according to: °

po= p—{p) (2.80)
ﬂ’; = u; — <az> (2'81)
T = T—(T) (2.82)
%) = (RT) (2.83)

Favre averaging is a density weighted averaging,

(Pf)
fl=2 2.84
{r} 7 (2.84)
and is used to define a fluctuating part,

ff=f-Af} (2.85)

Note that (f/) = 0, and (5f") = 0 but (3) (") = (' f') = (5) ((f) = {f}) # 0. Consequently, the
dependent variables are decomposed according to: ¢

a; = —{;} (2.86)
o= T (T (2.87)
In the Section 4.4 these two averaging procedures will be further compared.
In what follows, all the statistical variables needed for post-processing are listed. These

variables are written using the Reynolds averaging and they are similar for the mass-weighted
(Favre) averaging.

(ui") = <1I12~>_<ai>2 i (2.88)
Wy = (@) — (a)(T) (2.89)
Wy = () — 3@ a2) + 2(a;)’ (2.90)
(Wt = (@20) — 20a) (6;0) — (6;2)(0) + 2(a;) (D) (2.91)
Wiy = (@) — 4@ (@) + 6(a)? (a;) — 3(a;)* (2.92)
W'T)) = <v’T’>+P;m< — )M? ((a79) — (a7)(2)) (2.93)
(T/T)) = (T'T') + Pro(y = )M ((@T) — (@)T)) (2.94)

v Do e (@t - @) (2.99

where T; is the total temperature which will be defined in Section 4, Eq. (4.18).

SFor the simplicity of the notation, it will be considered hereafter that: g’ ~ p’, @; ~ u}, T ~ T’. These
approximations are valid in the present case because a very high resolved LES is considered.
8For the simplicity of the notation, it will be considered hereafter that: @} ~ u}, T ~ T".
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CHAPTER 3

Problem description

3.1 Flow case description

Because of its geometric simplicity, turbulent channel flow has been studied extensively both
experimentally and using direct numerical or large eddy simulations. The aim of this section is
to compare the channel flow simulations carried out in this work to previous studies, as shown
on Table 3.1.

LES of fully developed compressible channel flow were performed for both source terms Wiy
(2.28) and Wiy (2.32), for Reynolds numbers Re = 222" — 3 000 and Re = 4,880 based on

bulk mass flux, channel half width and wall temperature. Mach number M = % based on
bulk velocity and wall temperature is varied in the range 0.3 < M < 5 to study compressibility
effects as well.

Fully developed turbulent channel flow is homogeneous in the streamwise and spanwise direc-
tions, and periodic boundary conditions are used in these directions (Fig. 2.2, T-configuration).
Therefore, in the homogeneous directions, the computational box has to include the largest ed-
dies in the flow. Jimenez & Moin [38] found the minimum size of the computational box of about

250—350 wall units in the streamwise direction and about 100 wall units in the spanwise direction.

The size of the computational domain is L, x L, x L, = 47h x 2h x %ﬂh in the streamwise
x, wall-normal y and spanwise z directions, respectively. The number of grid points is N, x N,
x N, = 128 x 65 x 81. Grid spacing in the periodic directions is uniform. An assessment of
the grid resolution can be obtained by comparing the non-dimensional grid spacing with other
turbulent flows (Table 3.1). The non-dimensional grid spacing is defined as

Ax;u
+ _ YT
Azl =

Vw

the grid spacing is Az; = L;/N;, L; being the box length and N; the number of grid points in
the i-direction. The wall-normal collocation points are distributed by using a hyperbolic-tangent
type stretching [31]

tanh(gy * (A—dy=(j — 1))\ .
I < tanh(gy * A) " VYt




3.1 Flow case description

where h is the channel half-width, dy = 2h/Ny, and g, a stretching factor. A is fixed to 1 in
order to get a symmetrical grid in y-direction. There are IV, + 1 grid points Y; and all variables
are calculated on IV, grid points
Yty

Y = B .
This special mesh refinement is used to capture the main physical aspects in the near wall region
down to y; = 0.2. In this context, the SGS model acts mainly in the core region of the channel
where the turbulent flow is fully developed, while at the wall and in the wall normal direction
only, the flow is nearly resolved in a DNS sense. Statistics were computed over four to ten
channel advection times L, /uy, using both Reynolds averaging procedures and Favre averaging
procedures.

In order to study flow distortion in the turbulent compressible channel, the second configu-
ration is considered (see Section 2.5, Fig. 2.2, S-configuration). Simulation with 4 (not shown
here) and 7 blocks were performed for a Reynolds number of Re = 4,880 and a Mach number of
M = 0.7. Each block has the same size and the same resolution as the computational domain
used for the simulation of fully developed channel flow. The internal forcing presented in Section
2.3 is used.

Since the size of the computational domain is important (around 88h in the streamwise direc-
tion and the total number of grid points being of 4,717, 440), an important CPU time is needed
for each of simulation. Thus, statistics were computed over one to two channel advection times
L, /uyp, using Reynolds averaging procedures.

For isothermal-wall channel flow with constant temperature T,, the present case, both a
friction velocity based on wall friction and a friction temperature based on wall heat flux [6] are
defined, respectively

Ur = — 3.1
Pw ( )
T, = (3.2)
PwCpUr
with 7, = ,uw%?m and ¢, = —)\%?M. These quantities are used to define non-dimensional
parameters (Table 3.2),
w Th
Re, = Pwirt (3.3)
i
M, = _ U (3.4)
YRT,,
T, -1 1 T
B, = ——= w 3.5
1 Ty,  PrRepyu, Oy | (3:5)
MT T
ME = u (3.6)

J/—B, AR,

where Re;, M, and B, are the friction Reynolds number, the friction Mach number and the non-
dimensional heat flux, respectively. The B, and M, parameters allow to account for the Mach
number influence in the expression of velocity law of the wall. The last coefficient represents the
ratio between work done by wall friction and wall heat flux. It is weakly dependent on Mach and
Reynolds numbers, about M¢ = 0.3 — 0.4 for the classical external or body source term Wyoay
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3.1 Flow case description

‘ Case M ‘ Re ‘ Flow state ‘ LyxLyxL; ‘ NgxNyxN, ‘ Axt ‘ Ayh ‘ Azt ‘
| Kim et al. (1987) [43] 0 | 3000 | Turbulent | 4mhx2hxemh | 192x160x120 | 12 [ 005 | 7 |
| Moser et al. (1999) [64] 0 | 3000 | Turbulent | 4amhx2hxinh | 128x128x129 | 17.7 | | 59 |
Coleman et al. (1995) [14] dAmhx2hxdnh | 144x119x80
1.5 3000 | Turbulent 19 0.2 12
3 4880 | Turbulent 24 0.4 24
| Lechner et al. (2001) [48] 15 | 3000 | Turbulent | \ | 19 o9 | 12 |
| Morinishi et al. (2004) [61] 15 | 3000 | Turbulent | dwhx2hxinh | 120x180x120 | 23 | 036 | 7.6 |
Foysi et al. (2004) [61] 0.3 2820 Turbulent 9.6hx2hx6h 192x129x160 9.12 1.02 6.84
1.5 3000 | Turbulent 47rhx2hx%7rh 192x151x128 | 14.46 | 0.84 7.23
2.5 5000 | Turbulent 27rhx2hx%7rh 256x201x128 | 11.16 1.17 7.44
3.0 6000 Turbulent 27Thx2hx%7rh 256x221x128 | 13.37 0.89 8.91
2D DNS [8] (T-configuration) 27rhx2hx%7rh 64x65x81
Whoay) 0.5-5.0 | 1200 Laminar - - -
Whoay) 0.5-5.0 | 1200 Laminar - - -
(Wezt) 0.5-5.0 | 1200 Laminar - - -
3D LES [8] (T-configuration) Amhx2hx 3h 128x65x81
Whoay) 0.3 3000 | Turbulent 20.1 0.10 10.7
1.0 3000 | Turbulent 19.8 0.10 10.5
1.5 3000 | Turbulent 21.5 0.11 11.3
2.0 3000 | Turbulent 23.7 0.12 12.4
3.0 3000 | Transition - - -
4.0 3000 | Transition - - -
5.0 3000 Laminar - - -
1.0 4880 | Turbulent 30.4 0.16 16.0
3.0 4880 | Turbulent 45.0 0.23 23.7
5.0 4880 | Transition - - -
(Wezt) 3.0 4880 | Turbulent 45.3 | 0.23 | 23.8
(Wint) 0.3 3000 | Turbulent 17.7 | 0.10 9.4
1.0 3000 | Transition 25.5 0.14 13.6
1.5 3000 | Transition 35.0 0.20 18.7
0.3 4880 Turbulent 29.2 0.15 15.3
0.7 4880 | Turbulent 36.2 0.19 19.0
1.0 4880 | Turbulent 43.2 0.22 22.7
1.5 4880 | Turbulent 56.7 0.29 29.8
3.0 4880 Laminar 99.1 0.51 52.6
Spatial /Distorted (S-configuration)
(Wint)
4 blocks 0.7 4880 | Turbulent 4X47rhx2hx%7rh 4x128x65x81 36.2 0.19 19.0
7 blocks 0.7 4880 | Turbulent 7X47rhx2hx%7rh 7x128x65x81 36.2 0.19 19.0

Table 3.1: Mach and Reynolds numbers of the computed cases

31



3.2 Analytical solution for laminar compressible channel flow with constant
transport coefficients and specific heats

| Case | M | Re | Re. | M, | —B, | Mt | (T.)/Tw | Crocco-Busemann
LES Whody) 0.3 | 3000 | 188 | 0.018 | 0.0022 | 0.30 | 1.016 1.018
1.0 | 3000 | 203 | 0.058 | 0.023 | 0.38 | 1.8 1.20
1.5 | 3000 | 219 | 0079 | 0.05 | 0.36 | 1.0 1.45
2.0 | 3000 | 241 | 0.097 | 0.08 | 035 | 1.72 1.80
Coleman et al. (1995) [14] | 1.5 | 3000 | 222 | 0.082 | 0.049 | 0.37 | 1.38 1.45
LES (Wine) 0.3 | 3000 | 193 | 0.018 | 0.0075 | 0.21 | 1.105 1.106
1.0 | 3000 | 280 | 0.046 | 0.067 | 0.18 | 2.27 2.17
1.5 | 3000 | 385 | 0.056 | 0.120 | 0.16 41 3.6
LES (Whody) 1.0 | 4880 | 310 | 0.054 | 0.022 | 037 | 1.19 1.20
3.0 | 4880 | 459 | 0.112 | 0.14 | 030 | 267 2.79
Coleman et al. (1995) [14] | 3.0 | 4880 | 451 | 0.116 | 0.137 | 0.313 | 2.5 2.7
LES (Wext) 3.0 | 4880 | 462 | 0.110 | 0.138 | 020 | 2.73 2.79
LES (Wine) 0.3 | 4880 | 297 | 0.017 | 0.0071 | 0.20 | 1.103 1.104
0.7 | 4880 | 368 | 0.035 | 0.035 | 0.19 | 1.58 1.57
1.0 | 4880 | 440 | 0.044 | 0.065 | 017 | 2.24 2.17
1.5 | 4880 | 578 | 0.052 | 0.118 | 0.15 | 4.01 3.60

Table 3.2: Wall parameters for the turbulent channel flow cases

and about M¢ = 0.1 — 0.2 for the internal source term W;,;, thus characteristic of which source
term is applied.

3.2 Analytical solution for laminar compressible channel flow with
constant transport coefficients and specific heats

The momentum equation (2.2) and the energy equation (2.3) written for a laminar compressible
fully developed flow in the streamwise direction x of a channel,

0%u
—Ha—yg = f (3.7)
o*T ou > 0%u 2

are integrated twice from the wall. Constant molecular viscosity is assumed. Thus, analytical
velocity and temperature profiles are obtained,

uy) 3y R
up B 2 h2 (39)
T _ Tw 2 _ 12,2 2
& ( (y)2 ) _ _gpry h2h y 2‘2’1 (3.10)
Uy ext/body
u? .8 E (v — )i ‘

The three source terms result in a qualitatively similar behavior of the flow, although W,
yields a stronger heating effect on the channel centerline (Figures 3.1 and 3.2). For an increasing
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3.2 Analytical solution for laminar compressible channel flow with constant
transport coefficients and specific heats

uy) uy) uy)
up Uy Ub
16 16 16
12 1.2 1.2
08 Mach ~ 08 Mach ~ 08 Mach ~
0.4 0.4 04
0-1 -65 6 65 0-l -65 6 0‘5 0-l -65 6 0‘5
T T SR
(a) Wbody (b) Wecvt (C) W’Lnt

Figure 3.1: Laminar compressible channel flow at Re = 1200 for 0.5 < M < 5. Velocity profile

with Wioay (@), Wezt(b), Wint(c). —— , simulation and O , analytical solution.
cp(T(y) —Tw] ep[T(y)—Tw] ep[T(y)—=Tw]
uj uj uj
06 06 4
3
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0.2 0.2
1
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Figure 3.2: Laminar compressible channel flow at Re = 1200 for 0.5 < M < 5. Temperature
profile with Wi,qy, (@), Wezr (b), Wint (¢). —— , simulation and O , analytical solution.
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3.3 Validation of the LES method

Mach number, the computed profiles deviate more and more from the analytical solution, due
to viscosity effects through temperatures changes.

Relations 3.9, 3.10 and 3.11 are used in the Section 4.1 to develop Crocco-Busemann type
relations between velocity and temperature for turbulent isothermal-wall channel flows, for both
body/external and internal forcing.

3.3 Validation of the LES method

In this section the W, source term channel results are compared with those of Kim et al.
[43] and of Coleman et al. [14]. The reference test cases are isothermal-wall direct numerical
incompressible (Re = 3000 and M = 0) and compressible (Re = 3000 and M = 1.5) simulations,
respectively (see also Tables 3.1 and 3.2). The LES test cases are those with a Reynolds number
of Re = 3000 and Mach numbers of M = 0.3 (the closest case to incompressible flow) and of
M = 1.5 (compressible case). The computational domains are identical for both DNS and LES
compressible simulations.

Firstly, profiles of mean streamwise velocity and density are plotted in Figure 3.3 for the
compressible simulations. The reference DNS results are plotted in open squares. It is noticed
a good agreement between both LES and DNS simulations. The maximum mean velocity and
minimum mean density occur at the centerline.

-1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0
y/h y/h

(a) Mean streamwise velocity (b) Mean density

Figure 3.3: Mean streamwise velocity (a) and mean density (b) profiles for Re = 3000 and
M =1.5: Coleman et al. (1995) ( O ) and Wiyoay (—— )-

Next, in Figures 3.4 and 3.5 are plotted the mean streamwise velocity profile and the rms
velocity fluctuations normalized by the friction velocity for both incompressible and compressible
cases, respectively. The reference DNS results are plotted in open squares.

The LES mean streamwise velocity is in a good agreement with the DNS incompressible
reference. The logarithmic law constant is found slightly greater than the reference value of 5.5.
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3.3 Validation of the LES method

(a) Mean streamwise velocity (b) rms velocity fluctuations

Figure 3.4: Mean streamwise velocity in wall units (a) and rms velocity fluctuations (b):
Kim et al. (1987) ( O ) and Wyoqy simulation with Re = 3000 and M =0.3 (—— ).

+
Upms 3

(a) Mean streamwise velocity (b) rms velocity fluctuations

Figure 3.5: Mean streamwise velocity in wall units (a) and rms velocity fluctuations (b) for
Re = 3000 and M = 1.5: Coleman et al. (1995) ( O ) and Wyoqy (—— ).
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3.3 Validation of the LES method

In the compressible case, there is also a good agreement between LES and DNS mean streamwise
velocities apart from the buffer region.

RMS velocity fluctuations profiles are correct for both cases. The peak of w, . is well
reproduced in amplitude, but it is slightly moved towards the center of the channel. The wall-
normal and spanwise velocity fluctuations are underestimated in the near-wall region. In the core
of the channel, these fluctuations are overestimated for the incompressible case, while they are
correctly estimated for the compressible simulation. This might be due to the use of a sub-grid
scale model in the case of the present simulation.
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o o,
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o
g 03 S
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04 E =
0.2 o
0.2 r 7] 01 N
u]
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
-1 -0.8 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0
y/h y/h
(a) Reynolds shear stress (b) Reynolds stress correlation

Figure 3.6: Profiles of (a) Reynolds shear stress and (b) Reynolds stress correlation for
Re = 3000 and M = 1.5: Coleman et al. (1995) ( O ) and Wyoay ( —— )-

Profiles of the Reynolds shear stress normalized by the square of the friction velocity and of
the Reynolds stress correlation are plotted in Figure 3.6 for the compressible case. The Reynolds
shear stress has a lower maximum than the DNS result. Regarding the Reynolds-shear-stress
correlation coefficient, there is a slight increase of the near-wall maximum and a slight decrease
in the remaining part of the channel.
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Part 11

SIMULATION RESULTS



CHAPTER 4

Fully developed compressible channel flow

In this chapter data produced by LES simulations of fully developed turbulent compressible flow
are examined. This data will then be used as a reference for the flows discussed in subsequent
chapters.

A parametric study performed based on Mach number, Reynolds number and the two source
terms described in Section 2.3 is presented here. Compressibility and low Reynolds number
effects are discussed, classical Reynolds and Favre averaging procedures are compared, and the
turbulence structure of the flow is discussed in terms of anisotropy invariants and instantaneous
visualization. Morkovin’s hypothesis is assessed and the modified Strong Reynolds Analogy
formulation of Huang et al. [34] is analysed and assessed.

The chapter ends with a brief summary.

4.1 Mean properties

The isothermal walls allow the heat generated by dissipation to be transferred out of the channel.
Thus, the walls are colder than the bulk of the flow and the maximum mean temperature and
minimum mean density - and therefore the maximum mean kinematic viscosity- occur at the
centerline. Furthermore, the maximum gradients of mean density and temperature are located
at y = +h, which is a very important attribute of the isothermal-wall flow. This is illustrated
in Figures 4.1 and 4.2 for both source terms, Wez; / Wioay on the left hand side and Wy, on
the right hand side. The arrows show the quantities variation when the Mach number increases.
It is noticed that the temperature at the centreline is up to 3-times larger for simulations with
the W;y,; source term than for simulations with classical source terms (see also Table 3.2). For
example, a simulation at Re = 3,000 and M = 1.5 has the temperature at the centreline of
1.4 when using the Wjy,q, souce term, while when using the W;,; source term the temperature
reaches 4.1.

Consequently, the global Reynolds number Re and the global Mach number M are not the
best quantities to represent the flow property and parameters including local viscous effects



4.1 Mean properties

(Figure 4.2) and local speed of sound effects may be considered, respectively
Re(y) = —==— (4.1)

My) = —— (4.2)

The local Mach number gives us an indication on sub- and supersonic regions in the channel
flow. As shown in Figure 4.3, the near-wall regions in the flow are always subsonic. For simu-
lations with external or body source terms, starting with M = 1, the local Mach number M is
lower than the Mach number of the simulation. This trend is even enhanced for simulations with
internal source term. It can be explained based on differences in temperature for simulations at
the same Mach and Reynolds numbers, but using a different forcing.

A Crocco-Busemann type relation between velocity and temperature exists for a turbulent
adiabatic boundary layer [75, 16, 9] or for a turbulent isothermal-wall boundary layer [12], re-
spectively

_ )2
DT~ w2 y-n; O (43)
) — — T, (i —1 (@) (@)
B () "

with M, = u./\/vYRT, the Mach number based on the external flow velocity (subscript e refer-
ring to the external flow). These Crocco-Busemann relations differ in the case of a turbulent
isothermal-wall channel flow because of symmetry conditions. They may be derived from equa-
tions (3.9), (3.10) and (3.11), written in terms of statistics for a turbulent flow, *

Up :_E h2 (45)
DT e (1@
o, e (ub : ug) (4.6)
O -T| e () (-2 @
S int_P M <’y R > (4.7)

with M}, = up/+/vRT,, the Mach number based on the bulk velocity in the channel.

A good agreement between computed temperature values and estimated temperature values
(Egs. 4.6 and 4.7) is found, especially for the W;,; source term (see Table 3.2 and Fig. 4.1).
Therefore, although these relations have been derived for laminar flows and assuming constant
viscosity, they will be used to develop a Reynolds analogy for the turbulent compressible channel
flow (see Section 4.7.2).

1A useful result to derive these relations is:

yt—ht (P h 2+2y2—h2:_é<ﬂ>(y) 1
h? h?2 h? 3
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4.1 Mean properties

1.4
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(a) Velocity (b) Temperature (c) Temperature

Figure 4.1: Mean velocity (a) and temperature (b,c) profiles for both source terms Wi.q,
(---)y, Wet (B) and W;,,; (—— ). Crocco-Busemann type relations (equations 4.6 &
4.7) are also plotted ( O ). Mach number effect 0.3 < M < 3. The arrows show quantities
variation when Mach number increases.
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Figure 4.2: Mean density (a), mean dynamic viscosity (b) and mean pressure (c) profiles,
for Wioay (= = = )y Wexe () and W,y ( —— ). Mach number effect 0.3 < M < 5. The
arrows show quantities variation when Mach number increases.
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4.2 Compressibility and low Reynolds number effects

Mi(y) Rey(y)

6000

5000 o
4000

3000 r;

LG/ e 2000 g Re%
05 1000 §- 1
Re
& Mach , Mach c
-1 -0.5 0 0.5 1 y/h -1 -0.5 0 0.5 1 y/h
Wezt / Wbody Wint Wezt / Wbody Wint
_ _ (w) _ (D) (@) h
(@) M) = 75 (b) Reuly) = 5y

Figure 4.3: Local Mach number (a) and local Reynolds number (b) profiles, for W4, ( -
- =)y Wexr () and Wit ( —— ). Mach number effect 0.3 < M < 5. The arrows show
quantities variation when Mach number increases.

4.2 Compressibility and low Reynolds number effects

In general, the effects of compressibility on wall-bounded turbulence can be classified as one of
two types: those associated with variations of the mean properties (such as density and viscos-
ity), and those due to fluctuations of thermodynamic quantities. It is often assumed that only
the mean effects are significant for non-hypersonic wall-bounded flows (i.e., free-stream Mach
number less than about 5) [6, 83].

The first direct effect of compressibility is a heating effect which yields an increase of the
temperature and thus of the viscosity in the center of the channel (Figure 4.2). As for incom-
pressible channel flow, pressure is uniform in the wall normal direction, which yields, because
of the perfect gas law, a mean density decrease in the center of the channel, and a strong wall
density increase with Mach number.

A strong relaminarisation effect is obtained for increasing Mach number at constant wall
temperature T, and constant bulk mass flux (pu), whichever source term is considered (Figure
4.3). The critical Reynolds numbers Rel = 1000 and Re? = 2000 refer to the lower and the
upper limit of the transition regime from laminar to fully turbulent in an incompressible pipe
flow (Reynolds experiments). For the flow case (Wez: M = 5, Re = 3000) the local Reynolds
number is always below this limit Re; < Rel and the flow might fully relaminarize. For the flow
case (Win: M = 3, Re = 4880) the local Reynolds number is nearly below this limit, but for a
tiny zone close to the wall. The cases (Weyzt: M = 3, Re = 3000), (Wezt: M = 4, Re = 3000),
(Wezt: M =5, Re = 4880), Wins: M =1, Re = 3000) and (Wins: M = 1.5, Re = 3000) are
transitional cases characterized by a large zone in the channel where Rel < Re;(y) < Re?.

The friction Reynolds number Re, referred to on Table 3.2 increases while the flow gets
laminar. The reason is that Re; is built of quantities determined at the cold wall only (T,
u;) while there exist strong temperature gradients from the wall to the center of the channel
which yield viscous effects in the boundary layer. The commonly used incompressible definition
of the friction Reynolds number is obsolescent for compressible channel flow and more generally
non-adiabatic boundary layers [6, 14, 34].

41



4.3 Anisotropy invariant map (AIM)

4.3 Anisotropy invariant map (AIM)

The anisotropy invariant map is the invariant representation of Reynolds stresses |56, 55, 69].
This is a useful postprocessing tool which gives an indication of the state of the turbulence in
different regions within a flow. Also, AIM allows to verify whether a simulated or modelled flow
contains unphysical regions.

The analysis of Lumley [55] gives information about anisotropy of the large-scales of the mo-
tion since it depends on the Reynolds stress tensor. Classical theories of turbulence assume the
isotropy of the smallest scales. DNSs of Yeung and Brasseur [92] have shown that high levels of
anisotropy are induced at the small-scales of motion when anisotropic forcing of the largest scales
is applied. Hence, in order to provide information about the anisotropy of small-scale motion,
Lumley’s invariant analysis has been applied to the tensors for the vorticity and dissipation rate
of kinetic energy [3].

The non-dimensional Reynolds stress anisotropy tensor is defined based on the Reynolds
averaged quantities as
(@iag) — (@i){a;) 1. (wuy) 1

2k —3% = g 30 (48)

aij =

and the second and the third invariants of the anisotropy tensor can be defined as, respectively

OéijOéjZ'

L = ——0% (4.9)
Iy = % (4.10)

where k is the turbulence kinetic energy k = . A similar anisotropy tensor can be
defined based on the density-weighted quantities and it will be discussed in Section 4.4, Figures
4.11.

(kg ) —(Gr ) (Gx)
2

In the case of isotropic turbulence, the only non-zero stresses are (uju}) = (ujuy) = (ujus) =
%/-c and Iy = I3 = 0.

In the case of axisymmetric turbulence, the invariants reduce to the following axisymmetric
relation

Is = +2 <T2> (azisymmetric expansion) (4.11)
L\ 32
Is = -2 <T2> (azisymmetric contraction) (4.12)

The two different modes of axisymmetry [49] are: azisymmetric contraction, caused by strain-
ing in one direction and contracting in the other two, and azisymmetric expansion, caused by
straining the flow equally in two orthogonal directions and contracting it in the third. Lee and
Reynolds [49] suggested that the parameter A, defined as

I3
A= ——- 4.13
21/3)77 9
might be used as a measure of axisymmetry: values A = —1 and A = 1 correspond to 'rod-like’

and ’disk-like’ turbulence, respectively.

42



4.3 Anisotropy invariant map (AIM)

| Case | M| R | | | a4 |

LES (Wioay) | 0.3 | 3000 | 0.208 | 0.032 | 0.876
1.0 | 3000 | 0.216 | 0.035 | 0.906
1.5 | 3000 | 0.239 | 0.043 | 0.956
2.0 | 3000 | 0.252 | 0.047 | 0.965
LES (Wpoay) | 1.0 | 4880 | 0.234 | 0.041 | 0.941
3.0 | 4880 | 0.276 | 0.055 | 0.985

LES Weat) | 3.0

4880 | 0.273 | 0.054 | 0.984 |

LES Wint) | 0.3 | 3000 | 0.203 | 0.031 | 0.881
1.0 | 3000 | 0.257 | 0.049 | 0.977
1.5 | 3000 | 0.281 | 0.057 | 0.994
LES Wine) | 0.3 | 4880 | 0.220 | 0.039 | 0.925
0.7 | 4880 | 0.242 | 0.044 | 0.960
1.0 | 4880 | 0.259 | 0.049 | 0.966
1.5 | 4880 | 0.273 | 0.054 | 0.984

Table 4.1: Invariants at the first-grid point

1
F
0.8 -
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0.4 -
0.2 -
0 b T T T T T T T T :
-1 -08-06-04-02 0 02 04 06 08 1
Wemt / Wbody Wint y/h
Figure 4.4: Anisotropy function in fully developed channel flow: Wiy (—— ); Wee ()
and Wi,: (- - - ). Mach number effect 0.3 < M < 3. The arrows show quantities variation

when Mach number increases.
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4.3 Anisotropy invariant map (AIM)
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Figure 4.5: Anisotropy invariant map for channel flows with Whody, Re = 3000.

44



4.3 Anisotropy invariant map (AIM)
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4.3 Anisotropy invariant map (AIM)
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4.3 Anisotropy invariant map (AIM)
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4.4 Reynolds vs Favre averaging

Identically two-component turbulence can be defined in terms of the invariants by
1/94+ I, +3I3=0 (4.14)

Lumley suggested that the parameter F' = 1 4 9[3 + 27I3 might be used as a measure of the
departure from isotropic (F' = 1) and two-component turbulence (F' = 0). This parameter is
plotted in Figure 4.4 for all the fully developed channel simulations considered in the present
study.

Values of the A-parameter at the first-grid point for the turbulent channel simulations are
reported in Table 4.1. Turbulent motion close to a wall is more axisymmetric for simulations
with the Wj,; source term than those with the W, or Wyeqy source term. The same trend is
obtained while the Mach number increases.

Plotted together the invariants form the anisotropy invariant map (AIM) which encloses all
the possible physical solutions for turbulence. This is shown in Figs. (4.5, 4.6, 4.7 and 4.8). In
the near-wall region the flow is two dimensionnal (F' = 0 as shown in Figure 4.4) as the wall
supresses the wall normal velocity. The streamwise Reynolds stress grows much faster than the
other stresses and, at about y/h ~ £0.96 for all the simulations, independent of the source term
type or the Mach number or the Reynolds number, the flow tends towards the one-component
turbulence point. It should be noted that this region, from the wall to y/h ~ +0.96, is less
extended while the Mach number is increased.

Further away from the wall the turbulence stays close to the axisymmetric expansion limit. In
the centre of the channel, the turbulence gets closer to the isotropic limit, but is still axisymmetric
[91]. The anisotropy function values decrease with Mach number increasing, Figure 4.4.

The sudden deflection found for the simulation (W;,:, Re = 4880, M = 0.7) is explained
by Krogstad & Torbergsen [47] as related to the separation of the central core region from the
near-wall region.

4.4 Reynolds vs Favre averaging

In this section conventional Reynolds or ensemble averaging (Equation 2.79) and mass-weighted
averaging (Equation 2.84) (commonly referred to as "Favre" averaging, although Reynolds (1895)
was the first to propose it) are compared. They were performed on time samples extracted from
the following simulations: (Weyt : M = 3, Re = 4,880), Whoay : M = 3,Re = 4,880) and
(Wint : M =1, Re = 4, 880).

An evaluation of the scatter between these two statistical procedures may be obtained from
the quantity (f) — {f} (Section 2.8). It is reported to be about 1.5% for the velocity field, for
an adiabatic boundary layer at Mach 3 [80]. Huang et al. evaluated this quantity to be 3% for
the velocity field, too, but for a channel flow at Mach 3 [34].

As can be seen from the Fig. 4.9, the difference between Reynolds- and Favre-averaged quan-
tities is mainly observed in the near-wall region (y/h < 0.3). It reaches up to about 3% of the
velocity field and 1.5% of the temperature field for the present isothermal-wall channel flow with
both source terms up to Mach 3.

The contribution of the Reynolds stress and the turbulent heat flux are plotted on Figures
(4.10a), (4.10b) and (4.10c). Favre averaging fits the classical averaging with a maximum of 5%
scatter and this is confined to the sublayer region (y/h < 0.1).
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4.4 Reynolds vs Favre averaging
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4.5 Coherent structures

The anisotropy invariant map computed with the two averaging procedures are similar, as
shown in Figure 4.11.

In conclusion, differences between Reynolds and Favre averaging are small and are mainly
observed in the near-wall region.
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0.25 | 0.28 1
0.26 1
0.2
-1 0.24 A 5
0.15 0.22 | A
0.1 0.2
0.05 | 0.18 1
0.16 1
0 { ; ‘ ‘ ‘ ‘ : : : :
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Figure 4.11: Anisotropy invariant map for W,,; at Re = 4,880 & M = 1, using classical
statistics procedure ( O ) and Favre ( B ) statistics procedure.

4.5 Coherent structures

The term ’structure’ is used to describe coherent organized motions occuring in the flow.

Robinson [39] defined a coherent motion, or structure, as

a three-dimensional region of the flow over which at least one fundamental variable (velocity
component, density, temperature, etc.) exhibits significant correlation with itself or with another
flow variable over a range of space and/or time that is significantly larger than the smallest local
scales of the flow.

Lesieur [52] summarized the properties of a coherent structure, as following

- a high enough vorticity to make a local rollup of the surrounding fluid possible,

- the preservation of its shape approximately during a time long enough in front of the local
turnover time, and

- unpredictability.

Several vortex-identification methods exist, among them,

- the low-pressure criterion: the cores of the coherent structures should be low dynamic
pressure regions,

- the positive Q-criterion proposed by Hunt & al. [35]

1
Q= §(QijQz’j — Si;Si5) (4.15)
with S;; and ;; the symmetric and antisymmetric parts of the velocity gradient tensor, respec-
tively
i = 5 4.1
— 1 /0u; Ou;
Qi = Sl - 22 4.1
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4.6 The Morkovin’s hypothesis

- the negative Ag-criterion introduced by Jeong & Hussain [36, 37]. A coherent vortex is
associated to a local minimum of pressure which corresponds to two negative eigenvalues of

—2 =2 ) . ) )
ST+ Q = —% 8:6‘?;% p. Since there are three real eigenvalues classified as A1 > Ao > Ag, its

second eigenvalue \g is negative.

Flow visualizations based on positive isovalues of the Q-criterion (Figures 4.12 to 4.15, right)
show less and less small-scale turbulent structures for inceasing Mach number and confirm the
relaminarisation observation (section 4.2). For the same Reynolds number, simulations with
Wint seem to get relaminarisation faster with increasing Mach number.

The wall-normal gradients of mean density and temperature cause an enhanced streamwise
coherence of the near-wall streaks for an increasing Mach number [14]. The width and shape
of the streaks close to the wall are also modified (Figures 4.12 to 4.15, left). This is not a
compressibility effect but a viscous effect since the dynamic viscosity /I(T) o T97 increases with
Mach number [14].

4.6 The Morkovin’s hypothesis

The compressible channel flow is a special wall-bounded flow with strong mean temperature and
density gradients at the wall, which is thus not covered by the Morkovin’s hypothesis [6] and has
to be discussed.

Kovasznay [46] has shown that the vorticity, acoustic and entropy modes are the solutions
for the perturbation fields superimposed on a uniform steady flow of a compressible, viscous and
heat-conductive gas. When the fields are weak, these modes obey separate linear differential
equations, while, when the fields are stronger, they have moderate interactions.

The velocity, pressure and temperature fields can be easily split into the three modes if the
spatial scale of the disturbances is not too small. Thus, the solenoidal part of the velocity field
constitutes the vorticity mode, while the irrotational field belongs to the acoustic mode. The
pressure fluctuations contribute to the sound waves. Isentropic fluctuations of the density and
temperature fields belong to the acoustic mode, too, while the nonisentropic part constitutes the
entropy mode.

Compressible fluctuations may be equivalently categorized into acoustic, total temperature
and vorticity disturbances. The total temperature [17, 60] is defined as

(T} = (F) + 2om

e ) () (4.18)

The mixed Prandtl number Pr,, is defined as |59, 60]

(A pe)ep

Pr,, = 4.1
" A+ A (4.19)

where p; and ); are the turbulent viscosity (Eq. 6.3) and turbulent conductivity (Eq. 6.4),
respectively.

Morkovin’s hypothesis [62] refers to the structure of the turbulence in compressible boundary
layers. It postulates that the essential dynamics of compressible boundary layers closely follow
the incompressible pattern, as long as the entropy and acoustic modes are negligible or small [46,
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4.6 The Morkovin’s hypothesis

(b) Whoay, M = 1.0, Re = 3000

z/(mh)

(¢) Whoday, M = 1.5, Re = 3000

z/(mh)

(d) Whoay, M = 2.0, Re = 3000

Figure 4.12: Contour plot of instantaneous wall streamwise velocity in the zz plane, y/h ~

—0.99 (left) and positive Q-criterion isovalues: Q = O.GZ—g in the channel flow (right): Wy.aqy,
Re = 3000
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4.6 The Morkovin’s hypothesis

z/(mh)

(a) Wioay, M = 1.0, Re = 4880

() Weat, M = 3.0, Re = 4880

Figure 4.13: Contour plot of instantaneous wall streamwise velocity in the zz plane, y/h ~

—0.99 (left) and positive Q-criterion isovalues: Q = O.6Z—§ in the channel flow (right): Wi,ay
and W,,:, Re = 4880
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4.6 The Morkovin’s hypothesis

(¢) Wint, M = 1.5, Re = 3000

Figure 4.14: Contour plot of instantaneous wall streamwise velocity in the zz plane, y/h ~

—0.99 (left) and positive Q-criterion isovalues: ) = 0.6Z—§ in the channel flow (right): W,
Re = 3000
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4.6 The Morkovin’s hypothesis

z/(mh)

z/(mh)

z/(mh)

(d) Wint, M = 1.5, Re = 4880
Figure 4.15: Contour plot of instantaneous wall streamwise velocity in the zz plane, y/h ~

—0.99 (left) and positive Q-criterion isovalues: ) = 0.6Z—§ in the channel flow (right): Wi,
Re = 4880
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4.7 Reynolds Analogies

6, 34]. This assumption which is relatively well satisfied for non-hypersonic adiabatic boundary
layers (M < 5) reads in this context :

Prms <K (p> (420)
Tr,,.. < (Tr) (4.21)

The r.m.s. fluctuations of pressure and total temperature T (= T + ﬁuz, definition equivalent
to T; with Pr,, = 1, Equation 4.18) are plotted in Figure 4.16. It is noted that, for the present
case, the first acoustic condition is much better verified than the second entropic condition. This
tendency is even better for the Wj,; case with less than 1% relative turbulence level (Figure 4.6).
The turbulent Mach number

YR(T)
is also much lower for the W;,; case, which means that the hypersonic limit defined by Bradshaw
might be reached at larger Mach number M than expected.
In contrast, the RMS temperature, RMS density and RMS viscosity increase for the W;,,; case,

but are still small (figure 4.17). Coleman et al. [14] found that ’these disturbances are mostly of
a non-acoustic nature, primarily the result of solenoidal "passive mixing’ across a mean gradient’.

These results confirm that in any case the entropic mode is not negligible for isothermal-wall
boundary layer and channel flow [34]. As a direct consequence, the classical SRA set of relations
derived from equation (4.21) is not valid for non-adiabatic wall-bounded flows and a new set of
relations must be considered.
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(a) Pressure (b) Total temperature (c) Turbulent Mach number

Figure 4.16: Pressure fluctuations (a), total temperature fluctuations (b), turbulent Mach
number (c), for Wyoiy (- - = )y Weor (W) and Wi,y (—— ).

4.7 Reynolds Analogies

O. Reynolds discovered that quantities pertaining to heat transfer may be related with quantities
pertaining to momentum transfer based on the similarity of the momentum and energy equations,
for incompressible laminar boundary layers. With additional assumptions, the 'Reynolds analogy’
has been extended to the compressible and turbulent flows. The concept of 'Strong Reynolds
Analogy’ (SRA) has been suggested by Morkovin [62] for compressible turbulence. "Modified
Reynolds Analogies’ have been developed by several authors, [34, 27, 48].
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Figure 4.17: Temperature fluctuations, (a) density fluctuations (b), viscosity fluctuations
(c), for Wioay (= - = )y Wezr (B) and Wiy, (

4.7.1 The Strong Reynolds Analogy

The Strong Reynolds Analogy is a useful relation for the reduction of experimental data and the
comparison of compressible to incompressible results. It was first identified as such by Morkovin
[62], but primarily it was due to Young [93].

In Favre-averaged variables, the boundary-layer form of the compressible x-momentum equa-
tion and the mean energy equation (developed in terms of the stagnation enthalpy [93]) can be
written, respectively [83]

P@AL + @05 = S 2 (15— ) (422
~ ~ o .
P i+ i — [@%” s 55 () - <v’H’>J423>

where, neglecting higher-order terms, (H) = (h) + 1(@)?, and H' = h' + (@)u'.

The Strong Reynolds Analogy is based upon the similarity between Eqgs. (4.22) and (4.23)
for a stationary, zero-pressure-gradient boundary layer [75, 90]. Consequently, when Pr =1 we
get an analogy between Reynolds stresses and turbulent heat fluxes. For adiabatic compressible
boundary layers, the total enthalpy fluctuations are zero, which yields an anti-correlation between
streamwise velocity and temperature,

T, = 0 (4.24)

o u'(t)

(4.25)

Gaviglio [28] notes that these relations apply in an instantaneous sense, but they cannot be
expected to hold exactly. Morkovin [62] has developed a set of statistical relations referred to as
'Strong Reynolds Analogy’ (SRA), that relates the r.m.s. of the static temperature fluctuations
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4.7 Reynolds Analogies

to that of the velocity fluctuations. These relations are

Trms o Urms
= = (’)/ — ]-)Ml ~
(T) ()
<u'T >
R,y = ———— =—-1
' UrmsLrms
<VT > = —@ < v >
Cp
/T/ 1,/
<vT' > _ _(7_1)M12<u~v>
(T) (1)
<JT!> = <JT' > +@ <u'v' >=0

p

(4.26)
(4.27)
(4.28)

(4.29)

(4.30)

Morkovin [62] and Gaviglio [28] have found that R, is close to —0.8 or —0.9. It should be
noted that 7} is not negligible , but that relations derived based on this assumption represent

good approximations [63, 44, 23, 79].
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Figure 4.18: Channel flow: crosspdf for Re = 4880, M = 1 and W;,; at y*© = 19.6 (a,b,c) and

crosspdf for Re = 4880, M = 3 and Wjyoqy at y* = 20.4 (d,e,f).

4.7.2 Modified Strong Reynolds Analogies

The classical SRA relations developed in the framework of adiabatic compressible boundary lay-
ers do not hold for isothermal boundary layers including compressible channel flow [34, 27, 48].
For example, figures (4.18) and (4.19) show a positive correlation between 7" and @ in the buffer
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R, = <u'v'> —Rypr = — <u'T'>
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Figure 4.19: Channel flow: correlation coefficient for the Reynolds stress tensor (a), cor-
relation coefficient for the turbulent heat flux (b), MSRA c coefficient (¢): Wioay (- - - ),
Wezt (B) and W;,,; (—— ). Re =3000 and Re = 4880, 0.3 < M < 2.

(a) isovalues of ur = (u,) (b) isovalues of T;r = ()

Figure 4.20: Isovalues of instantaneous friction velocity (a) and instantaneous friction
temperature (b) for W;,;, M = 1.5, Re = 4880.
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4.7 Reynolds Analogies

layer region for the channel flow while a negative correlation is expected for adiabatic boundary
layer (equation 4.27). This strong correlation is also very clear on instantaneous visualizations
of the two main quantities u, and T’ for the fully developed channel flow which represent the
trace of the streaks at the wall (figure 4.20).

Thus, for non-adiabatic boundary layers, other assumptions than Morkovin’s hypothesis must

be considered. For isothermal boundary layers, Cebecci & Smith [12] demonstrated rigorously a

so called "Extended Strong Reynolds Analogy’ (ESRA), based on the Crocco-Busemann relations
(Equation 4.4),

T'(t) — Tie (QW)

B Ty (@) B u'(t)
@) _[“Op @) UJW DM s

Gaviglio [28], Rubesin [71] and Huang et al. [34] proposed new general relations based on the
total temperature variation 9(T;)/0(T) which will be called "Modified Strong Reynolds Analogies’
(MSRA) [30],

(4.31)

/(1) _ 1 g
() c(a0(T)/0(T) 1) (=DM

v(t)
(@)

(4.32)

If a =0 and ¢ =1 then the standard SRA is obtained. For the modified expressions a = 1.

In a similar way as in [12], from relations (4.6) and (4.7) which are only valid in channel flow
(with either source term), it is derived an analogy between temperature fluctuations and velocity
fluctuations which yields a strong positive correlation (Figure 4.18) :

e Wyt model [31]:

T _ gy e (2 2) EO
- o-nena (35-5) (459

e W, model :

T'(t)
(T)

u 3o 2”) v ) (434)

— pro2 (e
= PrM <'Y<a>+ 3 ) @

It is interesting to note that the two relations above could be derived as well using the MSRA
relation (4.32) and accounting for the present definition of the total temperature 7; (Equation
4.18) and the specific Crocco-Busemann relation for the channel flow (Equation 4.6 or 4.7),

Ti 1 _ Profuw 2

Cect = 50y /o Ty 1 Prm <<a> 3> (4.35)
Ti _ 1 _ bPr 1w 3-2y

Cont = ST jo T =1~ Prm 71 <7<a> R ) (4.36)

In the present case, the coefficient ¢ = 1/Pr,, is the same for both source terms and is varying
between ¢ = 1/Pr ~ 1.4 at the wall and ¢ = 1/Pr; ~ 1 in the core of the channel (Figure
4.19¢), which is conform with the values set to ¢ = 1 for Gaviglio and ¢ = 1.34 for Rubesin.
Contrastingly, Huang et al. relate the coefficient to the turbulent Prandtl number ¢ = Pr; whose
value is ¢ ~ 1 anyway. The relation (4.32) proposed by Huang et al. appears finally as a very
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4.8 Summary

general analogy where the ¢ coefficient is a function of the boundary conditions of the problem.
A set of statistical CESRA relations can be further derived including the temperature derivative
coefficient CT* and the mixed Prandtl number Pr,, :

T, ; U

2= O Pry (v—1) M 22 (4.37)

(T) ")

<JT > = c* pr, (@) <u'v' > (4.38)
Cp
<uT' > Ti
! — — — ) v — 1 4
Ryt . = sl (4.39)
1

e ald e alh

Figures (4.21), (4.22) and (4.23) show the success of the modified SRA applied to the channel
flow (CESRA) for both the cases Wioay and Wips (equations 4.37-4.40). This would confirm that,
although the entropic modes (total temperature fluctuations) are non-zero, there could exist a
kind of universality of the turbulence structure in non adiabatic compressible boundary layers.
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(a) Wioay : M = 3, Re = 4880 (b) Wine : M = 1.0, Re = 4880 (c) equation 4.37
Figure 4.21: Temperature RMS : —— , direct computation; O , CESRA analogy; for
Re = 4880, M = 1, Whoay (a), for Re = 4880, M = 3, Win: (b). CESRA equation 4.37 % for
Weody (= = = )y Weae () and W,y (—— ) at 3000 < Re < 4880, 0.3 < M < 2 (c).

4.8 Summary

LES of compressible channel flow have been performed and analysed for the two source term
descriptions (Section 2.3). Comparisons between these two source terms show a main difference
in terms of heating effect, yielding a maximum temperature in the center of the channel about
4.5 times larger for the second formulation presently derived.

Compressibility and low Reynolds number effects have been analysed in terms of coherent
structures and statistics. We found that the direct effects of compressibility on the mean flow
appear to be rather small: the most notable differences may be attributed to the variation in
fluid properties across the channel.

We proposed an analytical framework for the determination of the ¢ constant in the so-called
modified strong Reynolds analogy by Huang et al. based on Crocco-Busemann type relations
derived for compressible channel flow. We obtained ¢ = 1/Pr,, and showed that the account for

61



4.8 Summary

<v'T'>
urTr

-0.2
-0.4
-0.6
-0.8

1.2 . . . .
-1 -0.8 -0.6 -0.4 -0.2 0

y/h
(a) Whoay : M = 3, Re = 4880

<v'T'>
urTr

-0.2
-0.4
-0.6
-0.8

1.2 . . . .
-1 -0.8 -0.6 -0.4 -0.2 0

y/h
(D) Wine : M = 1.0, Re = 4880

Figure 4.22: Temperature wall-normal velocity correlation :
, CESRA analogy; for Re = 4880, M = 1, Wyoq, (a), for Re = 4880, M = 3, Win: (b). CESRA

equation 4.38 % for Whoay (= - = )y Wewe () and Wi (

03< M <2 (c).

-0.8 -0.6 -0.4 -0.2 0

y/h
(8) Whoay : M = 3, Re = 4880

Figure 4.23: Total temperature wall-normal velocity correlation :

-0.8 -0.6 -0.4 -0.2 0

y/h
(b) Wit : M = 1.0, Re = 4880

lhs
rhs

Wbodu )

Wint

-0.5

0 0.5

(c) equation 4.38

1

y/h

——— , direct computation; O

lhs
rhs

) at 3000 < Re < 4880,

S
0.5
o Wbody ) Wint
1 05 0 0.5 1
y/h

(c) equation 4.40

—— , direct computa-

tion; O , CESRA analogy; for Re = 4880, M = 1, Wyoay (a), for Re = 4880, M = 3, Win: (b).
CESRA equation 4.40 % for Whoay (= = = )y Wexr () and W;,,; (—— ) at 3000 < Re < 4880,

0.3< M <2 (c).

62



4.8 Summary

the mixed Prandtl number Pr,, in the CESRA yields a good fit of the results for both source
term formulations.
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CHAPTER b

Spatially developing compressible channel flow with and without distortion
by means of a streamwise adverse pressure gradient

In this chapter simultions of the turbulent compressible flow developing spatially with and with-
out streamwise adverse pressure gradient are presented. These results might validate the model
of the fully turbulent compressible channel flow with a W;,; source term.

Firstly, a simulation of the turbulent compressible flow developing spatially is presented.
The principle, described in Section 2.5, is to consider a fully developed channel flow in order to
ensure realistic inflow conditions for the spatial channel. This one is split in several identical
computational boxes. Non-reflecting outflow conditions are applied at the outlet of the spatial
channel. The flow geometry is shown in Figure 5.1. !

The boundary conditions are checked and general flow features of the simulation are discussed.

Figure 5.1: Geometry of the spatially developing/separating channel flow

In the next section, a simulation of a distorted compressible channel flow is presented. The
flow distortion is the result of a pressure gradient change of sign in the streamwise direction. This
change is done artificially using a distributed force implemented in the Navier-Stokes equations
(see Section 2.6). We discuss the response of the subsonic turbulent flow to this change in
pressure gradient.

Instantaneous and mean flow features and anisotropy invariants are investigated for both
simulations, with and without streamwise adverse pressure gradient. The nature of fluctuating
variables and the modified strong Reynolds analogy for the channel (CESRA) are also investi-
gated for both simulations.

The chapter ends with a summary of the main results.

Tn what follows, the computational box n will be referred to as the spatial computational box n — 1. Results
from the spatial domain are compared with results from the incoming fully developed channel flow.



5.1 Spatially developing compressible channel flow

LES of spatially developing compressible channel flow, with and without streamwise adverse
pressure gradient, were presently performed for geometries with 4 (not presented here) and 7
computational boxes, for a Reynolds number of Re = 4,880 and a Mach number of M =0.7. A
subsonic flow was chosen for mainly two reasons. First, in real flows, a subsonic region always
exists close to the wall. And second, the most difficult case to treat from the wave propagations
point of view is the subsonic case. Thus, the validation of the subsonic flow is needed before
simulating supersonic cases.

The size of the computational domain is reported in Table 3.1. The results are compared to
the fully developed channel flow presented in Chapter 4.

Statistics were computed considering only one homogeneous direction (i.e. the spanwise
direction) and using Reynolds averaging procedures.

5.1 Spatially developing compressible channel flow

First, we are interested in the stability and convergence of the method used to impose both
the inflow and the outflow boundary conditions. In Figure 5.2 the temporal evolution of the
instantaneous mass flux is shown at two locations in the channel, at the centreline and at the
first grid point, respectively. In the center of the channel, both the inlet and the outlet mass
flux oscillate together around a mean value of 1.1, while, at the first grid point, the outlet mass
flux takes negative values before oscillating around a mean value of 0.02. The mean value for
the inlet mass flux is about 0.01. At the end of the simulation, Figure 5.3, both the inlet and
the outlet mass flux, at the first grid point, are oscillating together.

pu pu
(pu)p 0.05 (pu)p
125 0.04
1.2+
oy 0.03 t
1.15 [ [ [ i
‘ i 0.02
11 PR R
1.05 [} I 0.01
1 or
0.95 : ‘ : -0.01 : ‘ :
0 0.5 1 15 2 0 0.5 1 15 2
(t —to)Us/(47h) (t —to)Us/(47h)
(a) Centreline (b) First point of the grid
Figure 5.2: Time variations of the inlet (—— ) and the outlet ( - - - ) mass flux at (a) the

centreline and (b) at the first grid point in the wall-normal direction.

In order to check the inlet boundary condition, positive Q-criterion isovalues in the incoming
fully developed channel flow and in the first spatial computational box are plotted in Figure 5.4.
Since the velocity and the temperature of a slice of the inflow channel were imposed at the inlet,
a continuity between the coherent structures in the two computational boxes is found.
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5.1 Spatially developing compressible channel flow
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Figure 5.3: Time variations of the inlet (—— ) and the outlet ( - - - ) mass flux at (a) the

centreline and (b) at the first grid point in the wall-normal direction.

(b)

Figure 5.4: Zoom of the positive Q-criterion isovalues: @ = ;4 in the inlet of the spatial
channel. Re = 4,880 and M = 0.7.
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5.1 Spatially developing compressible channel flow

(a) first spatial computational box

(b) second spatial computational box

(c) sixth spatial computational box

Figure 5.5: Contour plot of instantaneous streamwise velocity in the yz plane (left) and
2
b

positive Q-criterion isovalues: () = Z—Q (right) in the spatial channel. Re = 4,880 and M = 0.7.
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5.1 Spatially developing compressible channel flow

A quick check of the positive Q-criterion isovalues shows also a continuity in terms of coherent
structures in the spatial channel (Figure 5.5, right). Instantaneous visualizations are presented
for the first, second and sixth spatial computational boxes. The remaining plots can be found in
Figure A.3. Near the wall, there are regions of slow moving fluid, known as low-speed streaks.
These regions alternate with high-speed moving fluid. The low-speed streaks gradually lift up
from the wall, oscillate and then break up violently. The term describing this sequence is "burst-
ing’, coined by Kline et al. [45]. Nearly all of the turbulence production is occuring during
bursting in the wall region [41]. Indication of the presence of mushroom shaped bursts, which
have been seen experimentally [13], are illustrated in Figure 5.5, left.

Figures 5.6 and 5.7 show the z-profiles of both instantaneous and mean flow variables. As
expected the streamwise velocity (Fig. 5.6a) is the same as in the fully developed channel flow.
A drop in terms of pressure and temperature (Figs. 5.7c and 5.7a, respectively) is noticed in
the streamwise direction which is an attribute of the naturally developing channel flow. Correct
distributions are obtained in the spatial channel, although slight differences are found between
expected and obtained distributions of the density (Fig. 5.7b) and, implicitely, of the pressure
(Fig. 5.7c). These differences might explain the loss in the mean spanwise velocity (Fig. 5.6¢c)
at the end of the channel.

To gain more insight into these results, isovalues of the mean flow variables are considered
(Fig. 5.8). The mean pressure isovalues (Fig. 5.8f) show a constant pressure gradient in the
spatial channel. However, small perturbations near the inlet and the outlet are observed. This
behavior might be due to the no corner treatment.

No boundary layer behavior is observed in the streamwise velocity, density or temperature
fields (Figs. 5.8a, 5.8e and 5.8d, respectively). The mean wall-normal and the mean spanwise
velocities (Figs. 5.8b and 5.8c, respectively) seem to be marginally converged, consequently we
will consider hereafter for their averaging an additional homogeneous direction, the streamwise
direction of the flow.

In Figures 5.9 and A.1 all the important quantities at the wall are plotted. Both the velocity
and temperature gradients (Figs. A.la and A.1b, respectively) are increasing in the streamwise
direction. Despite this, the wall friction 7, and the friction velocity u, (Figs. A.lc and 5.9a,
respectively) are nearly constant in the z-direction, apart from the inlet and the outlet. Contrary,
increasing distributions are found for the wall heat flux gy, the friction temperature 7, and the
friction Mach number M., respectively (Figs. A.1d, 5.9b and 5.9d, respectively). Values of the
ME¢ coefficient (Fig. 5.9e) are around 0.2, although a constant evolution of this coefficient was
expected. All these quantities will be further used in the wall modelling.
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5.1 Spatially developing compressible channel flow
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Figure 5.6: Instantaneous and mean (a) streamwise, (b) wall-normal and (c) spanwise ve-
locity profiles in the z-direction at the centreline ( —— ) and at the first grid point in the
wall-normal direction (- - - ).
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5.1 Spatially developing compressible channel flow
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5.1 Spatially developing compressible

channel flow

(a) Mean streamwise velocity

x/(4rh)

(c) Mean spanwise velocity

y/h

(e) Mean density

(b) Mean wall-normal velocity

(d) Mean temperature

(f) Mean pressure

Figure 5.8: Isovalues of mean streamwise (a), wall-normal (b) and spanwise (c) velocity,
mean temperature (d), mean density (e) and mean pressure (f).
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5.1 Spatially developing compressible channel flow

Uy T,
0.06 w w w w w w 0.06
0.05 f q 0.05 ¢ ]
0.04 1 0.04 MW
0.03 r 1 0.03 r
0.02 | 1 002 |
0.01 | 1 001 |
0 0
0 1 2 3 4 5 7 0 1 2 3 4 5 6 7
x/(47h) x/(47h)
(a) Friction velocity (b) Friction temperature
-B, M
0.05 w w w w w w 0.05
0.04 *k’_/_/_,‘_ﬁJw—’J 0.04 *k’_/_/_,‘_ﬂ—fhffj
0.03 | 1 003 |
0.02 | 1 002 |
0.01 | 1 001 |
0 0
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
x/(47h) x/(47h)
(c) Non-dimensional heat flux (d) Friction Mach number
e
0.5
0.4
03t 1
e
0.2 1
0.1r¢r
0 ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7
2/ (4h)
() ME = Mr_ — _us

T /=By VARTr

Figure 5.9: Distributions of the the friction velocity (a), the friction temperaure (b), the
non-dimensional heat flux (c), friction Mach number (d) and the M¢ coefficient (e) in the
spatially developing channel flow at Re = 4880 and M = 0.7.
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5.2 Distorted compressible channel flow

5.2 Distorted compressible channel flow

The spatially developing field described in Section 5.1 computed with W;,; source term at the
Reynolds number of Re = 4880 and the Mach number of M = 0.7 is used as initial condition for
the simulation. The force (see Section 2.6) is applied in the second spatial computational box.
The effect of this distributed force is to decelerate the flow near the lower wall while accelerating
the flow near the opposite wall. This is clearly shown in Figure 5.10(a) via the velocity gradient
on the lower and upper surfaces. The impact on the near-wall temperature is shown in Figure
5.10(b). It is noticed that the maximum distortions in both streamwise velocity and temperature
are obtained nearly in the middle of the second spatial computational box.
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(a) Streamwise velocity gradient (b) Temperature gradient

Figure 5.10: Streamwise velocity gradient (a) and temperature gradient (b) on the lower (

—— ) and upper ( - - - ) surfaces of the channel.
. . . . _ 27—10 _ qu’{ .
The coefficients of skin friction C'y = il heat transfer C}, = e () T (the ¢ subscript

reffers to the values in the centre of the channel flow) and pressure C), = %‘@ are shown in
Figures 5.11. The flow deceleration lead to a local distortion of the flow (Figu;e 5.11(c)) which
starts at the ;7 ~ 2.19 location and ends at the ;5 ~ 2.81 location. The maximum distortion
is obtained at the ;7 =~ 2.55 location, where the maximum value of the distributed force is met.
There is only a slight perturbation in terms of temperature (Figure 5.11(b)) or pressure (Figure
5.11(c)). The dashed-line curve on the Figure 5.11(c) shows the corrected pressure by the pres-
sure drop in the channel. The Reynolds Analogy factor s = % is plotted in Figure 5.11(d). It
is nearly constant in the streamise direction except for the distortion region. A maximum value

is met where the maximum value of the distributed force was applied.

The instantaneous and mean flow variables are plotted in Figures B.1 and B.2. The flow
is locally perturbed: outside the region where the force was applied, all distributions of flow
variables are identically to those of the spatially developing channel flow without streamwise
adverse pressure gradient. The streamwise velociy and the density are mainly perturbed in the
near-wall region, while at the centerline the distortion is bearly visible. The temperature field
is less perturbed than the pressure field : at the scale used for the plot, even on the near-wall
temperature distribution, it is difficult to see the flow perturbation.
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5.2 Distorted compressible channel flow
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Figure 5.11: Distribution of skin-friction coefficient (a), heat-transfer coefficient (b), pressure
coefficient not corrected (——) and corrected ( - - - ) by the pressure drop (c) and Reynolds

Analogy Factor (d).
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5.3 General features

Contours of velocities, mean temperature, mean density and mean pressure (Figures B.3
and B.4) show also a weak and local perturbation. In the part of the channel behind the flow
perturbation, the flow relaxes back towards steady channel flow.

The mean streamwise velocity isovalues in the distorted channel flow (Figures B.5 and B.6)
show that the maximum velocity is met now in the upper part of the channel, instead of at the
centerline for the third, fourth and fifth computational boxes. For the next computational boxes,
the flow seems to relax back towards the steady behavior.

The behaviour of the instantaneous flowfield was also investigated using the positive Q-
criterion isovalues (Figure B.7). Since the local perturbation is weak, no significant modifications
in turbulence structure are observed. A growth of large scale structures it is noticed due to
deceleration in the distorted region. A bigger thickness of the wall layer can also be observed in
this region.

5.3 (General features

5.3.1 Mean profiles

In this section, the adverse streamwise adverse pressure gradient effect on the mean profiles is
investigated.

Mean profiles for the fully developed channel ( O ), spatially developing channel at ;7 = 2.5
( M) and distorted channel at ;& ~ 2.55 ( —— ) are plotted in Figure 5.12. These locations
were chosen in order to compare the middle region of the second spatial computational box
for simulations with and without streamwise adverse pressure gradient. Here the maximum
distributed force value was applied.

As shown also in Figure A.2, in the case of a spatially developing channel flow whithout
sreamwise adverse pressure gradient, there is minimal spatial variation in the flow variables

except for the pressure and the temperature. It is noticed that the %# is a homogeneous

quantity in the streamwise direction, where T, is the wall temperature in the spatial channel
(Equation 2.34). Thus, the imposed source distribution used in the incoming fully developed
channel flow is validated.

As mentioned, in the case of the distorted channel, the flow is decelerated near the lower
wall, while it is accelerated near the opposite wall (Fig. 5.12a). Since the wall-normal velocity is
nearly zero everywhere in the channel, the impact of the distortion on it is more important. A
change in the wall-normal velocity distribution is observed: values are positive everywhere and
an approximately ten-times maximum is obtained at the centreline. The spanwise velocity dis-
tribution seems to be completely reversed comparing to the other distributions (fully developed
and spatially developing flows). Due to the streamwise adverse pressure gradient, the pressure is
diminished on the lower wall and slightly augmented on the opposite wall. Consequently, there
is a decrease near the lower wall and then an increase in the temperature distribution. The dy-
namic viscosity :ElE;S the same behavior as the temperature because of the power law assumption
() = pw (%) . The derived Crocco-Busemann type relation for the temperature presents
mainly increased values from the vicinity of the lower wall to the opposite wall. The density is
increased near the lower wall and then decreased near the opposite wall. The entropy, computed
based on the mean pressure and the mean density, has basicaly the same profile as the temper-
ature.
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5.3 General features

Figure 5.13 shows mean velocity profiles close to the lower wall at different streamwise sta-
tions. The velocity-profile slopes are slightly modified. The flow decelerates upstream the max-
imum distortion, while accelerating downstream of the maximum distortion. The considered
stations are

- in the non-distorted region: = = 2, 2.03, 2.11, 2.19, 2.23;

- in the region upstream of the maximum distortion: — = 2.27, 2.3, 2.34, 2.38, 2.42, 2.46,
2.5, 2.55;

- in the region downstream of the maximum distortion: = = 2.55, 2.58, 2.62, 2.66, 2.7,
2.73, 2.77, 2.81, 2.89;

- and in the recovery region of the flow: ;= = 2.97, 3.05, 3.125, 3.2, 3.28, 3.36.

The results for these stations will be further analysed in the modelling part.
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Figure 5.13: Velocity profiles above the lower wall of the channel at different streamwise
stations: region non-distorted (a), upstream of the maximum distortion (b), downstream
of the maximum distortion (c) and of the recovering flow (d). The arrow shows the trend
of the profiles in the flow direction.

77



5.3 General features

5.3.2 Anisotropy invariant study

Examination of the anisotropy invariants indicates that the flow anisotropy is weakly affected
by the streamwise adverse pressure gradient. Figure 5.14 shows the invariant maps for both
simulations, whith and without perturbation. The entire distorted flowfield is plotted on it.

Detailed analysis is carried out for different locations in the distorted flow (Figure 5.15).
As the flow approaches maximum distortion (Figure 5.15(a), left) the near-wall turbulence is
ressembling the axisymmetric expansion turbulence with the wall flow tending towards one-
component turbulence (Figure 5.15(a), right). From the maximum distortion point (Figure
5.15(b), left and 5.15(b), right), both wall and the near-wall turbulence tend back towards the
initial turbulence.
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a) without streamwise adverse pressure gradient . X .
(2) P & (b) with streamwise adverse pressure gradient

Figure 5.14: Anisotropy invariant map for W,,; source term simulations at Re = 4880 &
M = 0.7 without (a) and with (b) perturbation. The profiles are shown for the near-wall
region of the lower wall only. Anisotropy map boundaries ( - - - ).

5.3.3 Modified Strong Reynolds Analogy for the channel (CESRA)

An important point in turbulent compressible flows is the Morkovin’s hypothesis. Levels of
fluctuating variables for the simulation without streamwise adverse pressure gradient are shown
in Figure 5.16. They are in good agreement with those for the fully developed channel flow
except for the pressure, which might be due to the pressure drop effect which does not play a
role in the periodical case. Nevertheless, the pressure criterion is much better verified than the
total temperature condition. The maximum rms pressure values are less than about 0.5% (Figure
5.16(a)) everywhere in the channel, although for the first spatial computational box the level of
pressure fluctuations is found larger. Quite large turbulent Mach number is found, especially
near the walls (Figure 5.16(c)). The large density and temperature fluctuations are associated
with the near-wall M, (Figures 5.16(e) and 5.16(d), respectively). The entropic mode is not
negligible since the maximum rms total temperature values is around 7% (Figure 5.16(b)).
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Figure 5.15: Zoom of the anisotropy map ( —— ) upstream of maximum distortion (a) and
downstream of maximum distortion (b). The arrow shows the trend of the profiles in the
flow direction. Anisotropy map boundaries ( - - - ).
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Figure 5.16: Spatial channel: pressure fluctuations (a), total temperature fluctuations (b),
turbulent Mach number (c¢), temperature fluctuations (d), density fluctuations (e) and
viscosity fluctuations (f): fully developed channel ( B ) and spatial computational boxes (

—).
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5.3 General features
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Figure 5.18: Spatial channel: correlation coefficient for the Reynolds stress tensor (a), cor-
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Figure 5.19: Distorted channel: correlation coefficient for the Reynolds stress tensor (a), cor-
relation coefficient for the turbulent heat flux (b) and MSRA c coefficient: fully developed
channel ( B ) and spatial computational boxes (—— ).
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5.4 Summary

Levels of flow variables fluctuations for the simulation with streamwise adverse pressure gra-
dient are shown in Figure 5.17. The distortion being local and weak, the fluctuations levels are
basically the same as for the spatially developing or for the fully developed channel flows in the
near-wall region. Contrary, in the core of the channel larger levels are found. With maximum
rms pressure values less than about 0.5% (Figure 5.17(a)) everywhere in the channel, the acoustic
criterion is better verified than the entropic condition. The latter is not negligible, the maximum
rms total temperature being around 7.5%.

As presented in the Section 4.7, a positive correlation between streamwise velocity fluctuations
and temperature fluctuations is found in the buffer region layer (Figures 5.18 and 5.19). It is
noticed that the shear stress correlation and the MSRA ¢ coefficient seem to be much sensitive
to the distorsion.

The derived MSRA relations for the channel flows (4.38) and (4.40) are successfully applied
for both compressible flows, with and without streamwise pressure gradient (Figures 5.20 and ?7?,
respectively). This allows us to conclude that the modified strong Reynolds analogy developed
for the channel is valid whichever source term or channel configuration is used.

5.4 Summary

In this chapter first a model of the turbulent compressible flow developing spatially was validated.
Inflow and outflow conditions were checked in terms of instantaneous and mean variables. The
streamwise development of these variables indicates differences between naturally developing

and periodic channel flow. A main result is the homogeneity of the quantity M. Thus,
the hypothesis made to derive the W;,,; source term used to model the pressure drop in a fully
developed channel flow is validated.

Next, a body forcing method of obtaining a turbulent incompressible bubble [32] has been
extended to a compressible turbulent flow. The simulation was shown to generate a weak and
local distorted region in the flow where the distributed force was applied. The flow near the
the lower surface was investigated using anisotropy invariants and instantaneous visualization.
Correlations between velocity and temperature fluctuations were examined using the modified
strong Reynolds analogy for the channel (CESRA). The shear stress correlation, MSRA ¢ coef-
ficient, heat and total temperature fluxes were found to be more sensitive to the distortion.

Data from the simulations investigated in this chapter will be used as a reference for the
modelling work in Chapters 7 and 8.
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CHAPTER 0

Wall layer description

Based on the mean velocity profile, the flow is usually divided into three regions. These are,
starting from the wall: the inner, buffer and outer layers. In the outer layer the viscosity effects
are negligible, as shown in Figures 6.1-6.3(a). Large scales are found and they are well resolved
using Large Eddy Simulations. In the inner layer, the region closest to the wall, the effects of
viscosity cannot be neglected and play an important role in the behavior of the wall layer (for
example, in a separated wall layer). In this layer the small scales are predominant and LES is
less efficient in simulating them. The buffer layer is the intermediate region between the inner
and the outer layers.

Figures 6.1-6.3 describe fully developed flow and spatially developing flow with and without
streamwise adverse pressure gradient in terms of turbulent viscosity and turbulent conductivity,
turbulent Prandtl number and mixed Prandtl number, for all source terms and various Reynolds
and Mach numbers (see Table 6.1). These are the needed quantities for modelling. In the
near-wall region, all these quantities have the same behavior whichever source term or flow
configuration is considered. Here, as mentioned above, the viscosity effects are dominant. This
attribute of the wall-bounded flow will be used in what follows for the modelling developments.
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Figure 6.1: Viscous versus turbulent viscosity/conductivity (a), turbulent Prandtl number
(b), mixed Prandtl number (c), for fully developed channel flow simulations with Wy,q, ( -
- - ), Wemt ( | ) and Wimg ( ).
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Figure 6.2: Viscous versus turbulent viscosity /conductivity (a), turbulent Prandtl number
(b), mixed Prandtl number (c), for spatially developed channel flow simulations with W;,,,
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Figure 6.3: Viscous versus turbulent viscosity/conductivity (a), turbulent Prandtl number
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Source Mach Reynolds Re; | Re,[6] | Req[34] | ReS | AXF | Xt | Ayl | AySt
0 Kim et al.[43] 180 180 180 180 | 100 | 100 0.05 | 0.05
Wint 0.3 193 108 171 182 | — — 0.10 | 0.10
1 3000 280 69 105 169 | — - 0.14 | 0.14
1.5 385 35 71 161 — — 0.20 | 0.19
Whody 0.3 188 182 184 185 | 128 127 0.10 | 0.10
1 3000 203 153 166 182 | 145 130 0.10 | 0.10
1.5 219 122 145 175 | 170 137 0.11 | 0.11
2 241 96 126 169 | 190 134 0.12 | 0.12
1.5  Coleman et al.[14] || 222 ~ 151 150 | ~ 130 | 0.1 0.1
Wint 0.3 297 252 264 280 | — — 0.15 | 0.15
0.7 368 168 211 277 | — - 0.19 | 0.19
1 4880 440 111 167 267 | — — 0.22 | 0.22
1.5 578 54 109 241 | — - 0.29 | 0.29
3 1010 6 27 166 | — — 0.51 | 0.50
Whody 1 } 4880 310 231 252 278 | 180 160 0.16 | 0.16
3 459 86 141 240 | — — 0.23 | 0.23
3 Coleman et al.[14] || 451 ~ 150 300 | =~ 160 | 0.2 0.2
Weat 3 4880 462 83 138 238 | 315 165 0.23 | 0.23

Table 6.1: Characteristics of the simulations. Comparisons are made with the DNS of Kim
et al. [43] for M = 0.0 and Coleman et al. [14] for M = 1.5 and M = 3.0. Reynolds number
cases in bold will be further compared.

In order to achieve a reliable simulation of the inner layer several solutions exist, among
them,

- refinement of the grid near the wall in order to catch smaller eddies. In this case, the
simulation reaches a level close to DNS with the consequence of increasing calculation and time
costs;

- modelling of the inner layer and computing the outer layer only. Then the first grid point
can be further away from the wall in comparison with a DNS and the simulation uses a coarser
grid over the whole domain. This solution is the most economical way to run an LES of a
wall-bounded flow, but wall models must be used;

- simulations combining a RANS-type near wall model and an LES model: to resolve the
outer part, LES is applied and the RANS model is used to treat the near-wall region.

The state-of-the-art in wall-layer models has been summarized by Piomelli & Balaras [67] as
follows:

- simple models which work fairly well in simple flows (for example, the logarithmic law in
terms of prediction of mean skin-friction coefficient and outer velocity profile or for the evaluation
of the Reynolds stresses outside a transition layer);

- zonal models for more complex configurations (for example, backward-facing step and the
airfoil trailing edge);

- no extensive tests of wall-layer models in complex configurations exist (for example, three-
dimensional shear-driven boundary layer).

For wall-bounded compressible flows, two wall layers exist: the velocity wall layer and the
thermal wall layer characterized by a steep transverse temperature gradient.
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The relation relating the thickness of the velocity wall layer, § and the thickness of the thermal

wall layer, o7 is
or 1

o v Pr
. Therefore, the thermal wall layer in a gas may be expected to be approximately of the same
order of magnitude as the velocity wall layer, whereas for liquids it is smaller.

First consider the averaged Navier-Stokes equations written for a statistically 2D compress-
ible stationary flow in a channel (including Equations 2.29 and 3.11). For relatively low Mach
numbers, at least non-hypersonic cases [6], we showed that Favre and Reynolds averaging were
not much different (see Section 4.4). Therefore we neglect density (and viscosity) fluctuations
and end up with the relations for streamwise momentum transport and total energy:

0 = _%+§y[<<m+m>i§m (6.1)
0 =~ @2+ L+ (62)

where the Reynolds stress and the turbulent heat flux are classically related to the mean velocity
and mean temperature gradients, based on turbulent viscosity p; and turbulent diffusivity A\

) = o (6.3
PCT) = XN (6.4)

The term involving kinetic energy has been considered negligible since the Prandtl number is
Pr = 0.7 and the turbulent Prandtl and the mixed Prandtl numbers are around 1 in the near-wall
region.

Turbulent and viscous contributions are blended in the mixed Prandtl number (Equation
4.19), which is either equal to the Prandtl number Pr = 0.7 at the wall or to the turbulent
Prandtl number Pr; = £ fp in the turbulent region, with 0.8 < Pr; < 1.05 (Figures 6.1b,c-
6.3b,c).

These relations are used in what follows to obtain the wall-layer laws for the streamwise
velocity and temperature.
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CHAPTER [

Modelling of an attached wall layer

In this chapter classical laws of the wall for both the velocity and the total temperature are
presented. Then, an improvement of the van Driest transformation is proposed which accounts
for both density and viscosity changes in the wall layer. Consistently, a new integral wall scaling
which accounts for strong temperature gradients at the wall is developed for the present non-
adiabatic compressible flows and rms scaling is investigated. The chapter ends with a brief
summary.

7.1 Wall unit for attached compressible wall layers

In the viscous sublayer near the wall, the turbulent stresses and heat fluxes are negligible in (6.1)
and (6.2) as shown in Figure 6.1a. The flow properties can be used as weighting factor to define
an integral velocity and an integral total temperature [6, 11, 17, 33, 59] which fit the classical
linear laws, respectively:

@ (T
If_ _ /0 <Ml§z>)d<ﬂ>+ — y—i- (71)
-t = [ " <ﬂf”d<ﬁ>+ —Pryt (7.2)
T w

where u* = u/u,, T;” = T;/T,, the * superscript being referred to the usual wall unit involving
a friction velocity and a friction temperature, based on wall friction 7, and wall heat flux ¢,
for compressible flows (Equations 3.1 and 3.2). A similar transformation is presently proposed
[7, 31] to define rather an integral lengthscale y“* which is equivalent to the standard y™ wall

unit in the asymptotic incompressible case ({(fi) = ),

+

et _ [V +
= ™ 73

Equations (7.1) and (7.2) then become
(@t = y* (7.4)
~ ~ -1
(@) =Ty = (O =T + T5=Pr M2 (@) = Pry** (7.5)



7.1 Wall unit for attached compressible wall layers

which is conform with the expected linear law at the wall for both the velocity and the total
temperature, and accounts for near wall temperature variations in an alternative way to the
existing compressible scaling [6, 34, 48|. For the present channel flow, the resulting integral
Reynolds number

6c _ ¢+ w :uw =+
Ret = het = /O Tkl (7.6)

has the expected decaying behavior for increasing Mach number, e.g. ReS = 238 for [M =
3, Re = 4880, Wey] and Re¢ = 267 for [M = 1, Re = 4880, W], in contrast with the standard
friction Reynolds number Re, = h™ (table 6.1). The present integral lengthscale is very practical
since it may be used to build a realistic friction Reynolds number for compressible boundary layers

Re§ = 6°t similar to the one proposed by Bradshaw [6] Re, = , [Lwizd o the semi local-scaling

Pe Ve

from Huang et al. [34] Regy = %55. All these Reynolds number definitions account for the
flow properties and yield for increasing Mach number the same decaying tendency, which fits
the qualitative behavior described on the visualizations in the Section 4.2. What is specific to
the present integral scaling is that it is analytically derived from Navier-Stokes equations, and
not from an order of magnitude analysis, which is the case in previous scaling proposals, and

therefore constitutes a theoretical improvement. A quantification of the relation between the

integral and semi-local scalings can be obtained as well analytically, dy* = %%dy”, where

wu(T) is strongly increasing from the wall to the center of the channel for the present isothermal-
wall case. A quantitative comparison of the two scalings is done in Figure 7.1 and 7.2 and shows
a similar trend for both, although the integral behavior increases consequently the wall gradient
effects in the present formulation. A quantitative measure of the difference of the two procedures
can be performed based on the normalised half-width of the channel h* = Rey = 141 with the
semi-local scaling and h°" = ReS = 240 with the integral scaling, for the case Re = 4880, M = 3
(Table 6.1). Notice that the integral scaling yields values which are qualitatively closer to what
we expect for incompressible reference channel flow in the sense that one should worry about
friction Reynolds number values lower than 150 for fully turbulent cases. It is even more critical
with the definition given by Bradshaw which predicts for the present flow case Re, = 86. It
is finally interesting to note that assuming a constant temperature 7 = Ty € [Tw; Ty such as
poi(Th) = pwpty, the semi-local scaling can be considered as a simplified form of the integral
scaling and thus is worth using for engineering applications, since an integral function is no
longer necessary.
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7.1 Wall unit for attached compressible wall layers
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7.2 Improvement of the van Driest transformation
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Figure 7.3: Spanwise correlation of the streamwise velocity in the near wall region y°* = 2.5
for a compressible channel flow: 0.3 < M <2, Re = 3000, Whoay-

On Figure (7.3) we show the transverse correlation of the streamwise velocity Ry, near the
wall at y°™ = 2.5. The first minimum indicates half the spanwise wavelength of the streaks,
AF >~ 227 (Ry,min). With the standard incompressible wall scaling the width of the streaks A}
increases with Mach number, for constant Reynolds number (Table 3.2). Once the present tem-
perature correction is applied, the spanwise wavelength of the streaks remains nearly constant,
about AT ~ 130 for Re = 3000 and ¢t = 160 for Re = 4880. Furthermore, the integral length-
scale which represents the surface below the correlation profile is constant (Figure 7.3). This is
a strong argument for turbulence universality in compressible boundary layers in the sense of
Bradshaw|6]: ’ The Mach number invariance of the integral lengthscale is our most conclusive
check on Morkovin’s hypothesis at present.’

7.2 Improvement of the van Driest transformation

For compressible flows, velocity and temperature profiles do not fit the incompressible laws of
the wall because of the changes in flow properties described in the chapters above.

Above the buffer layer, viscous terms are negligible with respect to the turbulent stresses
(1) < iy and (X) < Ay (Figure 6.1a). In the present intermediate Reynolds number case, under
this assumption and neglecting the streamwise pressure gradient correction on the law of the

wall, Equations 6.1 and 6.2 write

o) _ y
Lt o Tw (1_E> (7.7)
o) _ Uy y
NI = (1) (1.9
with [/ (@) (y)dy = upyy.
2 0(@)

Equations 7.7 and 7.8 are recast using the mixing length theory p; = (p)(ky) By with
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7.2 Improvement of the van Driest transformation

k = 0.41 [6, 31] and express in the standard wall unit,

diayt = %#d;ﬁ (7.9)

AT = \/% ﬂ%dﬁ (7.10)

The van Driest transformation [6, 33] consists in correcting the velocity and temperature varia-
tions in the boundary layer based on changes in density. A logarithmic law which fits relatively
well the incompressible boundary layer profile (Figures 7.4a and 7.5a) is obtained for both the
transformed velocity [6, 14] and the total temperature [11, 17], whatever source term is considered

to model the flow in a compressible channel,
] 1
@d<a>+ =—Iny"+C (7.11)
\ Pw K
L [{p)

{@p = /0

(a)*
o L (Tiy+ 7 o1 N

where the subscript C DS refers to the transposition of the VD transformation to the total
temperature by Carvin et al.[11, 17].

N p
20

15 +

10

(a) VD transformation (b) present integral transformation

Figure 7.4: Mean velocity profiles in a compressible channel at Re = 3000 and Re = 4880, for
Wbody(---),Wewt(l)andWmt( ). 03§M§2.

Looking in more details, the buffer layer thickness is strongly Mach number dependent, a
drawback that we relate to the viscosity changes in the near wall region which are not accounted
for in the definition of y™. The present integral scaling y°* is considered in order to improve
the van Driest transformation, accounting for both (p) and (/) variations in the boundary layer.
Equations 7.11 and 7.12 are modified to include the integral wall scaling y°*,

ot = (YA e 1 e

) <y+ [ <p>> K yc+dy (7.13)
Pyt (YR [Pu Pre or

A1) = <y+ o <p>> - yc+dy (7.14)
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7.2 Improvement of the van Driest transformation
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Figure 7.5: Mean total temperature profiles in a compressible channel at Re = 3000 and
Re = 4880, for Wioay (- - - )y Wext (B ) and Wi,y (— ). 0.3 < M <2,

This leads to the following alternative integral transformation for both the velocity and total
temperature, [7]

@+, + (p) 1
aver - / Y-t [0 gt = L et 4 7.15
(@) =LY (@" =—iny (7.15)
- Tyt + w 5 . Pr
(L) -T) = =/T+ 5+€7> ;ﬂ AT) " ==yt 4+ Cf (7.16)

— [(Tﬁ + VT”Prm ME? (a)“]c

The present transformation is efficient since the buffer layer zone is much more compact than
with the van Driest transformation (Figures 7.4b and 7.5b). The overprediction of the constant
of the log-law up to Cf; ~ 8.0 with respect to the expected incompressible value may be due to
the specific wall boundary conditions in a channel. It is especially sensitive to the source term
considered. Down to very low Mach numbers the wall heat flux ¢, is non-zero (M¢ ~ 0.3 — 0.4
for Whoay and ME ~ 0.1 — 0.2 for Wj,,¢) and the boundary conditions are not really adiabatic

in contrast with the incompressible case which is defined with M¢ = M]-B = 00. The constant

q
of the log-law for the temperature Cy ~ 3.0 — 4.0 is close to the experimental values C3 ~ 3

and C5 ~ 3.6 obtained for compressible boundary layers by Debiéve et al. [17] and Michel et al.
[60], respectively. Finally, for either source term Wiy and Wiy, a universal logarithmic law is
obtained, based on the present integral transformation. The scatter in the value of C; and Cf is
reduced in comparison to the one obtained with the VD transformation.

For a spatially developing flow, the wall temperature T, has to be considered, thus the VD
transformation (Equation 7.12) and the present integral transformation (Equation 7.16) for the
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7.2 Improvement of the van Driest transformation

total temperature read

~ ( i 1 n - 1
(Ti)éps = Tue = / P @CK D= - Iny"+Cs (7.17)

. (T
(L) =T, = /

In Figures 7.6 and 7.7, the VD and the present integral transformations for velocity and total
temperature are plotted for the spatially developing channel flow computed with W;,; source
term at the Reynolds number of Re = 4880 and the Mach number of M = 0.7. Very good
agreements are obtained in the near-wall region between the integral laws and computed results
for both, the velocity and the total temperature (Figures 7.6(b) and 7.7(b)). As shown in Section

77, the quantity % and, consequently, ()t — T:f and (T)“* — T} are homogeneous in

the streamwise direction of the flow. For the present simulation, this result is not met since the
non-dimensional heat flux B, is not constant in the streamwise direction (see Section 5.1).

OV ‘ — ‘ ()t
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10 10 +
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(a) VD transformation (b) present integral transformation

Figure 7.6: Mean velocity profiles in the spatially developing compressible channel at Re =
4880, M = 0.7 with W,,,;: analytical laws ( - - - ), fully developed channel ( B ) and spatial
computational boxes ( ).
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7.3 RMS scaling
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Figure 7.7: Mean total temperature profiles in the spatially developing compressible channel
at Re = 4880, M = 0.7 with W,,;: analytical laws ( - - - ), fully developed channel ( B ) and
spatial computational boxes ( ).

7.3 RMS scaling

Huang et al. [34] propose a ’semi-local’ renormalisation for the velocity fluctuations in order
to account for density changes in the near wall region as well. The definition of the van Driest
transformation valid for velocity increments (Equation 7.9) is used as an analogy for the RMS
quantities:

[ @)y, =/ Zag)t
analogy s = %ujms (7.19)
v:ms = %v;_ms
w;’:ms = %w#_ms

) —

0 50 100 150 200

(a) Ref =~ 185 (b) Res =~ 240 (c) Res ~ 280

Figure 7.8: Streamwise, spanwise and wall-normal velocity fluctuations normalised with
the present integral scaling, for Wioay (- - - ), Wer (B) and W,,,y (—— ). Table 6.1 :
Re¢ =~ 185 (a), Re ~ 240 (b) and Ref ~ 280 (c). 3000 < Re < 4880, 0.3 < M < 2.
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7.3 RMS scaling
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Figure 7.9: Total temperature fluctuations normalised with the present integral scaling,
for Whoay (= = = )y Wexr () and W;,,, (—— ). Table 6.1 : ReS ~ 185 (a), Rel ~ 240 (b) and
ReS = 280 (c). 3000 < Re < 4880, 0.3 < M < 2.

We propose to consider a similar analogy to transpose Equations 7.13 and 7.14 for velocity
and total temperature fluctuations, based on changes in both density and viscosity in the near
wall region:

e + e B g~
dimyet = Lot [0 aay+
U = Lot [P
analogy v l;ﬁ u‘; f{;") N (7.20)
Urms = vt (1) V pw Urms
c+ — + w <ﬁ> +
L Wrms = 5c+ 77) p_wwrms
T = o o (T
l Yot (i) Pw 21
analogy N (7.21)

irms yc+ /1) Pw irms

the total temperature RMS being computed from the definition T, =T+ 1236’: ﬂi. We show

that the weighting factor yy; %\/g, introduced in the present new integral scaling yields a
relatively constant RMS profile whatever source term is considered. One will note that two
simulations with different source terms but the same integral Reynolds number Re¢ fit nearly
perfectly for all three velocity components and the total temperature, once the fluctuations have
been rescaled with Equations 7.20 and 7.21. The Coleman et al. [14] and Huang et al. [34] papers
analyse the results of the combined van-Driest / semi-local scaling applied to two test cases (their
two computed cases A and B) with the same semi-local Reynolds number Rey = 150 (Table
6.1 and their Figure 18b p. 175), which is a fully consistent procedure. A similar consistent
comparison was also performed more recently by Morinishi et al. [61], (their Figure 6 p. 285).
In the present work, we perform as well a consistent analysis of the LES results in the sense
that the proposed integral scaling is applied to both the distance to the wall and the velocity
or temperature amplitude. We finally compare rescaled results with the same integral Reynolds
number Re¢ = 185 on Figures 7.8a and 7.9a, ReS = 240 on Figures 7.8b and 7.9b, and ReS = 280
on Figures 7.8c and 7.9c. Our conclusions are finally the same as those of Coleman et al. and
Morinishi et al. and show that for a given consistent scaling (whatever semi-local or integral) the
behavior of the velocity and total temperaure RMS is relatively universal. These results confirm
the universality of the turbulent scales in a compressible channel flow.
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7.3 RMS scaling

In Figures 7.10 and 7.11 the velocity and total temperature fluctuations normalized with
the present integral scaling are plotted for the spatially developing channel flow computed with
the Wiy source formulation at the Reynolds number of Re = 4880 and the Mach number of
M = 0.7. Good agreements between velocity fluctuations in spatially developing channel flow
and fully developed channel flow, respectively, are found, whereas those concerning the total
temperature do not fit, certainly due to the non-constant distribution of the non-dimensional
heat flux B, in the spatially developing channel flow.

c+ c+
Urms Urms
3 1
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n u n
L] L]
06 . f s
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04t =
L)
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O L L L L O L L L L
0 50 100 150 200 0 50 100 150 200
c+ c+
Yy Yy
(a) Streamwise velocity fluctuations (b) Wall-normal velocity fluctuations

Figure 7.10: Streamwise (a) and wall-normal (b) velocity fluctuations normalised with the
present integral scaling: fully developed channel ( B ) and spatial computational boxes (

—).

c+ c+
rms CTz’,«ms
1.2 T T T T 3

0 50 100 150 200 0 50 100 150 200

yer yer
(a) Spanwise velocity fluctuations (b) Total temperature fluctuations
Figure 7.11: Spanwise velocity fluctuations (a) and total temperature fluctuations (b)

normalised with the present integral scaling: fully developed channel ( B ) and spatial
computational boxes ( —— ).
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7.4 Summary

7.4 Summary

We developed a so-called integral scaling for wall-bounded flows which is used to improve both
the wall unit definition and the van Driest transformation in a consistent way. Both viscos-
ity /conductivity and density effects are accounted for (in reference to Morkovin 1961) in the
analytical developments we performed, and we showed that they play a key role in non-adiabatic
boundary layers with strong wall temperature gradients, such as the wall layer in a fully devel-
oped or spatially developing compressible channel flow. The resulting integral Reynolds number
provides a measure of the turbulent state of the compressible flow which is fully in the bound of
the equivalent incompressible friction Reynolds number. We demonstrated, based on the present
integral scaling, that for compressible turbulent channel flow, and irrespective of the source term
considered, a relative universality of the wall layer property exists. One of the key ideas is to
consider cases which have the same integral Reynolds number Re¢, as Huang et al. [34] did,
with their semi-local scaling applied for two test cases with the same Reynolds number Rey;.
Our conclusions are, therefore, consistent with those of Morinishi et al. [61] and do not clearly
differ from some of the recent work on pressure strain effect on the inner scaling for compressible
channel flow by Foysi et al. [27], in which the semi-local compressible wall scaling was applied
to cases with different Re, numbers.
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CHAPTER 8

Modelling of a distorted /separated wall layer

For flows with adverse streamwise pressure gradients, the traditional scaling is no longer appli-
cable [85, 84, 90]. Thus, in the present chapter a new scaling is developed for the velocity and
the total temperature based on wall friction, pressure gradient and wall heat flux. This scaling
is applied to the velocity and temperature flow fields obtained from the distorted compressible
channel flow (see Chapter 5.2). The chapter will end with a summary.

8.1 Wall scaling for compressible wall layers including %

For separated compressible wall layers, the streamwise pressure gradient % cannot be neglected
with respect to wall friction 7, = uw% |, and wall heat flux ¢, = —)\w%ﬁ> | (for non adiabatic
wall conditions). ! Therefore, velocity and total temperature are dependent on this set of
parameters:
op
Il = Il(TUM%muw) (81)
op
I2 = IQ(Tw7qw7%muwa)\way) (82)

Simpson [76] defined a streamwise pressure gradient based velocity u, in addition to the
standard friction velocity u, as

w0y V3

Up = | —5——
P ‘(Pw>2 Ox
These velocity scales, u; and u,, will be referred to as inner scales, since the near-wall region is
considered.

In order to describe which of the two effects, friction and pressure gradient, is preponderant,
the ratio o € [0,1] is defined as [57, 66]

(8.3)

2 2
U U
a=—r =Y (8.4)
u2 +u2 u?
T Up ™

! In this section only the viscous layer is examined, thus the turbulent viscosity {(ji;) is neglected.



8.1 Wall scaling for compressible wall layers including %

where 4, is a combined friction/streamwise pressure gradient velocity (referred to as extended
inner velocity scale or extended inner scaling, alternatively),

Urp = ¢ JuZ + u (8.5)

Note that, for a separated flow, the zero values of the « ratio correspond to the separation and
reattachment points and its negative values mark the recirculation bubble.

We extend the non-dimensional procedure described above for the temperature and define a
streamwise pressure gradient based temperature 7, and a combined friction/streamwise pressure
gradient temperature 7', respectively:

u2

T, = =X :
p QCP (8 6)
T, = T,+T: (8.7)
The ratio 8 € [0, 1] defined by
T-
b= T, + T, 8.8

quantifies the relative importance of each of the two involved inner temperature scales, T- and T,.

Based on the extended inner scale for the velocity, urp, and for the temperature, 77, the non-

dimensional velocity, (4)*, the non-dimensional total temperature (7;)* and the non-dimensional
length y* are defined as

ay = A2 (5.9)

uip
i = 1
Ty = 3 (8.10)
yt o= PwYtlrp (8.11)
Hw

The ratio between classical ((@)"; (T;)T;y") and extended ((@)*; (T;)*;y*) inner coordinates can
be expressed in terms of « and 3 as

@ _ Va (8.12)

gi>+ - 3 (8.13)
;J—i _ % (8.14)

Extended laws of the wall for the velocity and the total temperature might be now derived
from Equations 6.1 and 6.2 as functions of only non-dimensional parameters (y*, a, 3),
(@* = fly", o) (8.15)
()" = fyapB) (8.16)

IS

i
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8.1 Wall scaling for compressible wall layers including %

After integration from the wall, Equations 6.1 and 6.2 write:

<ﬂéz)> 88@;2* = sign (%) (1 — )2y + sign(rw)o (8.17)
(pT) oLy 2y . (0(p) LV
T vl 7 5tgn <W> (1-p8)v1— aPr/O (uy*dy (8.18)

+  sign(—quw)3vaPr

Integration of Equation 8.17 from the wall leads to a parabolic velocity profile [85, 84, 90]:

kg . o opY\ (1 —a)3?
(1)) = sign (o +sign (2 ) B2 (8.19)
where
yc* :/y* Hw dy* _ :u_wy* (8.20)
o (a(T)) M1
y*2
2 Hw 2 Hw 42
5 = ———dy* = —y* 8.21
v2 /0 R AT (8.21)

are based on the integral lengthscale definition of Equation (7.1).

Finally, integration of Equation (8.18) from the wall leads to a polynomial total temperature
profile:

(T)*(y*) = Ti, + sign(—qu)BvVaPry® (8:22)
Y < > o 1_aiuﬂ) cx3 (1—04)2 Hw  cxt
V0 pr |2y T Pw % Pw
" 7—182‘%(3 >( =9 T[ 3w T
with
y*3 'u M
3 w %3 w %3
s :/ ———dyt = —y (8.23)
’ o (i) 143
4 v " 4 by 4
yc* — ! w dy* — _wy* 824:
A (8.24)

For flows with zero pressure gradient (o« = § = 1.0), we obtain the classical law of the wall
for compressible boundary layer (Equations 7.1 and 7.2) with ()* = (a)t, (T;)* = (T;)" and
y* = y°t. For flows with zero wall friction (o = 0.0) and zero wall heat flux (3 = 0.0), we
obtain a quadratic law accounting for the pressure gradient effect only:

1

(@) () = v5~ (8.25)
() (y) = T+ =Lt py e (8.26)

127 —1 pg
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8.1 Wall scaling for compressible wall layers including %

We present the results for the distorted channel flow computed with W;,,; source term at the
Mach number of M = 0.7 and the Reynolds number of Re = 4880 (chapter 5.2). As expected,
the lowest value of « ratio is obtained at about % = 2.55 (Figure 8.2(a)). The temperature
field is less perturbed than the velocity field, thus the values of the 3 ratio remain about g =1

in full channel (Figure 8.2(b)).

All the inner scales are plotted in Figure 8.1. The effect of the streamwise adverse pressure
gradient is obvious on the classical inner scales. Due to the weak perturbation, the streamwise
pressure gradient based inner scales, u, and T}, respectively, are smaller than the classical ones,

u, and T, especially for the temperature.

Although the streamwise pressure gradient effect is weak for this simulation, the extended

velocity law for the wall fits better the computed profiles (Figure 8.3).
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up U’ up

0.08 0.07
0.07 - 0.06 -
0.06 - 0.05 -
0.05 — N
v 0.04 -

0.04 - 0.03 e g
0.03 H '
0.02 0.02 1
0.01 A 0.01
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(a) inner velocity scales (b) inner temperature scales
Figure 8.1: Inner velocity scales (a) and inner temperature scales (b): u,, 7. ( — ),
Up, Tp %100 (- - - ) and u,p, Trp, (M ).
o B

' T
0.8 1 0.998 -
0.6 - 0.996 1
0.4 ~ 0.994 -
0.2 1 0.992 4

0 0.99

Figure 8.2: « and f ratios in the distorted compressible channel at M = 0.7 and Re = 4880,
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8.2 RMS scaling

(a) velocity law (b) temperature law

Figure 8.3: Mean velocity (a) and mean total temperature (b) profiles in the distorted
compressible channel: classical law ( - - - ), extended law ( —— ) and computational
results (W ).

8.2 RMS scaling

Based on the o and § parameters previously defined, the velocity and the temperature fluctua-
tions might be written, respectively,

" U
urms = ng = u:_ms \/a (827)
TP
* v
Urms = ,L:ms = Uv—“’_ms \/a (828)
P
" w
wrms = Jms = w:_ms \/a (829)
TP
e = Lms e B (8.30)
rms TTp rms *

All these fluctuations are plotted in Figures 8.4 and 8.5 for different locations: upstream of the
maximum distortion ;& = 2.1875 ( —— ), at the maximum distortion ;= = 2.55 ( W ) and
downstream of the maximum distortion ;& = 2.89 ( O ). The trend obtained with the o,
scaling seems to deserve better the universality than the classical scaling.
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8.2 RMS scaling
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(b) Wall-normal velocity fluctuations

Figure 8.4: Streamwise (a) and wall-normal (b) velocity fluctuations normalized with the

classical scaling (left) and the present inner scaling (right): upstream of the maximum

distortion ;- = 2.1875 ( —I), at the maximum distortion ;5 = 2.55 (M) and downstream

of the maximum distortion I = 2.89 (g).
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8.2 RMS scaling
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Figure 8.5: Spanwise velocity (a) and temperature (b) fluctuations normalized with the
classical scaling (left) and the present inner scaling (right): upstream of the maximum

distortion %~ = 2.1875 (—— ), at the maximum distortion ;% = 2.55 ( @) and downstream

of the maximum distortion ﬁ =2.89 (0O).
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8.3 Summary

8.3 Summary

Extended laws of the wall for the viscous sublayer have been developed. They account for
the contributions of the pressure gradient in compressible turbulent flows. Two parameters, «
and [, have been defined in order to quantify which effect, wall friction / wall heat flux and
streamwise pressure gradient, is preponderant. Based on these parameters, analytical velocity
and total temperature profiles have been derived from simplified boundary layer equations. An
integral length scale y“* has been defined which accounts for viscosity and density changes in
the boundary layer. A priori investigations of the scaling show good agreements in the distorted
compressible turbulent channel flow when using wall model formulations including streamwise
pressure gradient effects. The next step will be to develop an equivalent model in the turbulent
region, accounting for turbulent stresses and turbulent heat fluxes.
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CHAPTER 9

Discussion and Conclusions

LES of isothermal-wall compressible turbulent channel flows were performed in this PhD thesis.
We revisited the description of the forcing term for compressible channel flow so that the stream-
wise periodic simulation resembles as much as possible the spatially evolving channel flow within
its fully developed turbulent state. This requires, in addition to an artificial force term in the
momentum equation, an artificial heat source term in the internal energy equation. It slightly
increases the interest of using compressible channel flows as a realistic tool for wall modeling,
in the sense that it accounts for the streamwise temperature loss induced by pressure drop in a
spatially developing compressible channel flow. An important result is the homogeneity of the
% quantity, which validates the hypothesis made to derive the W;,; source term used to
model the pressure drop in a fully developed channel flow. Comparisons with the classical source
formulation derived in the incompressible context show a main difference in terms of heating
effect, yielding a maximum temperature in the center of the channel about 4.5 times larger.
Nevertheless, the channel flow configuration appears as a typical wall-bounded flow family that
can be further investigated in order to ’simulate non-physical flows to gain insights into real
flows’ [42].

A main effort was done to implement both, inlet and outlet boundary conditions based on
the characteristic analysis [86, 87, 68]. A fully developed channel flow is considered in order to
ensure realistic inflow conditions for the spatial channel. Non-reflecting outflow conditions are
applied at the outlet of the spatial channel. Accurate results have been obtained, although the
outlet boundary condition is not perfect and an additional hypothesis concerning the diffusive
terms in the total energy equation might be used.

We extended a body forcing method, used by Howard [32] to obtain a turbulent incompressible
bubble, to a compressible turbulent flow. This consists in using a distributed force to model
an adverse streamwise pressure gradient. Only a distorted region has been generated due the
low amplitude of the distributed force artificially implemented in our compressible Navier-Stokes
solver. Although the obtained channel flow is only weakly distorted, we found that the streamwise
pressure gradient influences the mean velocity and mean temperature profiles, especially in the
near-wall region, and modifies the distributions of wall friction and wall heat flux, respectively.

All these simulations, fully compressible developed channel flow, spatially developing com-
pressible channel flow and distorted compressible channel flow, respectively, have been analysed
in terms of statistics and coherent structures.

We proposed an analytical framework for the determination of the ¢ constant in the so-called



modified strong Reynolds analogy (CESRA) by Huang et al. based on Crocco-Busemann type
relations derived for compressible channel flow. We obtained ¢ = 1/Pr,, and showed that the
used of the mixed Prandtl number yields a good fit of the results for fully developed channel
flow, independent of the source term formulation used, and, also, for spatially developing and
distorted channel flow.

The van Driest transformation for the velocity and Carvin et al. transformation for the
temperature, which consider only the density correction, have been improved in a consistent way
for the present isothermal-wall channel flows. We developed a so-called integral scaling which
accounts for both viscosity /conductivity and density effects. The resulting integral Reynolds
number provides a measure of the turbulent state of the compressible flow. Based on the present
integral scaling, we demonstrated that for compressible turbulent channel flow, irrespective of
the source term considered, a relative universality of the wall layer property exists.

We proposed an extended scaling for the near-wall region of distorted and separated com-
pressible turbulent boundary layers. This scaling takes into account the influence of the wall
shear stress, the wall heat flux and the adverse streamwise pressure gradient. Based on the
present scaling, extended inner velocity, u.,, temperature, 7., and length scales, u* and u“*,
have been defined. In the viscous region, analytical laws of the wall for the velocity and the
total temperature have been derived. They are function only of three parameters: the wall dis-
tance y*, and the dimensionless parameters o and 3. The o parameter quantifies the relative
importance of the streamwise pressure gradient with respect to the wall shear stress. The
parameter quantifies which of the two effects, wall heat flux and streamwise pressure gradient,
respectively is preponderant. These laws of the wall coincide with the classical ones for vanishing
streamwise pressure gradients. The present scaling has been successfully applied to the distorted
compressible channel flow.

As future work, we may summarize:

- an improvement of the outlet boundary condition. The starting point is the viscous condition
concerning a% (u‘g—g) presently considered to be zero.

- once the boundary conditions improved and validated for the subsonic case, supersonic
compressible channel flows with and without pressure gradient distortion might be simulated.

- in order to obtain a separation bubble in the compressible turbulent channel flow, a longer
domain might be needed to disturb in a similar manner. Also, an increase of the amplitude of the
distributed force applied to model the streamwise adverse pressure gradient might be necessary.
For an incompressible channel flow, Howard used a force amplitude of 40.

- to develop extended laws in the turbulent region of distorted /separated compressible channel
flows for the velocity and total temperature, respectively. These laws have to account for adverse
streamwise pressure gradients, turbulent stresses and turbulent heat fluxes.

- it could be interesting to apply these turbulent modelling issues to compressible boundary
layers data as well. A possible success could confirm the universality of the turbulent scales in
turbulent flows.
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APPENDIX A

Spatially developing channel flow
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Figure A.1: Distributions of the wall streamwise velocity gradient (a), the wall temperature
gradient (b), the wall friction (c) and the wall heat flux (d) in the spatially developing
channel flow at Re = 4880 and M = 0.7.
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Figure A.2: Comparison between numerical results in fully developed channel ( B ) and
spatial computational boxes ( —— ): profiles of (a) mean streamwise velocity, (b) mean
wall-normal velocity, (c) spanwise velocity, (d) mean temperature, (e) Crocco-Busemann
type relation (4.7), (f) mean density, (g) mean dynamic viscosity, (h) mean pressure and

(i) entropy.

!Transverse profiles are plotted at six consecutive locations in the spatial channel (x/(47h) = 1.5, 2.5, 3.5, 4.5,
5.5 and 6.5, see Figure 5.1. In order to plot the entropy profile, the pressure in the spatial computational boxes
was corrected in terms of the pressure gradient loss (f = %).
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(a) third spatial computational box

(b) fourth spatial computational box

(c) fifth spatial computational box

Figure A.3: Contour plot of instantaneous streamwise velocity in the yz plane (left) and

positive Q-criterion isovalues: () = Z—g (right) in the spatial channel.
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APPENDIX B

‘ Distorted channel flow
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Figure B.1: Instantaneous and mean streamwise velocity profiles in the z-direction at the
centreline (a) and at the first grid point in the wall-normal direction (b).
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Figure B.2: Instantaneous and mean streamwise profiles of temperature (a), density (b) and
pressure (c) at the centreline (—— ) and at the first grid point in the wall-normal direction
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Figure B.3: Isovalues of mean velocites in the streamwise direction (a), in the wall-normal
direction (b) and in the spanwise direction (c): all the spatial computational boxes (left)
and the second spatial computational box (right).
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Figure B.4: Isovalues of the mean temperature (a), the mean density (b) and mean pressure
corrected by the pressure drop (c): all the spatial computational boxes (left) and the second

spatial computational box (right).
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(a) inflow channel and first spatial computational box

(b) first and second spatial computational boxes

(c) second and third spatial computational boxes

Figure B.5: Isovalues of the mean streamwise velocity
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(a) third and fourth spatial computational boxes

(b) fourth and fifth spatial computational boxes

(c) fifth and sixth spatial computational boxes

Figure B.6: Isovalues of the mean streamwise velocity
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(a) first spatial computational box (b) second spatial computational box

(c) third spatial computational box (d) fourth spatial computational box

(e) fifth spatial computational box (f) sixth spatial computational box

Figure B.7: Positive Q-criterion isovalues: Q = Z—E in the distorted channel. Re = 4,880 and
M =0.7.
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