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`V�azh[m���Af�^a^k[]z��AX$�mT

�t^��AX��:f�^ku�Xieag��AX$���#Xiea^kukf�\_w��PXi^ku�`Vg_`hXi^kj¢f�\�[�u�`hj��]ekj�j�[Pu���Xi\¢fRj_ea�kj�Xi^a`h���PXiy��a\�[Pj�j_`V�azh[�g_ea\_�aeazh[]^�g
�AX$� �Afij�[PuÂXi^Lg_�k[¢yR[]g_�kX�uÂX��(���Af�\�fi�]g�[]\_`hj_g_`h�Pj$T

¡�yR[]g_�kX¬u g�X5b)[]g�g_ea\_�aeazh[]^�g�j�[]�Af�\�f�g_`hXi^ `V^·`V^k�PXiy��a\�[Pj�j�`V�azh[Å�AX$��jÂekj_`V^ab f�^�fiu�Z)[]\�j�[Å�a\�[Pj�j_ea\�[
bC\�fiu�`h[]^�g0f�\_g_`§¦A�]`{f�zVzVwÌ`Vy��azh[]yR[]^�g�[Pu `V^Ìg_�k[ �´f$Z�`h[]\�qÖx�g�X 
)[Pj0[Pd�eAf�g_`hXi^kjR!o~CS$#¾`hj��a\�[Pj�[]^�g_zVwÌ[ �¬g�[]^kua[PuÌg�X
�PXiy��a\�[Pj�j_`V�azh[¢�AX���j$T

	¨�k[�^kXi^�qtu�`VyR[]^kj_`hXi^Af�zk�PXiy��a\�[Pj�j_`V�azh[ �¢fPZ¬`h[]\�qÖx�g�X 
)[Pj�j�XizVZ)[]\(ekj�[Pu�`V^ g_�a`hj(j_g_eku�wn�Afij��7[P[]^ ua[]Z)[]zhXi�#[Pu
¦k\�j_g¾f�g�pvT s�T©W T �rTFÔ��¥^a`VZ)[]\�j_`Vgtw�X���W¢\�[]^kXi�azh[�×�!oS���#�f�^ku�j�[P�PXi^kuLf�g��rT �ÕT ±¨T©x#TFÔ��¥^a`VZ)[]\�j_`Vgtw�X��3x�g_\�fij_�#Xiea\_b�×!o~�U=#tT
���! "$#&%('*),+.-/+.01'32�46587,-/#(+.9
	¨�k[v[Pd�eAf�g_`hXi^kj�X���yRXig_`hXi^m� Xi\�f��PXiy��a\�[Pj�j_`V�azh[��kea`hu�f�\�[�g_�k[ �¢fPZ¬`h[]\�qÖx�g�X 
)[Pj�[Pd�eAf�g_`hXi^kj��a\�[Pj�[]^�g_zVw¢��\_`Vg_g�[]^
`V^�f �PXi^kj�[]\_ZCf�g_`VZ)[¢��Xi\_y Ô f��Af�\_g���\�Xiy­g_�k[nj�Xiea\��P[Yg�[]\_yRj × �

∂ρ

∂t
+

∂(ρuj)

∂xj
= 0

Ô S�TVU�×

∂(ρui)

∂t
+

∂

∂xj
(ρuiuj + pδij − µSij) = fi

Ô S�ToS)×

∂(ρe)

∂t
+

∂

∂xj

[

(ρe + p)uj − µSijui − λ
∂T

∂xj

]

= W Ô S�To~)×

f�^ku|���a`h��� fij�j_eayR[L�PXi^kj�[]\_Zif�g_`hXi^²X��¢y�fij�j���yRXiyR[]^�g_eayµf�^kuÌg�Xig�f�z¥[]^k[]\_bCw|X��¢g_�k[��AX�� ��`Vg_�a`V^ g_�k[
�PXiy��aeag�f�g_`hXi^Af�z�uaXiy�f�`V^FT

	¨�k[Rg�Xig�f�z�[]^k[]\_bCwÌÔ+� Xi\�fL�#[]\�� [P�]gmb�fij ×Yf�^kuÆg_�k[Rg_\�fi�P[]zh[Pj�j�j_g_\�f�`V^�\�f�g�[�g�[]^kj�Xi\�f�\�[�ua[r¦k^k[Pu�fij��F\�[rq
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j_�#[P�]g_`VZ)[]zVw

ρe = ρcvT +
1

2
ρu2

i

Ô S�T }�×

Sij =
∂ui

∂xj
+

∂uj

∂xi
− 2

3

∂uk

∂xk
δij

Ô S�To�)×

	¨�k[m[Pd�eAf�g_`hXi^�X��(j_g�f�g�[cÔ�`hua[$f�zFb�fij�z{fP�¥×

p = ρRT
Ô S�To�)×

�]zhXCj�[Pj�g_�k[mj_w�j_g�[]y»X���[Pd�eAf�g_`hXi^kj¥ua[Pj��]\_`V�a`V^ab��PXiy��a\�[Pj�j�`V�azh[¢�kea`hu��AX$�mT
fi
f�^ku W f�\�[Yj�Xiea\��P[¢g�[]\_yRj�� Xi\¨g_�k[¢yRXiyR[]^�g_eay£f�^ku0[]^k[]\_bCw�[Pd�eAf�g_`hXi^kj���\�[Pj_�7[P�]g_`VZ)[]zVwÅÔ+� Xi\�[ �af�y q

�azh[E*(bC\�fPZ¬`Vgtw����k[$f�g�j�Xiea\��P[¢Xi\�j_`V^ 
 �¬[]g���×rT�±kXi\¨g_�k[Pj�[¢j�Xiea\��P[´g�[]\_yRj��¬�8[´��`VzVz'Xi^azVw��PXi^kj_`hua[]\�� Xi\��P[Pj¨`V^cg_�k[
j_g_\�[$f�yn��`hj�[�u�`V\�[P�]g_`hXi^ �

fi = fδi1
�kf�^ku�g_�k[]wc��`VzVz��#[´��ea\_g_�k[]\¾ua[r¦k^k[Pu�`V^�x¬[P�]g_`hXi^ÅS�To~�T

(ρu)b

2h
f

Tw

±�`VbCea\�[nS�TVUE*��	��

����������
���������������� 
"!�� #%$'&�#���$'()(���&+*�
�,

	¨�k[´�AX$�·b)[PXiyR[]g_\_wc`hj�j_�kX$��^�`V^�±�`VbCea\�[YS�TVUCT 	¨�k[¥�kea`hu�`hj¨fij�j_eayR[Pu0g�X��7[Yf�^�`hua[$f�z'b�fij¢Ô f�`V\ ×8��`Vg_�
�PXi^kj_g�f�^�g8\�f�g_`hXmX��7j��#[P�]`§¦A���k[$f�g�j

γ =
cp

cv
= 1.4

�
R = cp−cv = 287JKg−1K−1 f�^kuR�PXi^kj_g�f�^�g8ª�\�f�^ku�g_z

^�eayn�7[]\
Pr = 0.7

Tv�Öj�Xig_�k[]\_y�f�z§q>��f�zVz��7Xiea^kukf�\_w0�PXi^ku�`Vg_`hXi^kj¢f�\�[¢`Vy��#XCj�[Pu'T

	¨�k[Â[Pd�eAf�g_`hXi^kj�Ô S�TVU�×tq Ô S�To~)×�f�\�[�^kXi^�qtu�`VyR[]^kj_`hXi^Af�zV`V«$[Pu²��w5g_�k[��¨f�zVz¾g�[]y��7[]\�f�g_ea\�[
Tw

�8g_�k[L���Af�^�q
^k[]z8�Af�z§��q>��`hu�g_�

h
�(g_�k[��aeaz 
�q�fPZ)[]\�f�b)[PuÌua[]^kj_`Vg�w

ρb = 1
2h

∫ +h
−h ρdy

��f�^ku�g_�k[c�aeaz 
�y�fij�jn�ke��
(ρu)b =

1
2h

∫ +h
−h ρudy

T 	¨�k[m^kXi^�qtu�`VyR[]^kj_`hXi^Af�z�b)X�Z)[]\_^a`V^ab0[Pd�eAf�g_`hXi^kj�\�[$fiu�g_�k[]^L`V^�f��ke��c� Xi\_y

∂U

∂t
+

∂E

∂x
+

∂F

∂y
+

∂G

∂z
= S

Ô S�T©�C×

���k[]\�[
U
`hj�g_�k[YZ)[P�]g�Xi\¥X��(�PXi^kj�[]\_ZCf�g_`VZ)[YZCf�\_`{f��azh[Pj��

U = (ρ, ρu, ρv, ρw, ρe)t �
g_�k[Yg�Xig�f�z'�ke���Z)[P�]g�Xi\�j Fi = (E ≡ Fi=1, F ≡ Fi=2, G ≡ Fi=3)

t `V^�g_�k[ i
qtu�`V\�[P�]g_`hXi^ �A\�[Pj_�7[P�]g_`VZ)[]zVw

(Fi)1 = ρui

(Fi)2 = ρuiu1 +
1

γM2
Pδi1 −

µ

Re
Si1

(Fi)3 = ρuiu2 +
1

γM2
Pδi2 −

µ

Re
Si2

(Fi)4 = ρuiu3 +
1

γM2
Pδi3 −

µ

Re
Si3

(Fi)5 = ui(ρe + P ) − γM 2 µ

Re
ujSij −

γ

γ − 1

µ

RePr

∂T

∂xi

!  
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g_�k[Y^kXi^�qtu�`VyR[]^kj_`hXi^Af�z��a\�[Pj�j_ea\�[nf�^ku�g_�k[¢^kXi^�qtu�`VyR[]^kj_`hXi^Af�z�g�Xig�f�z�[]^k[]\_bCwLf�\�[Yua[r¦k^k[Pu�fij ��\�[Pj_�#[P�]g_`VZ)[]zVw

P = ρT
Ô S�To�)×

ρe =
p

γ − 1
+

γM2

2
ρu2

i

Ô S�To )×

f�^ku S g_�k[mj�Xiea\��P[¢g�[]\_yRj¾Z)[P�]g�Xi\�� S = (0, f, 0, 0, γM 2W )t
T

�¥Xi^�qtu�`VyR[]^kj�`hXi^Af�z#�Af�\�f�yR[]g�[]\�j�f�\�[¥g_�k[´��fi���c^�eayn�7[]\��aua[r¦k^k[Pu�`V^0g�[]\_yRj8X���g_�k[��aeaz 
RZ)[]zhX¬�]`Vgtwcf�^ku
j_�#[P[Pu0X���j�Xiea^ku�f�g�g_�k[´��f�zVz

M = (ρu)b/ρb√
γRTw

�¬g_�k[´Ñ¥[]w�^kXizhuaj8^�eay��#[]\��k�Afij�[PucXi^�g_�k[´�aeaz 
Ry�fij�j8�ke��0f�^ku
���Af�^a^k[]z��Af�z§�+q>��`hu�g_�

Re = (ρu)bh
µ(Tw)

�Af�^kuLg_�k[mª�\�f�^ku�g_z�^�eayn�7[]\$T 	¨�k[]\_y�f�z��PXi^ku�ek�]g_`VZ¬`Vgtw
λ(T )

`hj�\�[]z{f�g�[Pu
g�X�g_�k[¢yRXizh[P�]eaz{f�\¥ª�\�f�^ku�g_z�^�eay��#[]\¥��w

Pr =
ν

k
=

cpµ(T )

λ(T )
.

¡£�#X��8[]\0z{fP�
µ = µ(T ) = µw(T/Tw)0.7 `hjcf��a�azV`h[PuÍ� Xi\�g_�k[LyRXizh[P�]eaz{f�\�u�w¬^Af�y�`h�ÂZ¬`hj��PXCj_`Vg�w��¾fijcf

\�[]z{f�g_`VZ)[]zVw0b)X¬X¬uLf��a�a\�X ��`Vy�f�g_`hXi^�X��(g_�k[�x�eag_�k[]\_z{f�^kuLz{f$�mT

��� � � 5(),0('������	��

� -�� 4	�/587 -!#(+
	¨�k[m�7[]�AfPZ¬`hXi\´X��vz{f�\_b)[�j��$f�zh[Pj¾`V^�g_ea\_�aeazh[]^�g´�AX$��j´j_g_\�Xi^abCzVwLua[]�7[]^kuaj¥Xi^�g_�k[m�AX���b)[PXiyR[]g_\_w�f�^kuL�AX$�
�Af�\�f�yR[]g�[]\�j��k���k[]\�[$fij¾g_�k[Yj_y�f�zVzh[]\¾j��$f�zh[Pj´f�\�[¢\�[]z{f�g_`VZ)[]zVw0ea^a`VZ)[]\�j f�z>T

�t^��´`V\�[P�]g �¥eayR[]\_`h�$f�z�x�`Vyneaz{f�g_`hXi^kj¥Ô � �Yxa×�f�zVzkj��$f�zh[Pjvf�\�[¨�PXiy��aeag�[Pu �)���a`h����`Vy��azV`h[Pj3f¥�a\�Xi�a`V�a`Vg_`VZ)[]zVw
z{f�\_b)[�^�eayn�7[]\ X���yR[Pj��Õ�7Xi`V^�g�j$T 	¨�k[]\�[r��Xi\�[ � � �Yx¬j f�\�[0�]ea\_\�[]^�g_zVwÕzV`Vy�`Vg�[Pu�g�X�zhX$�¨qtÑ¥[]w�^kXizhuaj_q>^�eayn�7[]\
�AX$��j���`Vg_��j_`Vy��azh[Yb)[PXiyR[]g_\_w��Aj�ek���Âfij����Af�^a^k[]zF�AX$��j�! }�~ �'U]}E#�f�^ku��7Xiea^kukf�\_w0z{fPw)[]\�j�!o�CS �k~���#tT

� [P�$f�ekj�[cX���g_�k[�ea^a`VZ)[]\�j�f�z��#[]�Af$Z�`hXi\ X��¾j_y�f�zVz8j��$f�zh[Pj���`V^Õp�f�\_b)[rqtsvuau�wÌx�`Vyneaz{f�g_`hXi^kjLÔ�pFs�xa× ��g_�k[Pj�[j��$f�zh[Pj¨X��Fg_�k[��AX�� f�\�[¥yRX�ua[]zh[Pu �¬���a`Vzh[´g_�k[¥\�[]y�f�`V^a`V^ab j��$f�zh[Pj�f�\�[´�PXiy��aeag�[Pu�u�`V\�[P�]g_zVw�ekj_`V^ab g_�k[¾g_�a\�[P[rq
u�`VyR[]^kj_`hXi^Af�z �kg_`VyR[rqtua[]�7[]^kua[]^�g �´f$Z�`h[]\�qÖx�g�X 
)[Pj¥[Pd�eAf�g_`hXi^kj�!©� ��#tT

pF[]g
∆
�#[�f����Af�\�fi�]g�[]\_`hj_g_`h� j��$f�zh[�X���g_�k[mbC\_`huLyR[Pj�� �kz{f�\_b)[]\¾g_�Af�^�g_�k[ � XizVyRXib)Xi\�X$Z�j��$f�zh[ ��f�^ku G∆f zhX$�¨q>�Afij�j¾¦kzVg�[]\¾X��(��`hu�g_�

∆
T�s3fi���ÂZif�\_`{f��azh[

f(−→x , t)
`hj�j��azV`Vg�`V^�g�X�f \�[Pj�XizVZ)[Pu��Af�\_g

f(−→x , t) =

∫

f(−→y , t)G∆(−→x −−→y )d−→y =

∫

f(−→x −−→y , t)G∆(−→y )d−→y Ô S�TVU!�)×

f�^ku�fcx�ea�abC\_`hu��Af�\_g
f(−→x , t) − f(−→x , t)

g�X��#[ fi�P�PXiea^�g�[Pu�� Xi\���`Vg_��f�j�XR�$f�zVzh[Pu�x�ea��qÖW´\_`hu�x¬�$f�zh[�Ô�j_b)j ×
yRX�ua[]z>T 	¨�k[¢[rÒ'[P�]g¨X���g_�a`hj3¦kzVg�[]\¨`hj�g�X�\�[]yRX$Z)[¢g_�k[´�a`VbC����fPZ)[]^�eayn�7[]\�Ô�u�ek[´g�X j��$f�zh[Pj¨j_y�f�zVzh[]\¨g_�Af�^

∆
×

�kek�]g_eAf�g_`hXi^kj$T
�t^ g_�k[¨�PXi^�g�[ ��gvX����PXiy��a\�[Pj�j_`V�azh[8�AX���j��Cg_�k[¨ua[]^kj_`Vgtw�q>�8[]`VbC��g�[Pu�±Af$Z�\�[8¦kzVg�[]\(`hj��PXi^kj_`hua[]\�[Pu g�XYfi�P�PXiea^�g

��Xi\�ua[]^kj_`Vg�w����Af�^ab)[Pj��
f̃ =

ρf

ρ

Ô S�TVUCU�×

	¨�k[]^ �ag_�k[YZ)[P�]g�Xi\¾X��(g_�k[¢¦kzVg�[]\�[PuL�PXi^kj�[]\_ZCf�g_`VZ)[mZCf�\_`{f��azh[Pj�\�[$fiuaj

U = (ρ̄, ρ̄ũ, ρ̄ṽ, ρ̄w̃, ρ̄ẽ)t.
Ô S�TVU$S)×

!¬É
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	¨�k[Y\�[Pj�XizVZ)[Pu�¦kzVg�[]\�[Pu�u�`VyR[]^kj_`hXi^azh[Pj�j��ke���[Pj¾f�\�[

(Fi)1 = ρ̄ũi
Ô S�TVU$~)×

(Fi)2 = ρ̄ũiũ1 +
1

γM2
$δi1 −

(

µ̃

Re
+ ρ̄νsgs

)

S̃i1
Ô S�TVU]}�×

(Fi)3 = ρ̄ũiũ2 +
1

γM2
$δi2 −

(

µ̃

Re
+ ρ̄νsgs

)

S̃i2
Ô S�TVU$�)×

(Fi)4 = ρ̄ũiũ3 +
1

γM2
$δi3 −

(

µ̃

Re
+ ρ̄νsgs

)

S̃i3
Ô S�TVU$�)×

(Fi)5 = ũi(ρ̄ẽ + $) − γM 2 µ̃

Re
ũjS̃ij −

γ

γ − 1

(

µ̃

RePr
+

ρ̄νsgs

Prsgs

)

∂ϑ

∂xi

Ô S�TVU��C×

���k[]\�[
µsgs

f�^ku
λsgs

f�\�[¥g_�k[¾j_b)j�[Puau�w�Z¬`hj��PXCj_`Vgtw�f�^kucg_�k[´j_b)j3[Puau�wRu�`§Ò7ekj_`VZ¬`Vgtw��¬\�[Pj_�7[P�]g_`VZ)[]zVw)T3�¥j_eAf�zVzVw��
λsgs

`hj���\_`Vg_g�[]^�fij
λsgs =

µsgscp

Prsgs

���k[]\�[
Prsgs

`hj�g_�k[¨j_b)j(ª�\�f�^ku�g_za^�eay��#[]\$T
Prsgs

`hj(fij�j_eayR[Pu �PXi^kj_g�f�^�g
��Xi\�g_�k[mj�`Vyneaz{f�g_`hXi^kj��

Prsgs ≈ 0.6
T

	¨�k[nua[]Z¬`{f�g�Xi\_`h�Y�Af�\_g¥X��(g_�k[nj�ea�abC\_`hu¬qtj_g_\�[Pj�j�g�[]^kj�Xi\ Tij = −ρuiuj + ρ̄ũiũj
f�^kuLg_�k[mj_ea�abC\_`huL�k[$f�g�q

�ke��0Z)[P�]g�Xi\ Qi = −(ρe + p)ui + (ρ̄ẽ + $)ũi
�AfPZ)[m�#[P[]^�yRX¬ua[]zh[Pu�ekj_`V^ab � Xiekj�j�`V^k[Pj�d�� j¥fij�j_eay��ag_`hXi^kj

τij = Tij −
1

3
Tllδij ' ρ̄νsgsS̃ij

Ô S�TVU$�)×

Qi ' ρ̄cp
νsgs

Prsgs

∂ϑ̃

∂xi

Ô S�TVU$ )×

	¨�k[�O ��?�;"2:9V; 
:<:<:D[; 

$
f�^kuÂg_�k[�O �8?=;"2 � 
�O�9 
�; � �@DF; 


ϑ
`V^�g_\�X¬u�ek�P[Pu���w���Xiy�g�[

&
pF[Pj_`h[]ea\·!VU$�$#(f�\�[

ua[r¦k^k[Pu �k\�[Pj_�7[P�]g_`VZ)[]zVw��

$ = p̄ − 1

3
Tll

Ô S�ToS��)×

ϑ = T̃ − 1

2cpρ̄
Tll

Ô S�ToS�U�×

	¨�k[n¦kzVg�[]\�[PuÅ[Pd�eAf�g_`hXi^�X��8j_g�f�g�[
p̄ = ρ̄RT̃

�#��`Vg_�Åg_�k[�fij�j_eay��ag_`hXi^Åg_�Af�g Tll
`hj´^k[]bCzV`VbC`V�azh[ `V^Â��\�Xi^�gYX��

p̄!oS�}E# ��g_�k[]^L\�[$fiuaj
$ = ρ̄Rϑ +

3γ − 5

6
Tll =' ρ̄Rϑ.

p�f�\_b)[rqtsvuau�w�x�`Vyneaz{f�g_`hXi^kj f�\�[ �#[]\�� Xi\_yR[Pu���`Vg_��f�^Å[Puau�w�q>Z¬`hj��PXCj_`VgtwÅf�^ku�f�^Å[Puau�w�qtu�`§Ò7ekj_`VZ�`Vg�w�x�ea��q
W´\_`huLx¬�$f�zh[RÔ>xaWmxa×8yRX�ua[]z7�Afij�[Pu�Xi^�g_�k[Y±�`VzVg�[]\�[PuÂx�g_\_ek�]g_ea\�[Y±aea^k�]g_`hXi^ÕÔ�±vx¬±v×Y!o�C� �aS�U��a�C~ �aSCS �k�CS ����}4#tT
�tg��PXi^kj_`hj�g�j�`V^Lj_ea�ay�`Vg_g_`V^abRg_�k[¢¦kzVg�[]\�[Pu�¦A[]zhu�g�XRf �a`VbC��q>�Afij�j�q ¦kzVg�[]\��#f p�f��az{fi�]`{f�^�Xi�7[]\�f�g�Xi\¾u�`hj��]g_\�[]g_`V«$[Pu
��w�j�[P�PXi^ku¬qtXi\�ua[]\��P[]^�g�[]\�[Pu�¦k^a`Vg�[Ru�`§Ò'[]\�[]^k�P[Pj�f�^kuÆ`Vg�[]\�f�g�[Pu�g_�a\�[P[�g_`VyR[Pj$TR��g¢¦k^Af�zVzVwÅw�`h[]zhuajmg_�k[R[Puau�w�q
Z�`hj��PXCj�`Vgtw

νFSF
sgs = 0.0014C

−3/2
K ∆〈||∇6ũ(x + r) −∇6ũ(x)||2〉1/2

||r||=∆

Ô S�ToSCS)×
���k[]\�[

CK = 1.4
`hj¢g_�k[ � XizVyRXib)Xi\�X�ZÅ�PXi^kj�g�f�^�g$T 	¨�a`hj¢yRX�ua[]z��AfijYj��kX$��^�g�X0�#[ [r³��]`h[]^�gY��Xi\Yj�XizVZ¬`V^ab�PXiy��a\�[Pj�j_`V�azh[Y�7Xiea^kukf�\_w�z{fPw)[]\�j���`Vg_�kXieag¥`V^a�a`V�a`Vg_`V^ab�g_\�f�^kj_`Vg_`hXi^Âg_�k[Yg_ea\_�aeazh[]^k�P[�!oS�U�#tT

! �
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����� � 7	) '35 ����-!9	'��6# � # 0('3+6'3- 7 
�� # )	��# ��
.),'39 9	-
� �/'����65 +6+.' ���.#��
'��Y±kXi\¥�PXiy��a\�[Pj�j�`V�azh[�fij¨� Xi\�`V^k�PXiy��a\�[Pj�j_`V�azh[m��eazVzVw�ua[]Z)[]zhXi�7[PuLg_ea\_�aeazh[]^�g´���Af�^a^k[]zF�AX$� Ô�±�`VbkT�S�TVU�×¨Xi^k[
j�[P[ 
¬jRf��kXiyRXib)[]^k[PXiekj�ea^kj_g�[$fiu�wÕj�XizVeag_`hXi^|X��´g_�k[��a\_`Vy�`Vg_`VZ)[�Zif�\_`{f��azh[PjR`V^�g_�k[�j�g_\�[$f�yn��`hj�[�u�`V\�[P�]g_`hXi^!VU]} �kS)� �a}�~ ��}�� �k��� �A��U �k��U �A�%}4#tT

±kXi\�g_�k[�`V^k�PXiy��a\�[Pj�j_`V�azh[��$fij�[ �ig_�k[¨j_g_\�f�g�[]bCw�g�X¢u�\_`VZ)[8g_�k[8�AX�� f�g(�PXi^kj�g�f�^�g�y�fij�j��ke��
(ρ̄ũ)b

�PXi^kj_`hj_g�j
X���fiuau�`V^ab ��Xi^Æg_�k[�\_`VbC��gm�Af�^kuÆj_`hua[ÂÔx;:5�<�×¢X���g_�k[ yRXiyR[]^�g_eay [Pd�eAf�g_`hXi^ÍÔ S�ToS)× �(f�j�Xiea\��P[�g�[]\_y

f
! }�~�#

���a`h��� �$f�^ �7[�Z�`h[]��[PuÍfij�fÅyR[$f�^|�>fPZ)Xiea\�f��azh[��a\�[Pj�j_ea\�[ÂbC\�fiu�`h[]^�g −dP̄o

dx ≥ 0
T 	¨�a`hjRyRX¬ua[]z¥j�Xiea\��P[

g�[]\_y�`hjn[ ��g�[]^kua[Pu�� Xi\mg_�k[R�PXiy��a\�[Pj�j_`V�azh[��$fij�[R`V^6!VU]}4#�f�^ku�g_�k[�f�^Af�zhXibCw�g�X�`V^k�PXiy��a\�[Pj�j_`V�azh[��AX$� ��fij
Xi^azVwÕ�PXi^kj_`hua[]\�[Pu��r`V^5g_�k[�j�[]^kj�[cg_�Af�g�g_�k[0g�Xig�f�z�y�fij�j �AX��­g_�a\�XieabC�|g_�k[����Af�^a^k[]z�\�[]y�f�`V^kj��PXi^kj_g�f�^�g
��wÂfiu�&�ekj_g_`V^ab�g_�k[Y�7X¬u�wc� Xi\��P[

f
�iT��t^�f��PXiy��Af�^a`hXi^��Af��7[]\���\�Xiy !o~�}4# �A`Vg���fij¥^kXig�[PuLg_�Af�g��rg_�k[Y�AX�� `hj

u�\_`VZ)[]^R��wRf�^R[ ��g�[]\_^Af�zk�#X¬u�wm� Xi\��P[�`V^RXi\�ua[]\vg�Xmf$Z)Xi`huR^kXi^�q>«$[]\�Xmj�g_\�[$f�yn��`hj�[¾bC\�fiu�`h[]^�g�j3X��7yR[$f�^�ua[]^kj_`Vg�w
f�^kuL�a\�[Pj�j_ea\�[��iT¾�t^�fR\�[P�P[]^�g´�8Xi\�
 ����Xi\_`V^a`hj_�a`�[]g´f�z>T�!o��U=#�f�zhj�XR�PXiy�yR[]^�g¢g_�Af�g��Pf�zVg_�kXieabC��g_�k[�u�\_`VZ�`V^ab
��Xi\��P[

f
�Afijng_�k[cj�f�yR[R\�Xizh[R��Xi\ �PXiy��a\�[Pj�j_`V�azh[cg_ea\_�aeazh[]^�g����Af�^a^k[]z8�AX$� �(`Vg�`hjm^kXign`V^�g�[]\_�a\�[]g�[Pu|fijmg_�k[

yR[$f�^Â�a\�[Pj�j_ea\�[¢bC\�fiu�`h[]^�g���j�`V^k�P[Y�a\�[Pj�j_ea\�[Y`hj�bC`VZ)[]^Â��w�g_�k[mj�g�f�g�[m[Pd�eAf�g_`hXi^FT¨��Xi^kj�[Pd�ek[]^�g_zVw���g_�k[Y\�f�g�[mX��
�8Xi\�
 W = ũf

f�\_`hj�[Pjv`V^�g_�k[�[Pd�eAf�g_`hXi^cX��#g_�k[�¦kzVg�[]\�[Pu�g�Xig�f�z�[]^k[]\_bCw�f�^ku�Xi��Z�`hXiekj�zVw��
f
uaX¬[Pj(^kXig8f��a�7[$f�\

`V^Lg_�k[¢`V^�g�[]\_^Af�z�[]^k[]\_bCw�[Pd�eAf�g_`hXi^��g!VU]}E#tT
�t^kua[P[Pu �¨��w|f�^Af�zhXibCwÌ��`Vg_�|g_�k[L�a\�X¬�P[Pu�ea\�[Âua[Pj��]\_`V�7[PuÍf��7X$Z)[L��Xi\�g_�k[�yRXiyR[]^�g_eay¯[Pd�eAf�g_`hXi^ �¨g_�k[

j_g_\�f�g�[]bCw�g�X g_\�f�^kj�� []\�[]^k[]\_bCw�g�X g_�k[¥�AX$��f�g��PXi^kj_g�f�^�g�g�Xig�f�z'[]^k[]\_bCw
(ρ̄ẽ)b = (ρ̄ε̃)b + 1/2(ρ̄ũ2)b

j_�kXieazhu
�PXi^kj_`hj_g¢X��8fiuau�`V^ab �#Xi^�g_�k[�;:5�<�X��3g_�k[ng�Xig�f�z�[]^k[]\_bCwÂ[Pd�eAf�g_`hXi^|Ô S�To~)× �#fcj�Xiea\��P[�g�[]\_y W ���a`h�����$f�^��#[
Z�`h[]��[Pu0fij3g_�k[¾\�f�g�[¥X��7��Xi\�
R�a\�X¬u�ek�P[PuR��w�fmyR[$f�^0j�g_\�[$f�yn��`hj�[´[]^�g_�Af�zV��w��ke�� � d(ρ̄h̃)o

dx = d(ρ̄ε̃)o

dx + dP̄o

dx =
γ

γ−1
dP̄o

dx

TÅ±a\�Xiy g_�k[Pj�[��PXi^kj_`hua[]\�f�g_`hXi^kj ���a`h��� f�\�[�fL�Af�\_g�X��¾g_�k[0�PXiea�azV`V^ab�\�[r� []\_\�[PuÕg�X���w���Xi\�
)X�Z�`V^
!o�CS�#F�#[]g��8[P[]^Åj�Xiea^ku�Ô dP̄o

dx

×�f�^kuLg_�k[]\_y�f�zF¦A[]zhuaj�Ô d(ρ̄h̃)o

dx

× �a�8[�ua[Pj��]\_`V�7[Y`V^�x¬[P�]g_`hXi^�S�To~�ToS g_�k[m�a\�X��P[Pu�ea\�[
�8[0���kXCj�[�g�XLyRX¬ua[]z3g_�k[�[]^k[]\_bCwÕj�Xiea\��P[Rg�[]\_yØ`V^Æ��eazVzVwÆua[]Z)[]zhXi�#[PuÕ�PXiy��a\�[Pj�j_`V�azh[0���Af�^a^k[]z��AX$�mT 	¨�a`hj
�a\�X��P[Pu�ea\�[´u�`§Ò7[]\�j3��\�Xiy g_�k[¥�]z{fij�j_`h�$f�z7Xi^k[¥f�^kuc`Vg3`hj8�#[]g_g�[]\�j_ea�a�#Xi\_g�[Puc��w�g_�k[¢f��7X$Z)[¢f�\_bCeayR[]^�g�j¨`V^�g_�k[
j�[]^kj�[�g_�Af�g�`Vg¨�PXi^kj_g_`Vg_eag�[Pj�fY\�[$f�zV`hj_g_`h�¥yRX�ua[]z�� Xi\8j_�Af�g_`{f�zVzVw�ua[]Z)[]zhXi�7[Pu0�PXiy��a\�[Pj�j_`V�azh[´���Af�^a^k[]z#�AX$�mT 	¨�k[
�AX$�·¦A[]zhuaj¥�PXiy��aeag�[PuL��`Vg_�Â[]`Vg_�k[]\�� Xi\_yneaz{f�g_`hXi^���`VzVzF�7[Y�PXiy��Af�\�[PuL`V^��8�Af��ag�[]\¾}kT

��� Ç � E ¹­/�?²2A6�B �3? @%/ �v; ��2�BC2k;�?
f( ^k�P[¢g_�k[´�AX$�·`V^Lf ���Af�^a^k[]zF�Afij¨\�[$fi���k[PuÂfn��eazVzVw0ua[]Z)[]zhXi�#[Pu�j_g�f�g�[ ��`V^k[]\_g_`{f�z7� Xi\��P[Pj¨`V^�g_�k[¢���Af�^a^k[]z�f�\�[

�Af�z{f�^k�P[PuL��w0g_�k[Y�¨f�zVz'��\_`h�]g_`hXi^L��Xi\��P[Pj��

dP̄0

dx
= −τw

h
= −1

h
µw

∂ũ

∂y
|w

Ô S�ToSC~)×

	¨�k[Y�a\�[Pj�j_ea\�[¢`hj�j��azV`Vg�`V^�g�X�^kXi^�q>�kXiyRXib)[]^k[PXiekjYf�^ku��kXiyRXib)[]^k[PXiekj¥�PXi^�g_\_`V�aeag_`hXi^kj

p = P̄0(x) + p̄(x, y, z, t)
Ô S�ToS�}�×

f�^kuR`V^�g_\�X¬u�ek�P[Pu0`V^Rg_�k[�yRXiyR[]^�g_eay­[Pd�eAf�g_`hXi^�Ô S�ToS)×rT  Í�k[]^cg_�k[�yRXiyR[]^�g_eayÓ[Pd�eAf�g_`hXi^kj�f�\�[���\_`Vg_g�[]^�`V^
fn�a\_`Vy�`Vg_`VZ)[´� Xi\_y !VU]} �¬}�~ ����U�# �����a`h����`hj�^kXig�g_�k[´�a\�[Pj�[]^�g��$fij�[ �¬g_�k[´yR[$f�^��a\�[Pj�j_ea\�[¢u�\�Xi���PXi^�g_\_`V�aeag_`hXi^
p �©§ ³�§8qrs��Uy�yzt:�M|z�T�%{��Tyru8�%w�|i�%�3|xs�t�u8�Qu[tmw��  "!$#³�wz}8{a®���§T®&% tM|xwz��°��%{�³��%�U�Qw"�M�T}8�Q®$¬ §\®('��%�Ft:w*)$�%wx{a®Q¬ §%�%{8~ � �%�ª|xt%®&%V§T®,+.-0/21&343657598;:
<>=@?BAC-0D2<FE0GHEJI�K6E0=�LM/N3
:6:
<FOPAC3

KNQR-0GRGS3PA,TUE0V�W;XY/Z17?B=[3PG\DF:�<>G]IP-0^0E0?B/[EJI;?BG\<>^"3_/6:_-0A`<>D28HEJI@K6E9=aLS/*3
:6:
<FO_Ab3]D2?B/_OP?BAb3_GRDcV�-0A>AdO6E0?BGS57365eTUE0V�:_WT®lqrs�tm�$w:§� �%��u�}E|�§n�3�T}��U~·���4{a§T®\fQ¤$¤7 
g ¨N{ |xs�t�u8wzt�y�t:{$|Yy�t��C|z�T�%{  �t��m�%{8yz�T~�tmw����=°4�\t:w��h��|z�&)%t�yvtih�}8��|x�\�${8y� i�\|zs �­}8�\�i~E�T��tm{8yz�\�${W�­�%wY�M�U�Qwx��|h��u�}�wxuF��y�t i��|xs�wxt:yzu[t:�C|r|x� �Y~��Tyx�M}8yxyz�\�${��${�yz�%}�w"�Mt�|zt:wz� ��}8~E�$tM|"ym§
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`hj�yRX�ua[]zh[PuL�Afij�[PuLXi^Âf �7X�u�w���Xi\��P[ �
fbody = −1

ρ̄

∂P̄0

∂x

Ô S�ToSC�)×

���a`h���Ì`hj ekj�[Pu�g�XÂg_\�f�^kj_��Xi\_y g_�k[0\�[$f�z�j_�Af�g_`{f�zVzVwÕ[]Z)XizVZ¬`V^abÅ�a\�Xi�azh[]y `V^Õ���a`h���Ìg_�k[cyR[$f�^5�a\�[Pj�j�ea\�[c`hj
zV`V^k[$f�\_zVwnua[P�]\�[$fij_`V^ab´`V^�g�X¥f��#[]\_`hX¬u�`h�$f�z¬�a\�Xi�azh[]y Ô�±�`VbkT(S�TVU�×7`V^n���a`h��� f�zVz�g_�k[vZCf�\_`{f��azh[Pj�f�\�[v�kXiyRXib)[]^k[PXiekj
`V^Æg_�k[�j_g_\�[$f�y���`hj�[�u�`V\�[P�]g_`hXi^FT  ²�k[]^�g_�k[�yRXiyR[]^�g_eay [Pd�eAf�g_`hXi^kj f�\�[R��\_`Vg_g�[]^�`V^Õ�PXi^kj�[]\_Zif�g_`VZ)[R��Xi\_y
Ô��a\�[Pj�[]^�g´�$fij�[�× �kf y�fij�j�q>��[]`VbC��g�[PuL��Xi\��P[

f
`hj¾f��a�azV`h[PuÂ`V^kj_g�[$fiu�X���f��#X¬u�wR� Xi\��P[�! }�� �k��U��A�%}E# �

f = −∂P̄0

∂x

Ô S�ToSC�)×

��� Ç �Z� Ä�6v2k; � ��@�/ �3; ��2�BC2k;�? W
±kXi\´�PXiy��a\�[Pj�j_`V�azh[����Af�^a^k[]z��AX�� �#`Vg¾`hj¾�]ekj�g�Xiy�f�\_wLg�X��PXi^kj_`hua[]\´g_�k[nj�Xiea\��P[mg�[]\_y

f
`V^Âg_�k[myRXiyR[]^�g_eay

[Pd�eAf�g_`hXi^Æfij¢f�^�[ ��g�[]\_^Af�z�� Xi\��P[�g�XRg_�k[n�AX$� j_w�j_g�[]yLT  ²�k[]^�g_�k[�g�Xig�f�z([]^k[]\_bCwÂ[Pd�eAf�g_`hXi^�`hj´��\_`Vg_g�[]^�`V^
f �PXi^kj�[]\_Zif�g_`VZ)[m��Xi\��P[ ��g_�k[nj�Xiea\��P[Yg�[]\_y W `hj�g_�k[Y�8Xi\�
�X��(g_�k[Y[ �¬g�[]\_^Af�z'� Xi\��P[

f
!o��U��A�%}E# �

Wext = ũf = −ũ
∂P̄0

∂x

Ô S�ToS)�C×

±kXi\�g_�k[Y�a\_`Vy�`Vg_`VZ)[¢� Xi\_yneaz{f�g_`hXi^ÅX��(g_�k[¢g�Xig�f�z�[]^k[]\_bCw�[Pd�eAf�g_`hXi^I!o~�U�# ��g_�k[mj�Xiea\��P[Yg�[]\_y­\�[$fiuaj

Wbody = ũfbody = − ũ

ρ̄

∂P̄0

∂x

Ô S�ToSC�)×

f�^ku�� Xi\�g_�k[¥g�[]y��7[]\�f�g_ea\�[Y[Pd�eAf�g_`hXi^P!VU]}4#FXi\8��Xi\�g_�k[´`V^�g�[]\_^Af�zF[]^k[]\_bCw0[Pd�eAf�g_`hXi^�!o��U=# ��g_�k[]\�[´`hj8^kX j�Xiea\��P[
g�[]\_y W = 0

T
	¨�k[¨yR[$f�^R`V^�g�[]\_^Af�z�[]^k[]\_bCw

(ρ̄ε̃)o = 1
γ−1 P̄0

`hj�^kXig3f´�kXiyRXib)[]^k[PXiekj3d�eAf�^�g_`Vg�w `V^�g_�k[�j�g_\�[$f�yn��`hj�[�u�`§q
\�[P�]g_`hXi^R� Xi\8fY�PXiy��a\�[Pj�j_`V�azh[¥���Af�^a^k[]zA�AX$�mT � fij�[Pu�Xi^�g_�k[��a\�[Pj�[]^�g¨f�^Af�zVw¬j�`hj��)��[��a\�Xi�#XCj�[¥f�^cf�zVg�[]\_^Af�g_`VZ)[j_g_\�f�g�[]bCw�g�X g_�k[´�]z{fij�j_`h�$f�z'Xi^k[¢ua[Pj��]\_`V�#[Pu�f��7X$Z)[¢���a`h�����PXi^kj�`hj_g�j�X���ua[]\_`VZ¬`V^ab�f j�Xiea\��P[¥g�[]\_y­��wcj�[P[ 
�`V^ab
f��kXiyRXib)[]^k[PXiekj Z)[]zhX��]`Vg�w�f�^kuÕua[]^kj_`Vgtw�j�XizVeag_`hXi^���Xi\ng_�k[ ��eazVz8�PXiy��a\�[Pj�j_`V�azh[ �¢fPZ¬`h[]\�qÖx�g�X 
)[Pj [Pd�eAf�g_`hXi^kj
Ô S�TVUrq�S�To~)× �'`V^Åf0j_`Vy�`Vz{f�\¢�¨fPw�fij¢`hj´�7[]\���Xi\_yR[PuÅXi^�g_�k[ yRXiyR[]^�g_eay�[Pd�eAf�g_`hXi^���Xi\´`V^k�PXiy��a\�[Pj�j_`V�azh[��$fij�[CT
�t^Æg_�k[��a\�[Pj�[]^�g �$fij�[��a\�[Pj�j�ea\�[cf�^kuÆg_��ekjn`V^�g�[]\_^Af�z�[]^k[]\_bCw|Ô����a`h����u�`V\�[P�]g_zVw�f%Ò'[P�]g�jmg_�k[�g�[]y��#[]\�f�g_ea\�[�×
f�\�[mj_�azV`Vg�`V^�g�X��kXiyRXib)[]^k[PXiekj¥f�^ku�^kXi^�q>�kXiyRXib)[]^k[PXiekj¢�PXi^�g_\_`V�aeag_`hXi^kj

p = P̄0(x) + p̄(x, y, z, t)
Ô S�ToSC )×

ρε = (ρ̄ε̃)o + ρ̄ε̃(x, y, z, t)
Ô S�To~��)×

ρT = (ρ̄T̃ )o + ρ̄T̃ (x, y, z, t)
Ô S�To~�U�×

���a`Vzh[¥ua[]^kj_`Vg�w�`hj��PXi^kj_`hua[]\�[Pu�fij3�kXiyRXib)[]^k[PXiekj¨`V^0g_�k[´j_g_\�[$f�yn��`hj�[´u�`V\�[P�]g_`hXi^ �����a`h����`hj��PXi^kj_`hj_g�[]^�g���`Vg_�
�#Xig_��g_�k[��PXi^�g_`V^�ea`VgtwR[Pd�eAf�g_`hXi^cf�^ku g_�k[¨`hua[$f�zab�f�«�z{f$�mT���Xi^kj�[Pd�ek[]^�g_zVw���g_�k[��PXi\_\�[Pj_�7Xi^ku�`V^abnj�Xiea\��P[¨g�[]\_y

Wint = ũf +
1

γ − 1
ũf = − γ

γ − 1
ũ

dP̄0

dx
= −ũ

d(ρ̄h̃)0
dx

≥ Wext
Ô S�To~CS)×

`hj�^kXigL[Pd�ea`VZCf�zh[]^�gLg�X5g_�k[Å��Xi\�
²X��Rf�^ [ ��g�[]\_^Af�z¢��Xi\��P[Æf�^ku
ρ̄T̃

�$f�^·�7[Å�kXiyRXib)[]^k[PXiekj$T 	¨�k[���eazVzVw
ua[]Z)[]zhXi�#[Pu�j_g�f�g�[¥X��Fg_�k[��AX��²`hj8g_�k[]^0\�[$fi���k[Pu0���k[]^cg_�k[]\�[´`hj¨fY�Af�z{f�^k�P[´�7[]gt�8[P[]^�j_g_\�[$f�y���`hj�[¢[]^�g_�Af�zV��w
�ke���[Pj¢`V^Åg_�k[ ���Af�^a^k[]z¥Ô����a`h���Õf�\�[ \�[]z{f�g�[PuÅg�X0g_�k[ yR[$f�^��>fPZ)Xiea\�f��azh[�j_g_\�[$f�yn��`hj�[ �a\�[Pj�j_ea\�[ bC\�fiu�`h[]^�g × �
f�^ku���f�zVzF^kXi\_y�f�z��k[$f�g¨�ke�� ��f�^ku�\�[$fiuaj��Afij�[PuLXi^�Ô S�To~)×�f�^ku�Ô S�To~CS)× �

−ũb
d(ρ̄h̃)0

dx
= − γ

γ − 1
ũb

dP0

dx
= −qw

h
=

1

h
λ

∂T̃

∂y
|w > −ũb

dP0

dx

Ô S�To~C~)×

! �
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	¨�a`hj(\�[]z{f�g_`hXi^Ru�`§Ò7[]\�j���\�Xiy:g_�k[�Xi^k[¨j_�7[P�]`§¦A��g�X¢g_�k[¨�]z{fij�j_`h�$f�z Wbody
q Wext

�$fij�[ ����Xi\(���a`h����`Vg(`hj�fij�j_eayR[Pu
g_�Af�g dT̃0

dx = 0
�#f�^kuLg_��ekj��Pf�^�X�Z)[]\�f�zVz�[]^k[]\_bCw��Af�z{f�^k�P[n\�[Pd�ea`V\�[Pj¥g_�Af�g¾g_�k[n�k[$f�g¾g_\�f�^kj�� []\�`V^�g�X�g_�k[n��f�zVzhj

[Pd�eAf�zhj�g_�k[mg�Xig�f�zF�a\�[Pj�j_ea\�[Y��Xi\�
�uaXi^k[mfi�]\�XCj�j�g_�k[Y���Af�^a^k[]z���!o~�}4#tT
�t^Âg_�k[Y�a\�[Pj�[]^�g���Xi\_y�eaz{f�g_`hXi^�g_�k[Y�a\�[Pj�j_ea\�[mu�\�Xi��f%Ò'[P�]g�j¾u�`V\�[P�]g_zVw�g_�k[mj_g_\�[$f�y���`hj�[n[]Z)XizVeag_`hXi^�X���g_�k[

g_�k[]\_yRX�u�w¬^Af�y�`h�¨�a\�[Pj�j_ea\�[CT(¡|j_`VbC^a`§¦A�$f�^�gvyR[$f�^�`V^�g�[]\_^Af�zk[]^k[]\_bCw�zhXCj�j(`hj�`V^ku�ek�P[Pu d(ρ̄ε̃)o

dx = 1
γ−1

dP̄0
dx

�)f�^ku
g_��ekj¾f ^k[]b�f�g_`VZ)[mj�g_\�[$f�yn��`hj�[¢g�[]y��7[]\�f�g_ea\�[YbC\�fiu�`h[]^�g¢f��a�#[$f�\�j�f�^ku�`hj��PXiy��7[]^kj�f�g�[Pu���wc�¨f�zVz'�k[$f�g¨�ke��7T
x�`V^k�P[ ua[]^kj�`VgtwÂ`hj¢fij�j_eayR[Pu�g�Xc�#[��kXiyRXib)[]^k[PXiekj��7g_�k[ yR[$f�^Åg�[]y��#[]\�f�g_ea\�[ bC\�fiu�`h[]^�gm�$f�^��7[n[ ���a\�[Pj�j�[Pu
f�g�g_�k[¢��f�zVz���w

dTwx

dx
=

1

ρw

dP̄0

dx

Ô S�To~�}�×

f�^ku
T̃ − Twx

Twx
=

ρw − ρ

ρ

Ô S�To~C�)×

`hj��kXiyRXib)[]^k[PXiekj$T

����� � # ��
.4 7 587,-/#(+.5 � �6'�7 5 - �/9
 Æ[¨g�f 
)[�fiu�Zif�^�g�f�b)[�X��#g_�k[��PXi^kj�[]\_Zif�g_`VZ)[�� Xi\_y X���g_�k[¨zV�kjvX��#g_�k[ �´f$Z�`h[]\�qÖx�g�X 
)[Pj8[Pd�eAf�g_`hXi^kj¥Ô S�T©�C× �C���a`h���
f�\�[¢��ea\_g_�k[]\¥u�`hj��]\�[]g_`hj�[PuLXi^Âf��$f�\_g�[Pj�`{f�^Â�PXizVzhX��$f�g�[PuLbC\_`huÂf�g�[$fi����g_`VyR[mj_g�[]�

n
�

Un+1
i,j,k − Un

i,j,k

∆t
+

En
i+ 1

2
,j,k

− En
i− 1

2
,j,k

∆x
+

F n
i,j+ 1

2
,k
− F n

i,j− 1
2
,k

∆y
+

Gn
i,j,k+ 1

2

− Gn
i,j,k− 1

2

∆z
= Sn Ô S�To~C�)×

���k[]\�[
U
f�\�[ng_�k[n�PXi^kj�[]\_ZCf�g_`VZ)[mZCf�\_`{f��azh[Pj¢f�^ku

S
g_�k[nj�Xiea\��P[mg�[]\_yRj$T 	¨�k[mu�`hj��]\�[]g_`hj�f�g_`hXi^�X���g_�k[m�ke���[Pj

Ô
E ≡ F1

�
F ≡ F2

�
G ≡ F3

×n`V^5[$fi���|u�`V\�[P�]g_`hXi^|`hj �#[]\�� Xi\_yR[Pu5�Afij�[Pu5Xi^|f�^Ì[ �¬g�[]^kj_`hXi^ÌX��YfL��eazVzVw
[ �¬�azV`h�]`Vg����¥��Xi\_y�fi� 
�j����k[]yR[ ��yRX¬u�`§¦A[Pu���w�W¢Xig_g_zV`h[]�

&
	�ea\�
)[]z�!oSC 4#Ag�Xmb)[]g3j�[P�PXi^ku�Xi\�ua[]\3`V^cg_`VyR[¥f�^ku

��Xiea\_g_�ÂXi\�ua[]\¾`V^Lj_�Afi�P[CTv��g�`hj¾f b)[]^k[]\�f�zV`V«$[PuÂp�f �¬q  Æ[]^ku�\�X�Ò�j����k[]yR[CT
	¨�k[Yg_`VyR[nfiu�ZCf�^k�P[]yR[]^�g¥`hj�j_�azV`Vg�`V^�g��8X�j�g�[]�kj��kf �a\�[Pu�`h�]g�Xi\´f�^kuÂf �PXi\_\�[P�]g�Xi\´j_g�[]� ��\�[Pj_�7[P�]g_`VZ)[]zVw��

U
n+ 1

2
i,j,k = Un

i,j,k − ∆t

[−En
i+2,j,k + 8En

i+1,j,k − 7En
i,j,k

6∆x

] Ô S�To~)�C×

− ∆t

[−F n
i,j+2,k + 8F n

i,j+1,k − 7F n
i,j,k

6∆y

]

− ∆t

[−Gn
i,j,k+2 + 8Gn

i,j,k+1 − 7Gn
i,j,k

6∆z

]

+ ∆tSn

Un+1
i,j,k =

1

2

[

U
n+ 1

2
i,j,k + Un

i,j,k

]

− ∆t

2

[

7En
i,j,k − 8En

i−1,j,k + En
i−2,j,k

6∆x

] Ô S�To~C�)×

− ∆t

2

[

7F n
i,j,k − 8F n

i,j−1,k + F n
i,j−2,k

6∆y

]

− ∆t

2

[

7Gn
i,j,k − 8Gn

i,j,k−1 + Gn
i,j,k−2

6∆z

]

+
∆t

2
Sn

���a`h���Â\�[Pj�eazVg�j�`V^�f bCzhXi�Af�zVzVw��P[]^�g�[]\�[PuL��Xiea\_g_�ÂXi\�ua[]\¥j����k[]yR[CT
	¨�a`hj��a\�[Pu�`h�]g�Xi\�qt�PXi\_\�[P�]g�Xi\Lj����k[]yR[�`hj�ZCf�zV`hu Xi^azVw�� Xi\�g_�k[L`V^a^k[]\0�7Xi`V^�g�j���[ �a�P[]�ag_`V^abÕg_�k[Âgt��X�z{fij_g

�#Xi`V^�g�j¾`V^Å[$fi���Åu�`V\�[P�]g_`hXi^FT�±kXi\´g_�k[Pj�[m�7Xi`V^�g�j �Ag_�k[�ua[]\_`VZif�g_`VZ)[PjYf�\�[nua[r¦k^k[Pu���w � []^a^k[Pu�w &
�¨f�\_�7[]^�g�[]\

! ,
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! } ��# ��\�[Pj_�7[P�]g_`VZ)[]zVw
∂Fi

∂xi
|1 =

1

6∆xi
(−11Fi|1 + 18Fi|2 − 9Fi|3 + 2Fi|4)

Ô S�To~C )×

∂Fi

∂xi
|2 =

1

6∆xi
(−2Fi|1 − 3Fi|2 + 6Fi|3 −Fi|4)

Ô S�T } �)×

Fi|j
`hj�g_�k[¢�ke���`V^

i
qtu�`V\�[P�]g_`hXi^�f�g�g_�k[Y�7Xi`V^�g

xj
T#	¨�k[m`V^ku�`h�P[Pj

1
�
2
�
3
�
4
�PXi\_\�[Pj��#Xi^ku�g�XRg_�k[Y�#Xiea^kukf�\_w

�#Xi`V^�g�j¨f�^kucg_�k[¥g_�a\�[P[¾^k[ ��g3�7Xi`V^�g�j�`V^�g_�k[
i
qtu�`V\�[P�]g_`hXi^ ��\�[Pj_�7[P�]g_`VZ)[]zVw)T 	¨�a`hj�j_g�[]^k�]`Vz���`VzVz#�7[¥f��a�azV`h[Pu0Xi^azVw

��Xi\�g_�k[¢��\�[P[¢�7Xiea^kukf�\_`h[Pj$T
	¨�k[��PXiy��aeag_`V^abÌg_`VyR[�j_g�[]�²`hjcua[]g�[]\_y�`V^k[Pu²�Afij�[Pu²Xi^²�#Xig_�·f���±(p­Ô>��Xiea\�f�^�g�qt±k\_`h[Pu�\_`h���kj�qtpF[]Z¬wk×

f�^ku5f�Z¬`hj��PXiekj j_g�f��a`VzV`Vgtw��]\_`Vg�[]\_`hXi^Ì���a`h���Ìy�ekj_g �#Xig_�5�7[0�PXi^kj�`hua[]\�[Pu�� Xi\ g_�k[0�a\�[Pj�[]^�g ��f�zVz§q>�7Xiea^kua[Pu
�PXiy��a\�[Pj�j_`V�azh[¢�AX��mT

�¾eayR[]\_`h�$f�z�`V^kj_g�f��a`VzV`Vg_`h[Pj�y�f$wnX��P�]ea\��#[P�$f�ekj�[3g_�k[8g_`VyR[8j�g�[]�n`hj�g�X�X¾z{f�\_b)[3g�X¥\�[Pj�XizVZ)[8g_�k[3�a\�Xi�Af�b�f�g_`hXi^
X���`V^�g�[]\_^Af�z���f$Z)[Pj$T#	¨�k[]\�[r� Xi\�[ �ag_�k[���±(pÕ�]\_`Vg�[]\_`hXi^Âw¬`h[]zhuaj

∆t = CCFL max

(

∆x

|u| + c
,

∆y

|v| + c
,

∆z

|w| + c

) Ô S�T }kU�×

���k[]\�[
c
`hj�g_�k[mj_�7[P[PuLX���j�Xiea^ku �Af�^ku

CCFL
`hj¾f �PXi^kj_g�f�^�g¾���a`h�����Afij�[PuLXi^Lg_�k[mbC\_`huLu�`hj��]\�[]g_`V«�f�g_`hXi^Â`hj

j�[]g�g�X
0.4

`V^Lg_�k[¢�a\�[Pj�[]^�g¥�$fij�[CT
	¨`VyR[�j_g�[]�5zV`Vy�`Vg�f�g_`hXi^|u�ek[�g�X�Z¬`hj��PXCj_`Vgtw�f�^ku�u�`§Ò7ekj_`VZ¬`VgtwÍÔ�g_�k[��$fij�[0X��¾Z)[]\_w�¦k^k[cbC\_`huaj �(^k[$f�\ g_�k[

��f�zVz �a� Xi\�[ �kf�y��azh[ �kX���f Z)[]\_w�zhX���Ñ¾[]w¬^kXizhuaj�^�eay��#[]\¾�AX$��j ×¨\�[$fiu

∆t = Cvis max

(

∆x2

ν
,
∆y2

ν
,
∆z2

ν

) Ô S�T }�S)×

���k[]\�[
Cvis

`hj¾j�[]g�g�X
0.2
T

¡¾yRXi^ab�g_�k[Ygt��X��]\_`Vg�[]\_`hXi^kj�g_�k[¢y�`V^a`Vy�eay�`hj¾���kXCj�[]^�fij�g_�k[m�PXiy��aeag_`V^ab�g_`VyR[Yj_g�[]�FT

����� � + �.#�� 5(+�� #(4 7 �.#�� ��#(+	�6- 7 -/#(+.9
��XCj_g¾g_ea\_�aeazh[]^k�P[nj_`Vy�eaz{f�g_`hXi^kj¢f�\�[m�#[]\�� Xi\_yR[PuL��w�fij�j_eay�`V^abR�7[]\_`hX�u�`h�Y�7Xiea^kukf�\_wL�PXi^ku�`Vg_`hXi^kj¢f�^ku��AX$�
�#[]\_`hX¬u�`h�]`Vgtw��3`Vy��azV`h�]`Vg_zVw)T�±kXi\�j_`Vy�eaz{f�g_`hXi^kj�`V^Õ���a`h���Ì^kX��#[]\_`hX¬u�`h�]`VgtwÕ`hj fij�j_eayR[Pu �v�PXi^ku�`Vg_`hXi^kj�f�g��AX$�
`V^azh[]g�j�f�^kuÆXieag_zh[]g�jnynekj_gm�7[ �a\�[Pj��]\_`V�7[Pu'T 	¨�k[Pj�[Rj�`Vyneaz{f�g_`hXi^kj f�\�[Rj_g_\�Xi^abCzVwÅua[]�#[]^kua[]^�g�Xi^Æ�7Xiea^kukf�\_w
�PXi^ku�`Vg_`hXi^kj´f�^ku�Xi^Lg_�k[]`V\¾g_\�[$f�g_yR[]^�g$T

�t^�g_�k[m�a\�[Pj�[]^�g¾j�g_eku�w��agt��X��PXi^�¦kbCea\�f�g_`hXi^kj¢f�\�[m�PXi^kj_`hua[]\�[Pu�Ô�±�`VbCea\�[nS�ToS)×�*
qkg_�k[(¦k\�j_gFXi^k[ �%��`Vg_�m�7[]\_`hX�u�`h���7Xiea^kukf�\_w¢�PXi^ku�`Vg_`hXi^kj�`V^Yg_�k[vj�g_\�[$f�yn��`hj�[vu�`V\�[P�]g_`hXi^�ÔQd Zx?M2E/Q` S4D[; � �@.@24/F×�o
q���Xi\�g_�k[nj�[P�PXi^kuLXi^k[ �kf ��eazVzVwcua[]Z)[]zhXi�7[PuÂ���Af�^a^k[]z'�AX$� ��`Vg_�Lj_g_\�[$f�yn��`hj�[n�#[]\_`hX¬u�`h�¢�7Xiea^kukf�\_w��PXi^�q

u�`Vg_`hXi^kjÅÔ�uaXiy�f�`V^ U�×�`hj�ekj�[PuÍ`V^ÍXi\�ua[]\0g�X�[]^kj_ea\�[Â\�[$f�zV`hj�g_`h�Â`V^��AX��£�PXi^ku�`Vg_`hXi^kjc� Xi\cuaXiy�f�`V^ S�T 	¨�a`hj
�a\�X��P[Pu�ea\�[ `hj¥^k[P�P[Pj�j�f�\_wLg�X0ua[]Z)[]zhXi�Åg_`VyR[�ua[]�7[]^kua[]^�gY\�[$f�zV`hj_g_`h��g_ea\_�aeazh[]^�gmj�g_\_ek�]g_ea\�[Pj¥���a`h������`VzVz�g_\_`Vbiq
b)[]\3g_\�f�^kj_`Vg_`hXi^0g�Xmg_ea\_�aeazh[]^k�P[´`V^�g_�k[¾y�f�`V^0uaXiy�f�`V^�Ô�`§�F^k[P�P[Pj�j�f�\_wk× ���aeag3`Vg3`hj�f�zhj�XmZ)[]\_wR[ ���7[]^kj_`VZ)[¾j_`V^k�P[
g_�k[Y�a\�[]zV`Vy�`V^Af�\_w�uaXiy�f�`V^Lynekj_g¾�#[¢z{f�\_b)[m[]^kXieabC�Âg�X�b)[]g�j_g_\�[$f�yn��`hj�[nua[P�PXi\_\�[]z{f�g_`hXi^�f�^kuL�8[]zVzF\�[Pj�XizVZ)[Pu
g�XRua[Pj��]\_`V�7[nj_y�f�zVzFg_ea\_�aeazh[]^�g´j�g_\_ek�]g_ea\�[Pj$T �´Xi^�q>\�[r�A[P�]g_`V^ab�Xieag��AX$�:�PXi^ku�`Vg_`hXi^kj¾�Afij�[PuÂXi^Â��f$Z)[nua[P�PXiy q
�#XCj_`Vg_`hXi^_! }��$# �+!o�C��#�f�\�[nf��a�azV`h[PuÂf�g�g_�k[YXieag_zh[]g´X��(uaXiy�f�`V^Â}ÂÔ��>Zx?M2E/Q` S4D[; � �@.@24/F×rT

±kXi\vj_�7[P�]`§��w¬`V^ab¢�#Xiea^kukf�\_w �PXi^ku�`Vg_`hXi^kj���[¨ekj�[¨g_�k[¨���Af�\�fi�]g�[]\_`hj_g_`h�´f�^Af�zVw¬j_`hj�ua[Pj��]\_`V�#[Pu ��w 	¨�kXiy��kj�Xi^
`V^P!o�C�$# � !o�)�$##� Xi\�s�eazh[]\�[Pd�eAf�g_`hXi^kj��af�^ku0b)[]^k[]\�f�zV`V«$[Pu�g�X g_�k[¥Z¬`hj��PXiekj�qtu�`§Ò7ekj_`VZ)[ �´f$Z�`h[]\�qÖx�g�X 
)[Pj¾[Pd�eAf�g_`hXi^kj
��w5ª�Xi`V^kj�Xig

&
pF[]zh[B!o�C�$#tTÌ��g �PXi^kj�`hj_g�j�`V^|ua[P�PXiy��7XCj_`V^abÆ��w¬�7[]\_�#XizV`h�L[Pd�eAf�g_`hXi^kj�`V^�g�X���f$Z)[LyRX¬ua[PjRX��

!�°
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Tw

(ρ̄ũ)b

±�`VbCea\�[nS�ToS�*��	��

����������
���������������$ ��$ ��� (�� #���$'()(���&+*�
�,

Z)[]zhX��]`Vg�w)T�	¨�a`hjm���Af�\�fi�]g�[]\_`hj_g_`h�0f�^Af�zVw¬j�`hjYy�f 
)[Pjm�]zh[$f�\Y���a`h������fPZ)[Pj f�\�[ �a\�Xi�Af�b�f�g_`V^abL`V^�g�XÂf�^kuÆXieagmX��
g_�k[ �PXiy��aeag�f�g_`hXi^Af�z8uaXiy�f�`V^FT�	¨�k[ �#[]�Af$Z�`hXi\YX���g_�k[ Xieag���f�\�u��a\�Xi�Af�b�f�g_`V^ab��¨fPZ)[PjY`hjYua[r¦k^k[PuÅ[]^�g_`V\�[]zVw
��w�g_�k[´j�XizVeag_`hXi^Lf�g�f�^kuc��`Vg_�a`V^�g_�k[´�7Xiea^kukf�\_w������k[]\�[$fij¨g_�k[´`V^���f�\�u��a\�Xi�Af�b�f�g_`V^ab���f$Z)[Pj¾f�\�[´j_�#[P�]`§¦A[Pu
fij��#Xiea^kukf�\_w��PXi^ku�`Vg_`hXi^kj$T

	¨�k[ �´f$Z�`h[]\�qÖx�g�X 
)[Pjv[Pd�eAf�g_`hXi^kj�Ô S�T©�C×�f�\�[¨�PXi^�Z)[]\_g�[Pu g�XYf�^�[Pd�ea`VZCf�zh[]^�g�j�[]g(X����¨fPZ)[�[Pd�eAf�g_`hXi^kj��i���a`h���
\�[]�a\�[Pj�[]^�g¥^kXi^azV`V^k[$f�\¾��f$Z)[Pj��a\�Xi�Af�b�f�g_`V^ab�f�g¾���Af�\�fi�]g�[]\_`hj_g_`h�nZ)[]zhX��]`Vg_`h[Pj¾`V^Lg_�k[

x
qtu�`V\�[P�]g_`hXi^�Xi^azVw��Afij

∂ρ

∂t
+ d1 +

∂

∂y
(ρv) +

∂

∂z
(ρw) = 0

Ô S�T }�~)×

∂(ρu)

∂t
+ ud1 + ρd3 +

∂

∂y
(ρuv) +

∂

∂z
(ρuw) =

1

Re

∂(µS1j)

∂xj

Ô S�T }C}�×

∂(ρv)

∂t
+ vd1 + ρd4 +

∂

∂y
(ρvv +

1

γM2
p) +

∂

∂z
(ρvw) =

1

Re

∂(µS2j)

∂xj

Ô S�T }��)×

∂(ρw)

∂t
+ wd1 + ρd5 +

∂

∂y
(ρwv) +

∂

∂z
(ρww +

1

γM2
p) =

1

Re

∂(µS3j)

∂xj

Ô S�T }��)×

∂(ρe)

∂t
+ γM2

[

1

2
(ukuk)d1 + ρud3 + ρvd4 + ρwd5

] Ô S�T }��C×

+
∂

∂y
[(ρe + p)v] +

∂

∂z
[(ρe + p)w]

=
∂

∂xj

(

γM2 µ

Re
uiSij +

γ

γ − 1

µ

RePr

∂T

∂xj

)

	¨�k[m���Af�\�fi�]g�[]\_`hj_g_`h�nZ)[]zhX��]`Vg_`h[Pj´f�\�[YbC`VZ)[]^�fij�g_�k[nj�XizVeag_`hXi^ÂX��(g_�k[Y[]`Vb)[]^�ZCf�zVek[m�a\�Xi�azh[]y�f�^ku�f�\�[

λ1 = u − cnorm

λ2 = λ3 = λ4 = u
Ô S�T }��)×

λ5 = u + cnorm

���k[]\�[
cnorm

`hjFg_�k[v^kXi\_y�f�zV`V«$[Pu j_�7[P[PunX��kj�Xiea^ku �
c2
norm = 1

γM2
γp
ρ = γpnorm

ρ

T�	¨�k[v^kXi\_y�f�zV`V«$[Pu��a\�[Pj�j_ea\�[
pnorm

`hjYua[r¦k^k[Pu�f�zV` 
)[CT
λ1
f�^ku

λ5
f�\�[ g_�k[�Z)[]zhX¬�]`Vg_`h[PjYX��8j�Xiea^ku��¨fPZ)[Pj¢yRX$Z¬`V^ab�`V^�g_�k[�^k[]b�f�g_`VZ)[Rf�^ku

�#XCj_`Vg_`VZ)[
x
qtu�`V\�[P�]g_`hXi^kj��

λ2
`hj¨g_�k[Y�PXi^�Z)[P�]g_`hXi^ÂZ)[]zhX¬�]`Vgtw�Ô�g_�k[Yj_�7[P[Pu0X��([]^�g_\�Xi��w0�¨fPZ)[Pj ×¨���a`Vzh[

λ3
f�^ku

λ4f�\�[Yg_�k[¢Z)[]zhX��]`Vg_`h[Pj´f�g����a`h���
v
f�^ku

w
f�\�[nfiu�Z)[P�]g�[PuL`V^�g_�k[

x
qtu�`V\�[P�]g_`hXi^FT

	¨�k[�j_w�j_g�[]ylX���svd¬j$T�Ô S�T }�~)×tq Ô S�T }��C×¢`V^k�]zVekua[Pjmua[]\_`VZCf�g_`VZ)[Pjm^kXi\_y�f�z3g�Xcg_�k[
x = 0

Xi\
Lx
q>�7Xiea^kukf�\_w

Ô
d1
g�X

d5
× �vua[]\_`VZCf�g_`VZ)[Pj��Af�\�f�zVzh[]z�g�X�g_�k[

x = 0
Xi\

Lx
q>�7Xiea^kukf�\_w�zV` 
)[

( ∂
∂y )(ρvv)

f�^ku5zhX��$f�z¨Z¬`hj��PXiekj

G��
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g�[]\_yRj$T 	¨�k[YZ)[P�]g�Xi\
d
`hj�bC`VZ)[]^L��w����Af�\�fi�]g�[]\_`hj_g_`h��f�^Af�zVw�j_`hj¾f�^kuL`hj�[ �¬�a\�[Pj�j�[PuLfij

d =















1
c2norm

[

L2 + 1
2(L5 + L1)

]

1
2(L5 + L1)
1

2ρcnorm
(L5 − L1)

L3

L4















=















∂(ρu)
∂x

∂
∂x(c2

normρu) + (1 − γ)u∂pnorm

∂x

u∂u
∂x + 1

ρ
∂pnorm

∂x

u∂v
∂x

u∂w
∂x















Ô S�T }� )×

���k[]\�[Lg_�k[
Li
� j0f�\�[Lg_�k[�f�y��azV`Vg_ekua[PjcX��m���Af�\�fi�]g�[]\_`hj�g_`h���¨fPZ)[Pj�fij�j�X¬�]`{f�g�[Pu|��`Vg_�²[$fi���Í���Af�\�fi�]g�[]\_`hj_g_`h�

Z)[]zhX��]`Vg�w
λi
T 	¨�k[

Li
� j¾f�\�[YbC`VZ)[]^L��wV*

L1 = λ1

(

∂p

∂x
− ρcnorm

∂u

∂x

) Ô S�To���)×

L2 = λ2

(

c2
norm

∂ρ

∂x
− ∂p

∂x

) Ô S�To��U�×

L3 = λ3
∂v

∂x

Ô S�To�CS)×

L4 = λ4
∂w

∂x

Ô S�To�C~)×

L5 = λ5

(

∂p

∂x
+ ρcnorm

∂u

∂x

) Ô S�To��}�×

	¨�k[Yg_`VyR[YZCf�\_`{f�g_`hXi^ÂX���g_�k[m�a\_`Vy�`Vg_`VZ)[¢�AX$� Zif�\_`{f��azh[Pj��$f�^Â�#[Y[ ���a\�[Pj�j�[Pu��Afij�[Pu�Xi^Lg_�k[
Li
� j¾fij

∂ρ

∂t
+

1

c2
norm

[

L2 +
1

2
(L5 + L1)

]

= 0
Ô S�To�C�)×

∂u

∂t
+

1

2ρcnorm
(L5 − L1) = 0

Ô S�To�C�)×

∂v

∂t
+ L3 = 0

Ô S�To�)�C×

∂w

∂t
+ L4 = 0

Ô S�To�C�)×

∂p

∂t
+

1

2
(L5 + L1) = 0

Ô S�To�C )×

∂T

∂t
+

T

ρc2
norm

[

−L2 +
1

2
(γ − 1)(L5 + L1)

]

= 0
Ô S�To���)×

¡¾zVz'bC\�fiu�`h[]^�g�j¾^kXi\_y�f�zFg�XRg_�k[Y�#Xiea^kukf�\_w0y�fPwLf�zhj�X �7[Y[ ���a\�[Pj�j�[Pu�`V^�g�[]\_yRj¥X���g_�k[
Li
� j

∂ρ

∂x
=

1

c2
norm

[

L2

u
+

1

2

(

L5

u + cnorm
+

L1

u − cnorm

)] Ô S�To��U�×

∂p

∂x
=

1

2

(

L5

u + cnorm
+

L1

u − cnorm

) Ô S�To�CS)×

∂u

∂x
=

1

2ρcnorm

(

L5

u + cnorm
− L1

u − cnorm

) Ô S�To�C~)×

∂T

∂x
=

T

ρc2
norm

[

−L2

u
+

1

2
(γ − 1)

(

L5

u + cnorm
+

L1

u − cnorm

)] Ô S�To��}�×

 Æ[�ekj�[¾g_�k[¥j_w�j_g�[]y X���s3d�j$T�Ô S�T }�~)×tq Ô S�T }��C×3g�XnXi�ag�f�`V^0g_�k[�ZCf�zVek[Pj�X��FZif�\_`{f��azh[Pj¨f�g3g_�k[¥�#Xiea^kukf�\_w � Xi\3g_�k[
`Vy�yR[Pu�`{f�g�[]zVw ��XizVzhX���`V^abng_`VyR[�j_g�[]����w�[Pj_g_`Vy�f�g_`V^abng_�k[¥f�y��azV`Vg_ekua[�ZCf�\_`{f�g_`hXi^

Li
� jvX��'��f$Z)[Pj3�a\�Xi�Af�b�f�g_`V^ab
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`V^�g�X�g_�k[muaXiy�f�`V^FT

	¨�k[ 
¬^kX$��zh[Pu�b)[0X���g_�k[��PXi^ku�`Vg_`hXi^kj []^kj_ea\_`V^ab��8[]zVz§q>�7XCj�[Pu�^k[Pj�j X��¨g_�k[ �´f$Z�`h[]\�qÖx�g�X 
)[Pj [Pd�eAf�g_`hXi^kjn`hj
^kXig¾j_e�³��]`h[]^�g¾��Xi\�g_�k[Yu�`hj��]\�[]g_`V«�f�g_`hXi^Åf�^ku�`Vy��azh[]yR[]^�g�f�g_`hXi^ÅX��(�7Xiea^kukf�\_w0�PXi^ku�`Vg_`hXi^kj$T8ª�Xi`V^kj�Xig

&
pF[]zh[

u�`hj_g_`V^abCea`hj_�k[PuLg��8X�g�w��7[Pj�X����PXi^ku�`Vg_`hXi^kj�!o�C�$#�*
q��r�a��w¬j�`h�$f�z�� ��`V^�Z�`hj��]`hucXi\ � f�^ku0Z¬`hj��PXiekj����#Xiea^kukf�\_w��PXi^ku�`Vg_`hXi^kj �����a`h����j_�#[P�]`§��w g_�k[ 
¬^kX$��^��a��w¬j_`h�$f�z

�#[]�Af$Z�`hXi\ X��¾Xi^k[cXi\ yRXi\�[0X���g_�k[cua[]�7[]^kua[]^�g ZCf�\_`{f��azh[Pj$T�	¨�k[Pj�[0�PXi^ku�`Vg_`hXi^kjRf�\�[c`V^kua[]�#[]^kua[]^�g X���g_�k[
^�eayR[]\_`h�$f�z�yR[]g_�kX¬u�ekj�[PuLg�X�j�XizVZ)[Yg_�k[¢b)X$Z)[]\_^a`V^ab�[Pd�eAf�g_`hXi^kj$T

q4�]j�X���g7��Xi\[�r^�eayR[]\_`h�$f�z��¥�7Xiea^kukf�\_w��PXi^ku�`Vg_`hXi^kj�f�\�[�^k[P[Pua[Puc���k[]^cg_�k[¥^�eay��#[]\¨X��F�a��w�j_`h�$f�z#�#Xiea^ku¬q
f�\_w|�PXi^ku�`Vg_`hXi^kj�`hjRzh[Pj�jcg_�Af�^Íg_�k[�^�eay��#[]\�X��Y�a\_`Vy�`Vg_`VZ)[Pj�ZCf�\_`{f��azh[Pj�Ô�g_�a`hj0`hj�f�zV��fPw�j0g_�k[Â�$fij�[Åf�g0f�^
Xieag��AX$�¥×rT�	¨�k[Pj�[cfiuau�`Vg_`hXi^Af�z¨�PXi^ku�`Vg_`hXi^kj j��kXieazhuÆ�7[�Z�`h[]��[Pu�fij��PXiy��Af�g_`V�a`VzV`VgtwÕ\�[]z{f�g_`hXi^kj�\�[Pd�ea`V\�[PuÆ��w
g_�k[Y^�eayR[]\_`h�$f�z�yR[]g_�kX�uÂf�^kuL^kXig¥fij��7Xiea^kukf�\_w0�PXi^ku�`Vg_`hXi^kj$T

��� � � E ½ @��3<8@�/�63D �ÕD�6���/ �
¡¨g¥g_�k[�`V^azh[]g��#`Vg¥�¨fij´���kXCj�[]^Åg�X�`Vy��7XCj�[ng_�k[nZ)[]zhX¬�]`Vg_`h[Pj��

u
�
v
f�^ku

w
�#fij´�8[]zVz�fij´g_�k[ng�[]y��7[]\�f�g_ea\�[ �

T
�

ekj_`V^ab�g_�k[ j�XizVeag_`hXi^�X��vg_�k[m��eazVzVw�qtua[]Z)[]zhXi�7[Pu����Af�^a^k[]z��AX�� �#uaXiy�f�`V^
1
T 	¨�k[�Xi^azVw�\�[]y�f�`V^a`V^ab0ea^ 
¬^kX$��^

`hj3g_�k[´ua[]^kj_`Vgtw
ρ
���a`h�����$f�^c�7[¾Xi�ag�f�`V^k[Pu0g_�a\�XieabC��g_�k[¥�PXi^�g_`V^�ea`Vg�w0[Pd�eAf�g_`hXi^FT 	¨�a`hj¨�$fij�[¥X��F`V^��AX��·uaX�[Pj

^kXign\�[Pd�ea`V\�[cf�^�w�Z¬`hj��PXiekj��PXi^ku�`Vg_`hXi^ �(g_�k[Rg�Xig�f�z3^�eayn�7[]\ X����7Xiea^kukf�\_wÆ�PXi^ku�`Vg_`hXi^kj��#[]`V^abÂ��Xiea\$T�±a\�Xiy
fL^�eayR[]\_`h�$f�z��7Xi`V^�g X��¾Z¬`h[]� ���8[c�AfPZ)[c��Xiea\ �a��w�j_`h�$f�z¨�PXi^ku�`Vg_`hXi^kjLÔ+��Xi\

u
�
v
�
w
f�^ku

T
×mf�^ku�Xi^k[cj�X���g

�PXi^ku�`Vg_`hXi^�Ô+� Xi\
ρ
×rT

±kXi\�fnj�ea�kj�Xi^a`h�´g_�a\�[P[rqtu�`VyR[]^kj_`hXi^Af�z7�AX$� ��g_�k[¢Xi^azVw����Af�\�fi�]g�[]\_`hj_g_`h�¢Zif�\_`{f��azh[
L1
�a\�Xi�Af�b�f�g�[Pj�f�b�f�`V^kj_g

g_�k[¢�AX$��u�`V\�[P�]g_`hXi^ �A���a`Vzh[Yg_�k[YXig_�k[]\�� Xiea\��
L2

�
L3

�
L4

f�^ku
L5

�Af�\�[Y[]^�g�[]\_`V^ab�g_�k[muaXiy�f�`V^FT#	¨�k[]\�[r��Xi\�[ �
L1

^k[P[Puaj�g�X �7[Y�PXiy��aeag�[Pu���\�Xiy»g_�k[¢`V^�g�[]\_`hXi\´X���g_�k[mj_�Af�g_`{f�zVzVw�ua[]Z)[]zhXi�a`V^abc���Af�^a^k[]z�ekj_`V^abRs3d�T�Ô S�To���)×rT
	¨�k[Â[]^�g�[]\_`V^abÌ���Af�\�fi�]g�[]\_`hj_g_`h��Zif�\_`{f��azh[Pj

L5
f�^ku

L2
f�\�[Â[Pj_g_`Vy�f�g�[PuÍekj_`V^abÕs3d�j$T Ô S�To�C�)×cf�^ku Ô S�To���)× �

\�[Pj_�#[P�]g_`VZ)[]zVw

L5 = L1 − 2ρcnorm
∂u

∂t

Ô S�To�C�)×

L2 =
1

2
(γ − 1)(L5 + L1) +

ρc2
norm

T

∂T

∂t

Ô S�To�C�)×

	¨�k[´ua[]^kj�`Vgtw0`hj¨f$Zif�^k�P[Pu�`V^�g_`VyR[¢ekj_`V^ab�svd#T�Ô S�T }�~)×�f�^ku�g_��ekj��¬`Vg¨`hj�j_g_\�Xi^abCzVw0�PXiea�azh[Pu�g�X��7Xig_��Z)[]zhX��]`Vg�w
f�^kuÆg�[]y��7[]\�f�g_ea\�[R�kek�]g_eAf�g_`hXi^kj `V^�g_�k[��#[]\_`hX¬u�`h�$f�z8���Af�^a^k[]z>T���Xi^kj�[Pd�ek[]^�g_zVw��(`Vgm`hj�Z)[]\_wÅ`Vy��#Xi\_g�f�^�g�g�X
ekj�[mf�^�fi�P�]ea\�f�g�[YyRX¬ua[]z'� Xi\�g_�k[Y`V^��AX$�����Af�^a^k[]z �Aj�Xiea\��P[¢g�[]\_yRj�`Vy��azV`h�]`Vg_zVwÆÔ>x¬[P�]g_`hXi^�S�To~)×rT

	¨�k[m[]^�g�[]\_`V^ab0���Af�\�fi�]g�[]\_`hj_g_`h��ZCf�\_`{f��azh[Pj
L3

f�^ku
L4

f�\�[Y^kXig�^k[P[Pua[PuL`V^�g_�a`hj��$fij�[mX���`V^��AX��mT
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±kXi\�^kXi^�q>\�[r�A[P�]g_`V^ab�j_ea�kj�Xi^a`h��Xieag��AX�� �8Xi^k[0�a��w�j_`h�$f�z��PXi^ku�`Vg_`hXi^Ì`hj ^k[P[Pua[Pu�� Xi\ g_�k[0sveazh[]\R[Pd�eAf�g_`hXi^kj$T
	¨�a`hj3�PXi^ku�`Vg_`hXi^�j_g�f�g�[Pjvg_�Af�g8g_�k[��a\�[Pj�j_ea\�[��Afij3g�XY�7[�`Vy��7XCj�[Pucf�g3`V^�¦k^a`VgtwRj�XYg_�Af�g8��f$Z)[Pj8\�[r�A[P�]g�[PuR��\�Xiy
`V^�¦k^a`Vgtw�g�X���f�\�uaj�g_�k[¢�PXiy��aeag�f�g_`hXi^Af�zFuaXiy�f�`V^�j_�kXieazhu0�AfPZ)[Yfn«$[]\�X�f�y��azV`Vg_ekua[CTv±kXi\¨g_�k[��¢fPZ¬`h[]\�qÖx�g�X 
)[Pj
[Pd�eAf�g_`hXi^kj��kg_�a\�[P[YZ�`hj��PXiekj��PXi^ku�`Vg_`hXi^kj��Af$Z)[mg�X �7[mfiuaua[PuB!VU!� �k�C��#

∂(µS12)

∂x
= 0

Ô S�To�)�C×

∂(µS13)

∂x
= 0

Ô S�To�C�)×

∂

∂x

(

µ
∂T

∂x

)

= 0
Ô S�To�C )×
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	¨�k[]w�f�\�[¢`Vy��azh[]yR[]^�g�[PuÂ^�eayR[]\_`h�$f�zVzVw���w�j_`Vy��azVw0j�[]g_g_`V^ab�g_�k[]y»g�X «$[]\�X `V^�g_�k[Yj_w�j_g�[]y»X���svd¬j$T�Ô S�T }�~)×tq
Ô S�T }��C×rT

��Xi^kj_`hua[]\_`V^ab�fYg_�a\�[P[rqtu�`VyR[]^kj_`hXi^Af�z'j_ea�kj�Xi^a`h�¥Xieag_zh[]g������Af�\�fi�]g�[]\_`hj_g_`h�´��f$Z)[Pj�zh[$fPZ¬`V^ab�g_�k[¥uaXiy�f�`V^ �
L2g�X

L5
�¬f�\�[¾�PXiy��aeag�[Pucekj_`V^ab�svd¬j$T�Ô S�To��U�×(g�X0Ô S�To��}�× ��\�[Pj��#[P�]g_`VZ)[]zVw)T 	¨�k[¾`V^k�PXiy�`V^ab��¨fPZ)[

L1
`hj8yRX�ua[]zh[Pu'T
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1
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L1

�aª�Xi`V^kj�Xig
&
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L1 = K(p − p∞) + Lexact
1

Ô S�T©� �)×
	¨�k[c[ ���a\�[Pj�j_`hXi^�X���g_�k[c�PXi^kj_g�f�^�g��

K = σ(1 − M 2)c/L
�(��`Vg_�

M
g_�k[Ry�f ��`Vyneay �Åfi����^�eayn�7[]\ `V^

g_�k[¾�AX�� �
L
f ���Af�\�fi�]g�[]\_`hj_g_`h�mj�`V«$[´X���g_�k[´uaXiy�f�`V^Âf�^ku

σ
f �PXi^kj_g�f�^�g��k`hj8g_�k[¢Xi^k[´�a\�Xi�7XCj�[Pu���w0Ñ�eku�w
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1.2.1 96.59% − − 1.71% 1.67%
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g�X�g_�k[¢Z)[P�]g�Xi\_`{f�z��PXiy��aeag�f�g_`hXi^FT
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j_g�f�g_`hj_g_`h�$f�z��#[]�Af$Z�`hXi\YX��vg_ea\_�aeazh[]^k�P[ g_�Af�g´`hj¾\�[]�7[$f�g�f��azh[CT 	¨�a`hj¥�Afij´zh[Pu�g�X0fcj_g�f�g_`hj_g_`h�$f�z(ua[Pj��]\_`V�ag_`hXi^�X��
g_ea\_�aeazh[]^k�P[CT �´`§Ò7[]\�[]^�g´g�w��7[Pj¢X���fPZ)[]\�f�bC`V^abL�$f�^Å�7[��$f�\_\_`h[PuÅXieag¢ua[]�#[]^ku�`V^abLXi^�g_�k[ gtw¬�#[ X��v�AX�� ¦A[]zhu
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	¨�k[m[]^kj�[]y��azh[�fPZ)[]\�f�b)[ 〈f(xi, t)〉
`hj�ua[r¦k^k[Pu�fij

〈f(xi, t)〉 ≡ lim
N→+∞

1

N

N
∑

n=1

fn(xi, t)
Ô S�T©�i�)×

���k[]\�[
f(xi, t)

`hj�g�f 
)[]^�f�g¾f bC`VZ)[]^L�7XCj_`Vg_`hXi^Âf�^ku�g_`VyR[ �Af�^ku
N
`hj�g_�k[¢^�eayn�7[]\¥X���ukf�g�f �#Xi`V^�g�j�g�f 
)[]^FT

�t^��AX$��j8g_�Af�g�f�\�[¥j_g�f�g_`hj_g_`h�$f�zVzVwRj_g�[$fiu�w���`Vgv`hj8�#XCj�j�`V�azh[�g�Xmekj�[�g_�k[ 
�;NS�2QG4.N?�5F7m9l2 �L5 
:<�.X<´g�XY\�[]�az{fi�P[¾g_�k[
[]^kj�[]yn�azh[ fPZ)[]\�f�b)[Pj���w�g_`VyR[nfPZ)[]\�f�b)[Pj$T 	¨�k[¢g_`VyR[nfPZ)[]\�f�b)[n`hj�bC`VZ)[]^L��w

〈f〉t(xi) = lim
T→+∞

1

T

∫ t+T

t
f(xi, t)dt

Ô S�T©�i�)×

���k[]\�[
T
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±aeazVzVw�ua[]Z)[]zhXi�#[Pu����Af�^a^k[]zv�AX���j�f�\�[ �kXiyRXib)[]^k[PXiekj�`V^�g_�k[�j_g_\�[$f�yn��`hj�[cf�^ku�j_�Af�^���`hj�[Ru�`V\�[P�]g_`hXi^kj��
g_��ekj¥f j��Af�g_`{f�z�fPZ)[]\�f�b)[ny�`VbC��g¾�7[Yua[r¦k^k[Pu

〈f〉x,z(y, t) = lim
Lx,Lz→+∞

1

LxLz

∫ Lx

0

∫ Lz

0
f(x, y, z, t)dx dz

Ô S�T©�C�C×

�t^Lg_�k[��$fij�[mX��vj_�Af�g_`{f�zVzVw�ua[]Z)[]zhXi�a`V^abc�AX$��j¥���a`h����f�\�[n�kXiyRXib)[]^k[PXiekj¢Xi^azVw0`V^Âg_�k[nj_�Af�^���`hj�[nu�`V\�[P�]g_`hXi^ �
g_�a`hj�j_�Af�g_`{f�z�f$Z)[]\�f�b)[m`hj�ua[r¦k^k[Pu

〈f〉z(x, y, t) = lim
Lz→+∞

1

Lz

∫ Lz

0
f(x, y, z, t)dz

Ô S�T©�i�)×
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g_`hXi^kj��Af�^ku�`hj�ekj�[PuLg�X�ua[r¦k^k[�f��kek�]g_eAf�g_`V^ab��Af�\_g��

f ′ = f − 〈f〉 Ô S�T©�i )×
��Xi^kj�[Pd�ek[]^�g_zVw��k`V^�f�^Lp�s8x�g_�k[Yua[]�7[]^kua[]^�g¥Zif�\_`{f��azh[Pj´f�\�[Yua[P�PXiy��#XCj�[Pu�fi�P�PXi\�u�`V^abRg�Xl*��

ρ̄′ = ρ̄ − 〈ρ̄〉 Ô S�To���)×

ũ′
i = ũi − 〈ũi〉

Ô S�To��U�×

T̃ ′ = T̃ − 〈T̃ 〉 Ô S�To�CS)×

〈p̄〉 = 〈ρ̄RT̃ 〉 Ô S�To�C~)×
±AfPZ¬\�[nfPZ)[]\�f�bC`V^ab0`hj¾f ua[]^kj_`Vg�w��8[]`VbC��g�[PuÅfPZ)[]\�f�bC`V^ab �

{f} =
〈ρ̄f〉
〈ρ̄〉

Ô S�To��}�×

f�^ku�`hj�ekj�[Pu�g�XRua[r¦k^k[�f��kek�]g_eAf�g_`V^ab��Af�\_g��

f ′′ = f − {f} Ô S�To�C�)×
�¥Xig�[¾g_�Af�g 〈f ′〉 = 0

�¬f�^ku 〈ρ̄f ′′〉 = 0
�aeag 〈ρ̄〉〈f ′′〉 = 〈ρ′f ′〉 = 〈ρ̄〉 (〈f〉 − {f}) 6= 0

T3��Xi^kj�[Pd�ek[]^�g_zVw��¬g_�k[
ua[]�#[]^kua[]^�g¾ZCf�\_`{f��azh[Pj¥f�\�[Yua[P�PXiy��7XCj�[Pu�fi�P�PXi\�u�`V^abRg�Xl*��

ũ′′
i = ũi − {ũi}

Ô S�To�C�)×

T̃ ′′ = T̃ − {T̃} Ô S�To�)�C×
�t^�g_�k[ x¬[P�]g_`hXi^L}kT }Rg_�k[Pj�[Yg��8X�f$Z)[]\�f�bC`V^abc�a\�X¬�P[Pu�ea\�[Pj���`VzVz'�7[´��ea\_g_�k[]\¾�PXiy��Af�\�[Pu'T

�t^²���Af�gc��XizVzhX���j��¾f�zVz´g_�k[�j_g�f�g_`hj�g_`h�$f�z¥ZCf�\_`{f��azh[Pj�^k[P[Pua[Pu|� Xi\0�#XCj_g�q>�a\�X¬�P[Pj�j_`V^ab5f�\�[ÂzV`hj�g�[Pu'T 	¨�k[Pj�[
Zif�\_`{f��azh[Pj f�\�[ ��\_`Vg_g�[]^Æekj_`V^ab�g_�k[RÑ¥[]w�^kXizhuajmf$Z)[]\�f�bC`V^ab�f�^ku�g_�k[]w�f�\�[�j_`Vy�`Vz{f�\Y� Xi\Yg_�k[ y�fij�j�q>��[]`VbC��g�[Pu
Ô�±AfPZ¬\�[�×�f$Z)[]\�f�bC`V^abkT

〈u′
i
2〉 = 〈ũi

2〉 − 〈ũi〉2
Ô S�To�C�)×

〈u′
iT

′〉 = 〈ũiT̃ 〉 − 〈ũi〉〈T̃ 〉 Ô S�To�C )×

〈u′
i
3〉 = 〈ũi

3〉 − 3〈ũi〉〈ũi
2〉 + 2〈ũi〉3

Ô S�To ��)×

〈u′
i
2
v′〉 = 〈ũ2

i ṽ〉 − 2〈ũi〉〈ũiṽ〉 − 〈ũi
2〉〈ṽ〉 + 2〈ũi〉2〈ṽ〉

Ô S�To �U�×

〈u′
i
4〉 = 〈ũi

4〉 − 4〈ũi〉〈ũi
3〉 + 6〈ũi〉2〈ũi

2〉 − 3〈ũi〉4
Ô S�To CS)×

〈v′T ′
i 〉 = 〈v′T ′〉 +

Prm

2
(γ − 1)M 2

(

〈ũ2
i ṽ〉 − 〈ũ2

i 〉〈ṽ〉
) Ô S�To C~)×

〈T ′
iT

′
i 〉 = 〈T ′T ′〉 + Prm(γ − 1)M 2

(

〈ũ2
i T̃ 〉 − 〈ũ2

i 〉〈T̃ 〉
) Ô S�To �}�×

+
Pr2

m

4
(γ − 1)2M4

(

〈ũ4
i 〉 − 〈ũ2

i 〉2
) Ô S�To C�)×
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ρ̄′ ≈ ρ′, ũ′

i ≈ u′
i, T̃ ≈ T ′ Ik
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〈ũ〉2
u2

b

) Ô�}kTo�)×

〈T̃ 〉 − Tw

Tw

∣

∣

∣

∣

∣

int

= Pr M2
b

(

γ
〈ũ〉
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� � � � � � Wext
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�	$�()! Wint

� ��� � � � $'#�� ( 
)� ����� �
����# �
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� $'(�! Wint
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����# �
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�t^�b)[]^k[]\�f�z �7g_�k[�[rÒ'[P�]g�j¥X��3�PXiy��a\�[Pj�j_`V�a`VzV`Vgtw�Xi^��¨f�zVz§q>�#Xiea^kua[PuÅg_ea\_�aeazh[]^k�P[ �$f�^��#[ �]z{fij�j_`§¦A[PuÅfij¥Xi^k[ X��
gt�8X0g�w��7[PjQ*8g_�kXCj�[�fij�j�X��]`{f�g�[PuÂ��`Vg_��ZCf�\_`{f�g_`hXi^kj¥X��vg_�k[nyR[$f�^��a\�Xi�7[]\_g_`h[Pj�Ô�j_ek���Åfij¥ua[]^kj�`Vgtw�f�^kuÂZ�`hj��PXCj_q
`Vgtwk× �Ff�^ku�g_�kXCj�[�u�ek[ g�Xc�kek�]g_eAf�g_`hXi^kjmX��3g_�k[]\_yRX¬u�w�^Af�y�`h� d�eAf�^�g_`Vg_`h[Pj$Tn�tg´`hj¢X���g�[]^Æfij�j_eayR[Pu�g_�Af�gYXi^azVw
g_�k[cyR[$f�^Ì[rÒ'[P�]g�j�f�\�[0j�`VbC^a`§¦A�$f�^�g � Xi\�^kXi^�q>��w��7[]\�j�Xi^a`h����f�zVz§q>�7Xiea^kua[Pu��AX$��j�Ô�`>T [CT �(��\�[P[rqtj�g_\�[$f�y �Åfi���
^�eayn�7[]\¾zh[Pj�j�g_�Af�^�f��7Xieag¾�)×�!o� �k�C~�#tT

	¨�k[c¦k\�j_g u�`V\�[P�]g [rÒ'[P�]g X��¾�PXiy��a\�[Pj�j_`V�a`VzV`Vgtw�`hj fÂ�k[$f�g_`V^ab�[rÒ7[P�]g ���a`h����w¬`h[]zhuaj�f�^Õ`V^k�]\�[$fij�[cX��¾g_�k[
g�[]y��#[]\�f�g_ea\�[�f�^kuÅg_��ekjmX��8g_�k[ Z¬`hj��PXCj_`Vg�wÂ`V^�g_�k[��P[]^�g�[]\nX��8g_�k[����Af�^a^k[]z¥Ô�±�`VbCea\�[ }kToS)×rT�¡´j´��Xi\¢`V^k�PXiy q
�a\�[Pj�j_`V�azh[����Af�^a^k[]z3�AX�� �(�a\�[Pj�j_ea\�[�`hjmea^a`§� Xi\_y�`V^�g_�k[���f�zVz�^kXi\_y�f�z8u�`V\�[P�]g_`hXi^ �(���a`h���Õw¬`h[]zhuaj����#[P�$f�ekj�[
X��3g_�k[ �#[]\�� [P�]g¢b�fij¢z{fP� �FfcyR[$f�^�ua[]^kj_`Vgtw�ua[P�]\�[$fij�[ `V^�g_�k[ �P[]^�g�[]\mX��8g_�k[ ���Af�^a^k[]z ��f�^ku�fcj_g_\�Xi^ab���f�zVz
ua[]^kj_`Vgtw�`V^k�]\�[$fij�[Y��`Vg_����fi���L^�eay��#[]\$T

¡£j_g_\�Xi^abÆ\�[]z{f�y�`V^Af�\_`hj�f�g_`hXi^ [rÒ7[P�]g�`hjRXi�ag�f�`V^k[PuÌ� Xi\R`V^k�]\�[$fij_`V^ab���fi���|^�eay��#[]\�f�g��PXi^kj_g�f�^�gc��f�zVz
g�[]y��#[]\�f�g_ea\�[

Tw
f�^kuÂ�PXi^kj_g�f�^�g¥�aeaz 
�y�fij�j��ke��

(ρu)b
���a`h���k[]Z)[]\¢j�Xiea\��P[mg�[]\_y�`hj��PXi^kj_`hua[]\�[Pu5Ô�±�`VbCea\�[

}kTo~)×rT 	¨�k[0�]\_`Vg_`h�$f�z�Ñ¾[]w¬^kXizhuajn^�eayn�7[]\�j
Re1

c = 1000
f�^ku

Re2
c = 2000

\�[r� []\�g�X�g_�k[�zhX��8[]\�f�^kuÕg_�k[
ea�a�#[]\mzV`Vy�`Vg X���g_�k[�g_\�f�^kj_`Vg_`hXi^�\�[]bC`VyR[R��\�Xiy�z{f�y�`V^Af�\ng�X���eazVzVwÅg_ea\_�aeazh[]^�g `V^Õf�^Æ`V^k�PXiy��a\�[Pj�j_`V�azh[��a`V�#[
�AX$� Ô�Ñ¾[]w¬^kXizhuaj¢[ �¬�7[]\_`VyR[]^�g�jr×rTm±kXi\¢g_�k[��AX$� �$fij�[�ÔWext

*
M = 5

�
Re = 3000

×¥g_�k[ zhX¬�$f�z(Ñ¥[]w�^kXizhuaj
^�eayn�7[]\�`hj�f�zV��f$w¬j��7[]zhX$� g_�a`hj�zV`Vy�`Vg

Rel ≤ Re1
c
f�^ku�g_�k[¥�AX��·y�`VbC��g¨��eazVzVwR\�[]z{f�y�`V^Af�\_`V«$[CTv±kXi\�g_�k[¾�AX$�

�$fij�[cÔWint
*
M = 3

�
Re = 4880

×�g_�k[mzhX¬�$f�z�Ñ¥[]w�^kXizhuaj¾^�eayn�7[]\´`hj�^k[$f�\_zVw��#[]zhX�� g_�a`hj¾zV`Vy�`Vg��k�aeag�� Xi\¥f
g_`V^�wL«$Xi^k[ �]zhXCj�[mg�Xcg_�k[���f�zVz>T 	¨�k[ �$fij�[Pj ÔWext

*
M = 3

�
Re = 3000

× �vÔWext
*

M = 4
�
Re = 3000

× �
ÔWext

*
M = 5

�
Re = 4880

× �8ÔWint
*

M = 1
�
Re = 3000

×¢f�^ku|ÔWint
*

M = 1.5
�
Re = 3000

×Yf�\�[
g_\�f�^kj_`Vg_`hXi^Af�z��$fij�[Pj¾���Af�\�fi�]g�[]\_`V«$[Pu���w�f z{f�\_b)[Y«$Xi^k[Y`V^�g_�k[m���Af�^a^k[]z����k[]\�[

Re1
c ≤ Rel(y) ≤ Re2

c

T

	¨�k[���\_`h�]g_`hXi^ÍÑ¥[]w�^kXizhuaj�^�eayn�7[]\
Reτ

\�[r� []\_\�[Pu|g�XÆXi^ 	�f��azh[Å~�ToSÅ`V^k�]\�[$fij�[Pjc���a`Vzh[Lg_�k[��AX�� b)[]g�j
z{f�y�`V^Af�\$T 	¨�k[�\�[$fij�Xi^Ì`hj g_�Af�g

Reτ
`hj �aea`VzVgRX��´d�eAf�^�g_`Vg_`h[Pj�ua[]g�[]\_y�`V^k[Pu f�g�g_�k[��PXizhu5��f�zVz�Xi^azVw·Ô

Tw
�

uτ
×Y���a`Vzh[cg_�k[]\�[c[ ��`hj_g j_g_\�Xi^ab�g�[]y��7[]\�f�g_ea\�[0bC\�fiu�`h[]^�g�j ��\�Xiy�g_�k[c��f�zVz¨g�XLg_�k[0�P[]^�g�[]\�X���g_�k[0���Af�^a^k[]z

���a`h���Lw¬`h[]zhu�Z�`hj��PXiekj�[rÒ7[P�]g�j�`V^�g_�k[¢�#Xiea^kukf�\_w0z{fPw)[]\$T 	¨�k[Y�PXiy�yRXi^azVw0ekj�[Pu�`V^k�PXiy��a\�[Pj�j_`V�azh[mua[r¦k^a`Vg_`hXi^
X���g_�k[´��\_`h�]g_`hXi^�Ñ¥[]w�^kXizhuaj¨^�eayn�7[]\�`hj�Xi�kj�Xizh[Pj��P[]^�g�� Xi\¨�PXiy��a\�[Pj�j_`V�azh[Y���Af�^a^k[]z'�AX���f�^ku�yRXi\�[¢b)[]^k[]\�f�zVzVw
^kXi^�q�fiu�`{f��Af�g_`h�n�7Xiea^kukf�\_wcz{f$w)[]\�j�!o� �'U]} �k~�}4#tT

É�!
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 �;� � 
 �

	¨�k[cf�^a`hj�Xig_\�Xi��wÆ`V^�ZCf�\_`{f�^�g y�f���`hjng_�k[R`V^�ZCf�\_`{f�^�g \�[]�a\�[Pj�[]^�g�f�g_`hXi^5X���Ñ¥[]w�^kXizhuaj j_g_\�[Pj�j�[Pj�!o�C� ���C� ���C $#tT
	¨�a`hjY`hjmf0ekj�[r��eaz��#XCj_g_�a\�X¬�P[Pj�j_`V^ab�g�X¬Xiz����a`h���ÆbC`VZ)[Pj�f�^�`V^ku�`h�$f�g_`hXi^ÕX��8g_�k[�j�g�f�g�[�X���g_�k[ g_ea\_�aeazh[]^k�P[�`V^
u�`§Ò7[]\�[]^�g�\�[]bC`hXi^kj���`Vg_�a`V^Lfm�AX��mTv¡¥zhj�X ��¡¥�Ö��f�zVzhX$��j¨g�X Z)[]\_`§��w����k[]g_�k[]\¾f j_`Vy�eaz{f�g�[Pu�Xi\�yRX¬ua[]zVzh[Puc�AX$�
�PXi^�g�f�`V^kj¥ea^a�a��w�j_`h�$f�zF\�[]bC`hXi^kj$T

	¨�k[´f�^Af�zVw�j_`hj�X���p'eay�zh[]wc!o�C�$#7bC`VZ)[Pj8`V^���Xi\_y�f�g_`hXi^Lf��7Xieag¨f�^a`hj�Xig_\�Xi��wcX��Fg_�k[¥z{f�\_b)[rqtj��$f�zh[Pj¨X��Fg_�k[¾yRX�q
g_`hXi^Âj_`V^k�P[Y`Vg¾ua[]�7[]^kuaj¾Xi^Âg_�k[nÑ¾[]w¬^kXizhuaj�j_g_\�[Pj�j�g�[]^kj�Xi\$T��8z{fij�j_`h�$f�zFg_�k[PXi\_`h[Pj¥X��(g_ea\_�aeazh[]^k�P[ fij�j_eayR[Yg_�k[
`hj�Xig_\�Xi��w�X��(g_�k[Yj_y�f�zVzh[Pj_g�j��$f�zh[Pj$T � �Yx¬j�X����3[]ea^ab0f�^ku � \�fij�j�[]ea\ !o CS$#F�AfPZ)[nj_�kX$��^Lg_�Af�g¾�a`VbC�Lzh[]Z)[]zhj�X��f�^a`hj�Xig_\�Xi��wRf�\�[�`V^ku�ek�P[Pu�f�g(g_�k[�j_y�f�zVz§qtj��$f�zh[PjvX���yRXig_`hXi^R���k[]^�f�^a`hj�Xig_\�Xi�a`h��� Xi\��]`V^abmX���g_�k[¨z{f�\_b)[Pj_gvj��$f�zh[Pj
`hjmf��a�azV`h[Pu'T 	 []^k�P[ �'`V^ÆXi\�ua[]\Yg�X��a\�X�Z�`hua[R`V^���Xi\_y�f�g_`hXi^Õf��7XieagYg_�k[Rf�^a`hj�Xig_\�Xi��wÅX��¨j_y�f�zVz§qtj��$f�zh[ yRXig_`hXi^ �p'eay�zh[]w � j¨`V^�Zif�\_`{f�^�g¾f�^Af�zVw¬j�`hj8�Afij��7[P[]^�f��a�azV`h[Pu0g�X g_�k[¥g�[]^kj�Xi\�j8��Xi\�g_�k[´Z)Xi\_g_`h�]`Vgtw0f�^ku�u�`hj�j�`V�Af�g_`hXi^0\�f�g�[
X�� 
¬`V^k[]g_`h�m[]^k[]\_bCw�!o~$#tT

	¨�k[Â^kXi^�qtu�`VyR[]^kj�`hXi^Af�z¢Ñ¥[]w�^kXizhuaj0j_g_\�[Pj�j�f�^a`hj�Xig_\�Xi��w|g�[]^kj�Xi\�`hj0ua[r¦k^k[PuÍ�Afij�[PuÍXi^Íg_�k[�Ñ¥[]w�^kXizhuaj
fPZ)[]\�f�b)[PuÂd�eAf�^�g_`Vg_`h[Pj¢fij

αij =
〈ũiũj〉 − 〈ũi〉〈ũj〉

2k
− 1

3
δij =

〈u′
iu

′
j〉

2k
− 1

3
δij

Ô�}kTo�)×

f�^ku�g_�k[mj�[P�PXi^kuLf�^ku�g_�k[mg_�a`V\�u�`V^�ZCf�\_`{f�^�g�j´X���g_�k[mf�^a`hj�Xig_\�Xi��w�g�[]^kj�Xi\¾�$f�^��7[Yua[r¦k^k[Pu�fij ��\�[Pj_�#[P�]g_`VZ)[]zVw

I2 = −αijαji

2

Ô�}kTo )×

I3 =
αijαjkαki

3

Ô�}kTVU!�)×

���k[]\�[
k
`hj�g_�k[Yg_ea\_�aeazh[]^k�P[�
�`V^k[]g_`h�m[]^k[]\_bCw

k = 〈ũkũk〉−〈ũk〉〈ũk〉
2

T�¡ j�`Vy�`Vz{f�\¥f�^a`hj�Xig_\�Xi��w�g�[]^kj�Xi\¾�$f�^L�7[
ua[r¦k^k[Pu��Afij�[Pu�Xi^�g_�k[Yua[]^kj_`Vg�w�q>��[]`VbC��g�[Pu�d�eAf�^�g_`Vg_`h[Pj¥f�^ku�`Vg���`VzVzF�7[¢u�`hj��]ekj�j�[Pu�`V^�x¬[P�]g_`hXi^L}kT } �a±�`VbCea\�[Pj
}kTVUCUCT

�t^�g_�k[��$fij�[�X��#`hj�Xig_\�Xi�a`h��g_ea\_�aeazh[]^k�P[ �)g_�k[�Xi^azVw ^kXi^�q>«$[]\�Xmj_g_\�[Pj�j�[Pjvf�\�[ 〈u′
1u

′
1〉 = 〈u′

2u
′
2〉 = 〈u′

3u
′
3〉 =

2
3k
f�^ku

I2 = I3 = 0
T

�t^Âg_�k[n�$fij�[mX��3f ��`hj_w¬y�yR[]g_\_`h�mg_ea\_�aeazh[]^k�P[ �#g_�k[m`V^�Zif�\_`{f�^�g�j¾\�[Pu�ek�P[�g�X�g_�k[Y� XizVzhX$��`V^ab�f ��`hj_w�y�yR[]g_\_`h�
\�[]z{f�g_`hXi^

I3 = +2

(−I2

3

)3/2

(axisymmetric expansion)
Ô�}kTVUCU�×

I3 = −2

(−I2

3

)3/2

(axisymmetric contraction)
Ô�}kTVU$S)×

	¨�k[�gt�8XYu�`§Ò'[]\�[]^�g�yRX¬ua[Pj(X��#f ��`hj_w�y�yR[]g_\_w�! }� $#Af�\�[E* � � .0<:74O·O 

�@;�.@?�?M24/��@; ��? �@.N24/ �)�$f�ekj�[Pu���w�j_g_\�f�`V^�q
`V^abL`V^ÕXi^k[Ru�`V\�[P�]g_`hXi^Ìf�^kuÆ�PXi^�g_\�fi�]g_`V^ab�`V^Æg_�k[cXig_�k[]\ng��8X ��f�^ku � � .0<:74O·O 

�@;�.@? 
 � 9 �4/l<:.N24/ ���$f�ekj�[Pu���w
j_g_\�f�`V^a`V^abcg_�k[n�AX$�:[Pd�eAf�zVzVw�`V^Âgt��X�Xi\_g_�kXib)Xi^Af�z(u�`V\�[P�]g_`hXi^kjYf�^ku��PXi^�g_\�fi�]g_`V^ab�`Vg¾`V^�g_�k[ng_�a`V\�u'T¾pF[P[ f�^ku
Ñ¾[]w¬^kXizhuaj ! }� �#�j_eabCb)[Pj_g�[PuLg_�Af�g�g_�k[¢�Af�\�f�yR[]g�[]\

A
�kua[r¦k^k[PuÂfij

A =
I3

2(−I2/3)3/2

Ô�}kTVU$~)×

y�`VbC��g¾�7[Yekj�[PuLfij´f yR[$fij_ea\�[mX��3f ��`hj_w¬y�yR[]g_\_wV*�ZCf�zVek[Pj
A = −1

f�^ku
A = 1

�PXi\_\�[Pj_�#Xi^kuÂg�X�� \�X¬u¬q>zV` 
)[��
f�^ku � u�`hj�
�q>zV` 
)[��ag_ea\_�aeazh[]^k�P[ �k\�[Pj_�7[P�]g_`VZ)[]zVw)T

É7G
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�?$'> "
M Re −I2 I3 A

��� ; �Wbody
�

0.3 3000 0.208 0.032 0.876

1.0 3000 0.216 0.035 0.906

1.5 3000 0.239 0.043 0.956

2.0 3000 0.252 0.047 0.965
��� ; �Wbody

�
1.0 4880 0.234 0.041 0.941

3.0 4880 0.276 0.055 0.985

��� ; �Wext
�

3.0 4880 0.273 0.054 0.984

��� ; �Wint
�

0.3 3000 0.203 0.031 0.881

1.0 3000 0.257 0.049 0.977

1.5 3000 0.281 0.057 0.994
��� ; �Wint

�
0.3 4880 0.229 0.039 0.925

0.7 4880 0.242 0.044 0.960

1.0 4880 0.259 0.049 0.966

1.5 4880 0.273 0.054 0.984

	�f��azh[Y}kTVUE*�� ( �'$'��� $'( � � $ � ����� 
)� ��� � ����� ! � 
�� ( �

 0
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 0.6
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〈ũ〉/ub %

y/h

� ���
Wbody

���
Re = 4880

�
M = 3

 0

 0.4

 0.8

 1.2

 0  0.2  0.4  0.6  0.8  1
 0

 1

 2

 3

 4
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∂y

= −d〈p̄〉
dx

+
∂

∂y

(

〈µ̃〉∂〈ũ〉
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〈ρ̄〉〈ũ〉∂〈H̃〉
∂x

+ 〈ρ̄〉〈ṽ〉∂〈H̃〉
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〈ũ〉
ub!�*�# ��0 \ �D8�EJ8 � /10S(-8�� 03/��[]C8 W

+o��5=/���
��>U�x8�-,�� E'8:0�Qa=�2SR 6A5J0 !�8?E�@[B O 0'O;E 2NTAE 8:0'FHE�5 FHBD8?8 0;</23T�E QNT�BD1�1AE'8/B 2LY�=���E�5JE'1-2[@32I5JE'BDK[FM=?@3E
@I2NB 23=?0;1�@ ` 5JE'e;=?0;1 1�0;1�\ Y�=:@3230;5$23E'Y V B;XJU�4�69@32I5JE'BDK 0�< 23T�E K B 
�=?KL4�K YA=?@I2N0C5$2N=:0�1 V1O XJU YA0'FM1�@I235JE�BCK
0;< 23T�E[K B 
�=:K 4AK Y�=:@3230;5$23=?0;1 V Q�X BD1�Y 0�< 23T�E 5JE'Q 0'O;E�5J=:1�e c90'F V Y X U � T�ELB 5$5J0'F @3T�0'FM@M23T�E 235$E'1�Y
0;< 2NTAE 6A5J0 !�8?E�@]=:1b2NTAE7c90'F Y�=�5JE'Q^2N=:0�1 U

���



� � ��� �����;
+�	��� � �-� ��
a� �

	 ��
 ��� .0"�� ,  2���! �	( ��"���1�� �312"�� , ���-+ (

� ���!���� ��!4)���� g� ` 4)��
F�! �������4)�����?;^�� CD=�!�)�+�! C4��6�� �0>���8�!4�
��64)���!4\4)��
�#��8$ �! �������4)�����C;^���\$@
8�!JK��;[�Sj*
��"4�
�0
�C; 4)��
e�)4)��
8�!�\$3����
r��0>DE
"����
q����
�����/���
�5=����0>��
" C48U +p��5=/���
r�>U�x"Z[�����8$A��4)��
��� ?D��!�)�+�! ?4F�F�!��� ` ��������4)�
�)���\/��+�!4)���� ��8B�$3����4)�n�! �0q$3��4)����/�4A�*
"�)4)/��)���!4)���� MU��	��
\
" C4)����
\0>����4����)4�
�0�#��8$	a�
"��0r���3������4)4�
�0e�� e��48U

�l
"4��!����
�02�! ��!��;>�)���7���7�8�!�)�)��
�02��/�4 ` ���70>�-j*
"��
" ?4F���K�8�!4)���� ��F�� Y4)��
e0>���)4����)4�
�0�#��%$ | +p��5=/���
n�>U�x8�E~{U#
�64)��
1#��8$ �!�������E������
��7�F�S�>���\/�� 0>���)4����)4)���� | +p��5=/���
e�>U�x8� | �E~{Bh��
 ` 4 ~\4)��
1 �
8�!�d,.$'�!���A4)/��)��/���
" ���
q�����
�����
"�\������ �5�4)��
_�S�>���);K���7
"4)�)���I
{�>���! ��)���� 4)/��)��/���
" ���
_$3��4)� 4)��
I$'�!���:#��8$ 4�
" �0>�� �5�4��%$'�!��0��e�� �
{,
���������� �
" ?4r4)/��)��/���
" ���
 | +p��5=/���
[�>U�x8� | �E~{B:�)��5=�C4 ~{U +������ 4)��
s�F�S�K���m/�� 0>���)4����)4)���� �*���� C4 | +o��5=/���
�>U�x8� | ��~{B*��
 ` 4(�! �0_�>U�x8� | ��~{B*�)��5=�C4 ~{B*�*��4)�s$'�!���h�! �0I4)��
m �
8�!�d,.$	�!���]4)/��)��/���
" ���
c4�
" �0I������Jr4��%$'�!��0��T4)��
�� ���4)�+�!�M4)/��)��/���
" ���
=U

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

-0.01  0  0.01  0.02  0.03  0.04  0.05  0.06

−I2

I3!�"N#"W �m91HC8<5+9$2 94/10S"<>)W �D240 "N* ��03/1240 ?+/10-242456/10#\:/ "N* �D0-EF9

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

-0.01  0  0.01  0.02  0.03  0.04  0.05  0.06

−I2

I3!&% #EW �m91H&2 94/10)"<> W �n240�"3* � 03/1240 ?+/10-242456/10�\</ "N* �D0-EF9
+o��5=/���
��>U�x"Z�, ��1�=:@N0C235J0C6 R =?1-ODB 5J=:BD1-2 K B 6 <�0;5

Wint

@30�4�5JQaE
2NEa5JK @N=:K 4A8?B 23=?0;1�@7B 2
Re = 4880

�
M = 0.7

FM=�2NTA0�4A2 V B;X BD1�Y FM=�2NT V4O XG6�Ea5$2N4�5 O B 23=?0;1�U � T�E 6�5$0 !98:E'@PB 5JE
@NTA0'FM1 <�0;5 23T�E
1�E'B 5N\ FHBD8?8
5$E'e�=:0�1b0;< 2NTAEP8?0'FHE�5GFHBD8?8d0;1�8�RBU � 1A=?@30;2I5J0;6 R K B 6 O 0�4�1AY�B 5J=:E'@ V \[\ \ XFU

	 ��
 ��
 �  +��	�-� + �	���! #"�$ &'�)(�"� �*�+%, .0"�12*3 $ (��  � �!�%��� ��12"%"%� *
	���
 �	&0.��

#H &���������)4��! ?4������� ?49�� &4)/��)��/���
" C4e����������
�����������
r#��%$A�1���F4)��
IGn���)JE�%D?�� MLN���?;?�*��4)��
��)���8U $M
"DE
"���q� `
#�/��"4)/��!4)�� �5FD=�!�)�+�!����
�� ` ���	4)��
T�)���m/��+�!4)���� r$3��4)����/�4H��4)��
8�!�\$3����
\��0>DE
"����
l����
����)/���
l5=����0>��
" C4:�!��
(�)���8$3 
�� +p��5=/���
r�>U�x8P>U��	��
";��!��
��� �5E�?�K0��!5=��
�
"�7
" C49$3��4)��4)���=��
 ` ����4)��
 ` /�����; 0�
"DE
"�����*
�0Y�����! � �
"�3#��8$

{�>��
"��4 ` ���l4)��
�����
����)/���
=BM$3�������[����5=�?4(�*
�0>/�
c4���4)��
�����
����)/���
�0>�����^
{jV
��"4($3�������i0��?
��T ���4T���+�8;s�
������
\�� n4)��
\�*
"�)���?0>���8�!�p�8����
=U[N:
"DE
"�)4)��
"��
����8B�4)��
\����
����)/���
\�"�)��4�
"�)���� s���
�\/����s�*
"4)4�
"�HDE
"�)�-a�
�0n4)���! n4)��

4���4��!�K4�
"���*
"���!4)/���
3���� �0>��4)���� MU �	��
'�F�S�K���m/�� �)�7� ����
����)/���
�D=�!��/�
��]�!��
'��
�����4)���! 7�!�*��/�4

0.5% | +p��5=/���
�>U�x8P | �E~)~3
"DE
"�);K$3��
"��
T�� e4)��
T�����! � �
"�.B��!��4)����/�5=� ` ���34)��
:a����)4H�)���!4)�+�!�o��������/�4��!4)���� ��!���*����4)��
T��
"DE
"��� `����
����)/���
F#�/��"4)/��!4)���� ��c��� ` ��/� �0[�+�!�)5E
"�8U�#
/���4�
9�+�!�)5E
14)/��)��/���
" C4�GI�����g C/��\�*
"�c��� ` ��/� �0VB]
��)�*
��"�+�!����;
 �
8�!�T4)��
m$	�!����� | +p��5=/���
7�>U�x8P | �%~)~{Uc�	��
m�+�!�)5E
�0�
" �����4<;_�! �0s4�
"����
"���!4)/���
6#�/��"4)/��!4)���� ��6�!��
c�������?�"�+�!4�
�0$3��4)��4)��
� �
8�!�d,.$'�!���

Mt | +p��5=/���
��F�>U�x8P | 
%~��! �02�>U�x8P | 0�~{B@��
�����
��"4)��DE
"��;�~{U��	��
q
" C4)���������r�7�?0�
����� ���4
 �
"5=����5=������
\�)�� ���
l4)��
T�F�S�>���\/�� �)�7�34���4��!�M4�
"���*
"���!4)/���
(D=�!��/�
��3���H�!����/� �0

7% | +o��5=/���
m�>U�x8P | ��~)~{U

� �



� � ��� �����;
+�	��� � �-� ��
a� �

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0  0.002 0.004 0.006 0.008 0.01 0.012 0.014
 0.25

 0.26

 0.27

 0.045  0.05  0.055

!�"$#$5C?+2 94/10)"<> 8 �	> " Z �D> 5+> * �n2 918:/493�D8�E

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0  0.002 0.004 0.006 0.008 0.01 0.012 0.014
 0.21

 0.22

 0.23

 0.24

 0.25

 0.26

 0.27

 0.04  0.045  0.05  0.055

!&%'#9*+8YW EC2 94/10)":> 8 �	> " Z �D> 5C> * �D2 918</493�D8�E
+o��5=/���
T�>U�x8�-, ��0�0�K 0�<�23T�E BC1A=?@30;2I5J0;6 R K B 6 VSRTR X 4A6�@32I5JE'BDK 0�<�K
B 
�=:K 4AK YA=?@I2N0C5$2N=:0�1 V B�X BD1�Y
YA0'FM1�@I235$E'BDK 0�< K B 
�=:K 4�K YA=?@I2N0C5$2N=:0�1 V4O X U5� TAE B 5$5J0'F @3T�0'FM@G2NTAEL2I5JE'1AY 0�<�2NTAEL6A5J0 !�8?E'@�=:1 23T�E
c�0'F Y�=�5JE'Q^2N=:0�1 U ��1�=:@N0;2I5J0C6 R K B 6 O 0�4A1�Y�B 5J=:E'@ V \L\L\HX U

� �



� � ��� �����;
+�	��� � �-� ��
a� �

 0.001
 0.0015

 0.002
 0.0025

 0.003
 0.0035

 0.004
 0.0045

 0.005
 0.0055

-1 -0.5  0  0.5  1

 

y/h
�����������
	��
	����
��	�� ��� )���� ) �

prms/〈p̄〉

!�"N# .	/10-242456/10

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

-1 -0.5  0  0.5  1

 

y/h
������������	��
	�������	�� ��� )���� ) �

Ttrms/〈T̃t〉

!&%'#$7%8<9 ":; 9103>@?�03/ ":9156/10

 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0.06
 0.07
 0.08
 0.09
 0.1

-1 -0.5  0  0.5  1

 

y/h
�����������
	��
	����
��	�� ��� )���� ) �

Mt

!&( #
Mt =

√
u2

rms+v2
rms+w2

rms

γR〈T̃ 〉

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

-1 -0.5  0  0.5  1

 

y/h
������������	��
	�������	�� ��� )���� ) �

Trms/〈T̃ 〉

!�*�#$7%0->@?�03/ "d915+/10

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

-1 -0.5  0  0.5  1

 

y/h
�����������
	��
	����
��	�� ��� )���� ) �

ρrms/〈ρ̄〉

!�0 #��S03EC2��m9��

 0
 0.005

 0.01
 0.015

 0.02
 0.025

 0.03
 0.035

 0.04
 0.045

-1 -0.5  0  0.5  1

 

y/h
������������	��
	�������	�� ��� )���� ) �

µrms/〈µ̃〉

!�� #��	�D2 (-8<2��m9��
+o��5=/���
��>U�x8P-, � 69B 23=?BD8 Q$T�BD1A1�E'8 `G6�5JE'@3@N4�5JELc�4�Q^2N4ABD23=:0�1�@ V B;X$U 230;23BD8 23E'K 6�E�5JB 234A5JE[c94�Q^234�B 2N=:0�1A@ V4O X$U234A5 O 4�8:E'1-2�P BDQ$T 1 4�K O E�5 V Q�X$U 23E'K 6�Ea5JB 2N4�5JE c94AQ 234�B 23=?0;1�@ V Y X$U7Y�E�1�@N=�2SR c94AQ 234�B 23=?0;1�@ V EDX BD1�Y
O�=:@NQ 0�@3=:2 Rbc94AQ 234�B 23=?0;1�@ V <$XJ`]<�4�8:8:R Y�E�O;E'8:0;6�E'Y�Q$TABC1A1�E'8 V �

X BD1�Y @36�B 2N=:BD8�Q 0�K 6�4A23BD23=:0�1�BD8 O 0 
�E'@ VRTR XFU
�	�



� � ��� �����;
+�	��� � �-� ��
a� �

 0

 0.001

 0.002

 0.003

 0.004

 0.005

-1 -0.5  0  0.5  1

 

y/h
�����������
	��
	����
��	�� � � � � ��� � 	��

prms/〈p̄〉

!�"N# .	/10-242456/10

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

-1 -0.5  0  0.5  1

 

y/h
������������	��
	�������	�� � � � � ��� � 	��

Ttrms/〈T̃t〉

!&%'#$7%8<9 ":; 9103>@?�03/ ":9156/10

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

-1 -0.5  0  0.5  1

 

y/h
�����������
	��
	����
��	�� � � � � ��� � 	��

Trms/〈T̃ 〉

!&( #$7%0->@?�03/ "d915+/10

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

-1 -0.5  0  0.5  1

 

y/h
������������	��
	�������	�� � � � � ��� � 	��

ρrms/〈ρ̄〉

!�*'#��S0-E+2��m9��

 0
 0.005

 0.01
 0.015

 0.02
 0.025

 0.03
 0.035

 0.04
 0.045

-1 -0.5  0  0.5  1

 

y/h
��� �������
	��
	�������	�� � � � � ��� � 	��

µrms/〈µ̃〉

!�0 #��	�D2 (-8�2��m9
�
+o��5=/���
n�>U�x%y�, � =?@I2N0C5$2NE�Y Q$T�BD1A1�E'8 `�6�5JE'@3@N4�5JEbc94AQ 234�B 23=?0;1�@ V B;X$U 2N0C2NBD8 23E'K 6�Ea5JB 2N4�5JEbc94AQ 234�B 23=?0;1�@
V4O X$UH2NE'K 6�E�5JB 234A5JE c94�Q^234�B 2N=:0�1A@ V Q�XJUHYAE'1�@3=:2SR c94AQ 234�B 23=?0;1�@ V Y X BD1�Y O�=:@NQ 0�@3=:2 R c�4�Q^2N4ABD23=:0�1�@ V EDX$`<W4�8:8:R Y�E�O;E'8:0;6�E'Y Q$T�BD1�1AE'8 V �

X/BD1�Y_@I69B 23=?BD8dQ 0�K 694�2NB 23=?0;1�BD8 O 0 
�E�@ V RTR XFU
�M�



� � ��� �����;
+�	��� � �-� ��
a� �

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

 

y/h

�����������
	��
	����
��	�� ��� )���� ) �

−Ru′v′ = − 〈u′v′〉
urmsvrms

!�"$#$5�� (38</4/10-; ":93�D8<E

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

 

y/h

������������	��
	�������	�� ��� )���� ) �

Ru′T ′ = 〈u′T ′〉
urmsTrms

!&% #�569�(-8</4/10-; "d93�n8<E

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-1 -0.5  0  0.5  1

 

y/h

��������� �
	���	����
��	�� ��� )���� ) �

c = 1
Prm

!&( # G�� � �
c
(38F0	� ( �D0-EF9

+o��5=/���
6�>U�x8}-, ��6�BD23=:BC8 Q$T�BD1�1AE'8 `/Q 0;5N5JE'8:BD23=:0�1_Q 0�E 
 Qa=:E'1-2M<�0C5 23T�E ��E�R�1�0;8?YA@ @32I5JE'@3@ 2NE�1�@N0C5 V B;X$U Qa0C5N\5$E'8?B 23=?0;1bQ 0�E 
 Qa=:E'1-2/<�0;5G23T�E7234A5 O 4�8:E'1-2 TAE'B 2 c94�
 V4O XHBC1AY�P���� �
c
Qa0�E�
 Q =:E'1-2a`><�4�8:8�R YAE�O;E'8?0C6�E'Y

QNT�BD1�1AE'8 V �
X/BD1�Y_@I69B 2N=:BD8 Q 0�K 694�2NB 23=?0;1�BD8 O 0 
�E'@ V RTR X U

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

 

y/h

�����������
	��
	����
��	�� � � � � ��� � 	��

−Ru′v′ = − 〈u′v′〉
urmsvrms

!�"$#$5�� (38</4/10-; ":93�D8<E

 0

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.5  0  0.5  1

 

y/h

������������	��
	�������	�� � � � � ��� � 	��

Ru′T ′ = 〈u′T ′〉
urmsTrms

!&% #�569�(-8</4/10-; "d93�n8<E

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-1 -0.5  0  0.5  1

 

y/h

��������� �
	���	����
��	�� � � � � ��� � 	��

c = 1
Prm

!&( # G�� � �
c
(38F0	� ( �D0-EF9

+o��5=/���
'�>U�x8�-, � =:@3230;5$23E'YPQ$TABD1�1�E�8 ` Q 0;5$5$E'8?B 23=?0;1 Qa0�E�
 Q =?E�1-2 <�0;5�23T�E � EaR�1�0�8:Y�@ @I235$E'@N@ 23E'1A@N0;5 V B�X$UCQa0C5N\5$E'8?B 23=?0;1bQ 0�E 
 Qa=:E'1-2/<�0;5G23T�E7234A5 O 4�8:E'1-2 TAE'B 2 c94�
 V4O XHBC1AY�P���� �
c
Qa0�E�
 Q =:E'1-2a`><�4�8:8�R YAE�O;E'8?0C6�E'Y

QNT�BD1�1AE'8 V �
X/BD1�Y_@I69B 2N=:BD8 Q 0�K 694�2NB 23=?0;1�BD8 O 0 
�E'@ V RTR X U

��f



� � ��� �����;
+�	��� � �-� ��
a� �

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

-1 -0.8 -0.6 -0.4 -0.2  0

 

y/h

<v′T ′>
uτTτ

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 

y/h

��������� �
	���	����
��	�� ��� )���� ) �

lhs
rhs

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 

y/h

������������	��
	�������	�� � � � � ��� � 	��

lhs
rhs

!�"$# � �K5�":93�D8�E�	�� 
��

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

-1 -0.8 -0.6 -0.4 -0.2  0

 

y/h

<v′T ′
i >

uτTτ

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 

y/h

��������� �
	���	����
��	�� ��� )���� ) �

lhs
rhs

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 

y/h

������������	��
	�������	�� � � � � ��� � 	��

lhs
rhs

!&%'#�� �F5'"d93�D8�E
	 � 	��
+o��5=/���
e�>UQ�=z-, � E'K 6�E�5JB 234A5JE V B;XLBD1�Y 230;23BD8]23E'K 6�Ea5JB 2N4�5JEb@32I5JE'BDK[FM=?@3E O;E'8:0�Q =�2SR Q 0;5N5JE'8:BD23=:0�1 V4O X U
� E'<W2 ` .�� ��� � ��1�BD8?0;e;R V 2

X$U Y�=�5JE'Q^2_Qa0;K 694A23B 2N=:0�1�` <�4A8?8�R Y�E�O;E'8:0;6�E'Y QNT�BD1�1AE'8 c90'F V �
X$U

@I69B 23=?BD8:8:R[Y�EaO�E'8:0;6�E'YLQ$T�BD1A1�E'8�c90'F B 2
x

4πh
= 2.5 V \ \�\�X BC1AY Y�=:@3230;5N2NE'YLQ$T�BD1A1�E'8�c�0'F B 2

x
4πh

∼ 2.55
V�RTR X U � =:e�T-2 ` <W4�8:8:R Y�E�O;E'8:0;6�E'Y Q$T�BD1�1AE'8 V �

X/BD1�Y_@I69B 23=?BD8dQ 0�K 694�2NB 23=:0�1�BD8 O 0 
�E'@ V RTR XFU

� �



� �&� ������� � 
a�

$M
"DE
"���3� ` #��%$ D��!�)�+�!����
��@#�/��"4)/��!4)���� �� ` ���@4)��
l�)���m/��+�!4)���� q$3��4)�q�)4)��
8�!�\$3����
T��0>DE
"����
:����
�����/���

5=���S,
0>��
" C4T�!��
(�)���8$3 n�� +p��5=/���
m�>U�x%yKU	�	��
m0>���)4����)4)���� r�*
"�� �5F���K�8�!�o�! �0e$'
8�!J�B�4)��
T#�/��"4)/��!4)���� ��:��
"DE
"���
�!��

�����)���8�!����;�4)��
T���!�7
\��� ` ���34)��
(�)���!4)�+�!����;�0�
"DE
"�������� �59��� ` ���34)��
 ` /�����;�0�
"DE
"�����*
�0e�����! � �
"��#��8$A�A�� q4)��

 �
8�!�d,.$'�!������
"5=���� MU w �� ?4)���!�);EBM�� _4)��
�������
�� ` 4)��
������! � �
"���+�!�)5E
"�T��
"DE
"���\�!��
 ` ��/� �0VUmf2��4)�_�F�S�>���\/��
�)�7�o����
����)/���
'D��!��/�
��p��
����p4)���! 7�!����/�4

0.5% | +p��5=/���
	�>U�x%y | �E~)~p
"DE
"�);K$3��
"��
'�� c4)��
@�����! � �
"�.BE4)��
3������/��)4)����"�)��4�
"�)���� F���]�*
"4)4�
"�hDE
"�)�-a�
�0�4)���! 94)��
3
" C4)���������:���� �0>��4)���� MU]�	��
3�+�!4)4�
"�h���] ���4h �
"5=����5=������
=B?4)��
3�F�S�>���\/��
�)�7�34���4��!�M4�
"���*
"���!4)/���
(�*
"�� �59�!����/� �0

7.5%
U

#
�M����
���
" C4�
�0\�� (4)��
��K
��"4)���� \Z�U yKB��'���=����4)��DE
h�����)��
"�+�!4)���� \�*
"4<$'
�
" m�)4)��
8�!�m$3����
hDE
"���K�"��4<;:#�/��"4)/��!4)���� ��
�! �0^4�
"���*
"���!4)/���
�#�/��"4)/��!4)���� ��6��� ` ��/� �0_�� [4)��
7��/>j*
"�m��
"5=���� [�+��;E
"� | +p��5=/���
��6�>U�x8}n�! �0[�>U�x8�E~{U�t<4(��� ���4)����
�0r4)���!4:4)��
\�)��
8�!�l�)4)��
����
�����)��
"�+�!4)���� ^�! �0e4)��
6G��%
&#

c
���K
��F�"��
" C4T��
�
"� 4��F�*
T�m/����_��
" ��)��4)��DE


4���4)��
T0>���)4������)���� MU
�	��
\0�
"�)��DE
�0eG��%
j# ��
"�+�!4)���� �� ` ���A4)��
\�����! � �
"�M#��%$A� | Z�UQ�=}E~A�! �0 | Z�U ZCzE~A�!��
(��/�����
���� ` /�����;��!��������
�0` ��� �*��4)�c����������
����)������
'#��8$A�8BE$3��4)�F�! �0m$3��4)����/�4@�)4)��
8�!�\$3����
	����
����)/���
'5=����0>��
" C4 | +p��5=/���
��h�>UQ�=zT�! �0�����B��
��)��
��"4)��DE
"��;�~{U:�	�����:�!�����%$A�l/��H4��1���� ��"��/�0�
64)���!4
4)��
m�7�?0>�-a�
�0I�)4)���� �5 
H
";K �����0��:�! ��!����5=;n0�
"DE
"������
�0

` ���34)��
(�����! � �
"�����3D=�!����0�$3��������
"DE
"�l����/�����
l4�
"�)� ���
�����! � �
"�o���� >a�5=/����!4)���� n���3/���
�0VU

	 W1V �
� �!� h#" \
t< m4)�����p�����!��4�
"�pa����)4 �A�7�?0�
"�>� ` 4)��
�4)/��)��/���
" C4h����������
����)������
@#��%$ 0�
"DE
"�������� �5T�)���!4)�+�!����;($	���pD��!����0��!4�
�0VU
t< >#��%$ �! �0I��/�4d#��8$ ���� �0>��4)���� ��:$@
"��
6����
���JE
�0n�� I4�
"�)�7�:� ` �� ��)4��! C4��! �
���/��(�! �0n�7
8�! nD=�!�)�+�!����
��8UA�	��

�)4)��
8�!�\$3����
s0�
"DE
"�������7
" ?4e� ` 4)��
���
nD��!�)�+�!����
��1�� �0>���8�!4�
��q0>�-jV
"��
" ���
��9�*
"4<$'
�
"  ��!4)/����!����;20�
"DE
"�������� �5
�! �0i�*
"�)���K0>���9�����! � �
"�	#��8$(U�# �F�!�� g��
��)/���46���m4)��
9�����7��5E
" �
"��4<;g� ` 4)��
1kC/��! ?4)��4<; 〈T̃ 〉−Twx

Twx

Us�	�C/��8B
4)��
\�?;?�*��4)��
��)���
�F��0�
\4��10�
"�)��DE
\4)��
 Wint

����/�����
\4�
"�)� /���
�0r4��F�7�K0�
"�o4)��
\����
����)/���
60>�����n�� s� ` /�����;
0�
"DE
"������
�0e�����! � �
"�M#��%$ ���3D=�!����0��!4�
�0VU

N

{�>48Bo�1�*�K0>; ` �����"�� �5e�7
"4)���?0[� ` ����4��!�� ��� �5s�14)/��)��/���
" C4\�� �����������
����)������
7��/�������
eOQ�=��Rh�����T��
�
" 

{�K4�
" �0�
�0s4��e�1����������
����)������
74)/��)��/���
" C4T#��%$(U6�	��
������\/��+�!4)���� ^$	���(�)���8$3 _4���5E
" �
"���!4�
7�1$'
8�!Js�! �0
���?�8�!�30>���)4����)4�
�0 ��
"5=���� ��� 4)��
F#��%$ $3��
"��
14)��
10>����4)�)����/�4�
�0 ` ������
9$'���7�!��������
�0VU^�	��
9#��%$  �
8�!�64)��

4)��
����8$'
"�m�)/�� ` ����
c$'���T�� ?DE
��)4)��5C�!4�
�0^/����� �5n�! �������4)�����C;s�� ?D��!�)�+�! ?4��6�! �0s�� ��)4��! ?4��! �
���/��\DK���)/��!����X%�!4)���� MU
w ���)��
"�+�!4)���� ��m�*
"4<$'
�
" [DE
"���K�"��4<;[�! �0_4�
"���*
"���!4)/���
F#�/��"4)/��!4)���� ��\$'
"��
F
{���!���� �
�0^/��)�� �5e4)��
F�7�?0>�-a�
�0
�)4)���� �5 


";? �����0��l�! ��!����5=; ` ���H4)��
m�����! � �
"� | w � �%
&#l~{U��	��
\�)��
8�!�:�)4)��
����
�����)��
"�+�!4)���� MB�G��%
j#

c
���K
 ` ,

a��"��
" C48B���
8�!4:�! �0q4���4��!�M4�
"���*
"���!4)/���
l#�/>�>
��H$@
"��
 ` ��/� �0q4��c�*
l�7����
(��
" ��)��4)��DE
(4��c4)��
(0>���)4����)4)���� MU
�T�!4�� ` ����� 4)��
q�)���m/��+�!4)���� ����� CDE
��)4)��5C�!4�
�0��� �4)�����������!��4�
"�7$3�����3�*
F/���
�0����7�r��
 ` 
"��
" ���
 ` ���64)��


�7�?0�
"������ �57$'���)J��� w ���!��4�
"���:yc�! �0r}>U

���



������� �����

	 
 � � � 
�� � � � ��� ��� �



����������	�
��

� ���������$�#�$. � �$01*$./���L����%#'

�������
	���
�������������
����������� !�#"%$'&(��)����+*,������-.�0/1 ��32���2.���!�!"%	4 !�� �	'�
	� !
5�(�6���'&(�
�7&(��8+ ���
���9;:����
�(�<��&(�+*������&��� !
'8>=?&(���@�����A/����!� ,B�����A !
'
���&�*'C'24DE��&F��
�	G��2'�(��&H�I�
"���&(��9KJ#
L�����M��2'�(��&H�I��"���&N�����A�O ����
�+�� !�#"L�PDQ�
���(���&(�M
���8+�! !8+ !C'���+*R���S������/H
T !

+U !8+2'&(�
�WV49!XPYZV49\[']^��_P9 $`��&�8��a���������
�S��&(�A=^��2'
�	T��
�	b������"b��&(�M/c���!�`&(�
�(���!���
	2��� !
'8 $`��&�8���d,	'	4" �O !�e2'�I���� ���
���9�JZ
6������ !
'
���&M�I�
"���&�*f�����>&(��8+ ���
g�����+�(�
���M�(�L�����>/����!�h*`�����i�PDE�
���(�j��=�O ��(�
�+�( !�#"k����
'
����MCQ�3
���8+���
���(�
	%��
�	;$'�I�
";��
l !�i$R��&�����
O�M&(�����> !
6�����3CQ���.�
�� ���&j��=K�����3/c���!�B�I��"���&�]m=n��&�Po'���i$'���+*E !
%�<�(��$.��&����(�
	;/����!�B�I�
"���&p_P93J#
;���' ��A�I�
"���&M�����>�������!�,���������
�A��&(�>$'&(�
	'���i !
.��
O�e��
�	 $qd �k �����
�(�A������ ���
5�j !
l�� !�e2'�I���� !
'8G�������b9a:����3C'24DQ��&A�I��"���&M ��A�����e !
O�(��&����
	4 I���(�i&(��8+ ���
lCQ���#/K�
��
g�����e !
'
���&��
�	G�����j��2'�(��&N�I��"���&(��9
+U !8+2'&(�
�SV49!XPYZV49\[i	'�
�(��&� !CQ�A=n2'�!�!"<	'����������$Q�
	L-.�0/r��
�	b��$.���� I���!�!"L	'����������$' !
'8�-.�0/s/H !���k��
�	L/H !������2'�����&(�����a/H ��(�j��	4����&(���A$'&(�
�(��2'&(�W8+&���	4 ���
5�H !
L�(��&����H��=f��2'&�C'2'����
O�N�� ��(�
�+�� !�#"<��
�	L��2'&�C'2'����
5�N�
��
�	42����� !�� !�#"�*��2'&�C'2'����
5��tB&���
�	4���u
O2'�aCQ��&���
�	��i vo4�
	7tB&���
�	4���.
O2'�aCQ��&�*O=n��&����!�.�(��2'&(�
�N�(��&�������
�	i�+��&� ���2�� 
S��"O
�����	'���
�	xw;���(�y
O2'�aCQ��&(�g]n�(�
�6:f��C'���%V49!X0_P9z:����
�(�;��&(�6�����k
��
�
	'�
	y{O2.��
5�� !�� ��
�<=^��&L���O	'���!�! !
'8�9zJZ
|�����
�����&}Yh/c���!�j&(��8+ ���
q*A���!�A�����
�(�;{52.��
O�� !�� ��
�G�.�
���;�����;�������6CQ���.�
�� ���&G/H�' ��(��������&T�(��2'&(�
�6�(��&��~��&<-.��/�
��
4)�8+2'&����� ���
6 ��W�
��
��� �	'��&(�
	E9 �S��&(�+*Q���S����
5�� ���
��
	l��CR�0���+*R�����j�� ��(�
�+�� !�#"b�PDE�
���(�M��&(�a	'���i !
.��
O��9S:��' ��������&� !C'2'�(�a��=������A/c���!�vYhCQ��2'
�	'�
	b-.�0/�/H !�!�qCQ�A2��(�
	G !
G/H�.���H=^���!����/N�N=n��&H�����M����	'���!�! !
'8�	'����������$'����
O�(��9

-25
-20
-15
-10
-5
 0
 5

 10
 15
 20
 25

-1 -0.5  0  0.5  1

 µt/µ

−λt/λ

Rec
τ ↗ Rec

τ ↗

Wext/Wbody Wint

y/h

!�"N# �	�D2 (-8<5C2 � 03/1245C2 915+/ %+5C;D0-EF9
� �D2 (-8�2��m9
��� (-8�E�*+5a(393� � �m9
�

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-1 -0.5  0  0.5  1

 Prt

Wext/Wbody Wint

y/h

!&% #$7B5+/ %C5+;D0-EF9 .	/ ":E'*691;=EK5C> %�03/

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-1 -0.5  0  0.5  1

 Prm

Wext/Wbody Wint

y/h

!&( # G � Z+0S*N. / "<E'*K91;BEK5+>>%�03/

+f !8+2'&(�MV49!X , � =:@NQ 0�4A@HO;E�5J@34�@ 2N4�5 O 4A8?E'1-2HO�=:@NQ 0�@N=�2SRERDQa0;1�Y�4AQ 23=�O�=:2SR V B;XJUA2N4�5 O 4A8?E�1-2&M 5$BC1AYA238 1 4AK O E�5
V4O X$U9K = 
�E'Y M 5JBD1�YA238d1 4AK O E�5 V Q'X$U9<W0;5�<�4�8:8�R Y�E�O;E'8:0;6�E'Y QNT�BD1�1AE'8 c90'F @3=?KL4�8:B 2N=:0�1A@ F =:23T Wbody VB��7� X$U Wext V �

X/BD1�Y Wint V�RTR X U



-20

-15

-10

-5

 0

 5

 10

 15

 20

-1 -0.5  0  0.5  1

 µt/µ

−λt/λ�����������
	��
	����
��	�� ��� )���� ) �y/h

!�"N# �	�D2 (-8<5C2 � 03/1245C2 915+/ %+5C;D0-EF9
� �D2 (-8�2��m9
��� (-8�E�*+5a(393� � �m9
�

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 Prt

y/h������������	��
	�������	�� ��� )���� ) �
!&% #$7B5+/ %C5+;D0-EF9 .	/ ":E'*691;=EK5C> %�03/

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 Prm

y/h��������� �
	���	����
��	�� ��� )���� ) �
!&( # G � Z+0S*N. / "<E'*K91;BEK5+>>%�03/

+f !8+2'&(�MV49��-, � =:@NQ 0�4A@HO;E�5J@34�@ 2N4�5 O 4A8?E'1-2HO�=:@NQ 0�@N=�2SRERDQa0;1�Y�4AQ 23=�O�=:2SR V B;XJUA2N4�5 O 4A8?E�1-2&M 5$BC1AYA238 1 4AK O E�5
V4O X$U9K = 
�E'Y M 5JBD1�YA238 1 4AK O E�5 V Q�XJU�<�0;5G@I69B 2N=:BD8?8�R Y�EaO�E'8:0;6�E'Y
Q$TABC1A1�E'8�c90'F @3=?KL4�8:BD23=:0�1�@ FM=�23T

Wint

U
Re = 4880

BD1�Y
M = 0.7

`H<�4�8:8�RbY�EaO�E'8:0;6�E'Y_QNT�BD1�1AE'8dc90'F V �
X]BD1�Y @36�B 2N=:BD8 Qa0;K 6�4A23B 2N=:0�1ABC8 O 0 
 VRTR XFU

-20
-15

-10
-5

 0
 5

 10
 15

 20
 25

-1 -0.5  0  0.5  1

 µt/µ

−λt/λ�����������
	��
	����
��	�� � � � � ��� � 	��y/h

!�"N# �	�D2 (-8<5C2 � 03/1245C2 915+/ %+5C;D0-EF9
� �D2 (-8�2��m9
��� (-8�E�*+5a(393� � �m9
�

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 Prt

������������	��
	�������	�� � � � � ��� � 	��y/h

!&% #$7B5+/ %C5+;D0-EF9 .	/ ":E'*691;=EK5C> %�03/

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-1 -0.5  0  0.5  1

 Prm

y/h��������� �
	���	����
��	�� � � � � ��� � 	��

!&( # G � Z+0S*N. / "<E'*K91;BEK5+>>%�03/

+f !8+2'&(�MV49\[-, � =:@NQ 0�4A@HO;E�5J@34�@ 2N4�5 O 4A8?E'1-2HO�=:@NQ 0�@N=�2SRERDQa0;1�Y�4AQ 23=�O�=:2SR V B;XJUA2N4�5 O 4A8?E�1-2&M 5$BC1AYA238 1 4AK O E�5
V4O X$U K = 
�E'Y M 5$BC1AYA238 1 4�K O Ea5 V Q�X$U <�0;5�YA=?@I2N0C5$2NE�YbQ$T�BD1A1�E'8 c�0'F @N=:K 4�8:B 2N=:0�1A@ FM=:23T

Wint

U
Re = 4880BD1AY

M = 0.7
`><�4�8:8�R YAE�O;E'8?0C6�E'YbQ$TABC1A1�E'8�c90'F V �

X/BD1�Y�@36�B 2N=:BD8 Q 0�K 694�2NB 23=?0;1�BD8 O 0 
 V RTR X U

� �



�
�
� � * 	 (�)+*-, � 	������������
Reτ Reν

� ���
Resl � ��	 � Rec

τ λ+
z λc+

z ∆y+
w ∆yc+

w
 � �
���������
� � 	�� � 180 180 180 180 100 100 0.05 0.05

Wint


�� � 





��� � ��
�� �! �� " �$# − − 0.10 0.10�
3000 % ��
 � � ��
�& � � � − − 
��'� 	 
(�
� 	��� & � ��& � &  �� � � � − − 
(� % 
 
(�
���

Wbody


�� � 













���)� ��� % ��� 	 " �$*
128 127 0.10 0.10�

3000
% 
 � ��& � � �)� " �$#

145 130

��'��
 
(�
��


��� & % ��� � %�% � 	 & �! )&
170 137


��'��� 
(�
�)�
% % 	 � � � � % � � � �

190 134

��'� % 
(�
� %��� & + �
��	 �^) � �,�-���'� � � 	 � 222 ≈ 151 150 ≈ 130 0.1 0.1

Wint


�� � 





















% �� % & % % � 	 #���� − − 0.15 0.15
��. � � � � � � % �)� #��(� − − 0.19 0.19�
4880 	)	 
 ���)� � �  % �  − − 0.22 0.22��� & &� �� & 	 ��
)� # � " − − 0.29 0.29

� ��
���
 � %  � ��� − − 
(�.&/� 
(�.&�

Wbody

� }

4880
� ��
 % � � % & % #�� � ���)
 � � 


0.16 0.16

� 	 &�� � � � 	 � # ��� − − 0.23 0.23

� + �
��	 �^) � �,�-���'� � � 	 � 451 ≈ 150 300 ≈ 160 0.2 0.2

Wext � 4880 	 � % � � � � � # ���
315 165


(� % � 
�� % �:f��C'���AV49!X , ./T�B 5JBDQ^2NE�5$=?@I2N=:Qa@ 0;<�23T�E�@N=:K 4A8?B 23=?0;1�@6U ./0�K 69B 5J=:@N0;1�@ BD5$E K BDY�E FM=�23T 2NTAE �10 � 0�<32P=?K
���4���'�65 � �/7><�0C5

M = 0.0
BD1AY ./0�8:E'K BD1 ���4���'�65 " �(7><�0C5

M = 1.5
BD1�Y

M = 3.0
U ��E�R�1�0;8?YA@ 1 4AK O E�5Q BD@NE'@M=:1 O 0�8:Y FM=:8:8 O EP<�4�5$2NTAE�5 Qa0;K 6�B 5JE'Y�U

J#
|��&(	'��&��(�g���(�' ������;�;&(���! I��C'���k�� !�a2'�I���� ���
x��=A�����b !
'
���&��I�
"���&<�(������&����F�(���!2'�� ���
��7�Po� ��(��*�������
'8�������b*Ya&(�P)�
�������
5�L��=M�����G8+&� �	 
�����&7�����G/c���!�S !
 ��&(	'��&��(�%�����(���|�������!����&7�
	'	4 ��
��9|JZ
 ���' ����������+*K������� !�a2'�I���� ���
k&(�����(���
�S�3���������q�����+���A�(� � N^�7/H !���G�����j�
��
��(�
{O2���
��
�M��=� !
���&(������ !
'8���������2'�I���� ���
6��
�	L�� !����
�+���(�
�YK����	'���!�! !
'8<��=B�����a !
'
���&S�I��"���&A��
�	k�
���i$'2'�� !
'8<�����e��2'�(��&F�I��"���&W��
'�!"�9N:�����
k�����j)�&(�(�N8+&� �	T$Q�� !
5�����
bCR�M=?2'&�������&S��/c��"L=?&(��� �����j/c���!�` !
k�
���i$.��&� ��(��
T/H !���k� � N^�L��
�	b�����a�� !�a2'�I���� ���
k2��(�
�F�i�
����&(�(��&8+&� �	|�0����&7�����T/H�������k	'������ !
q9�:��' ��<�(���!2'�� ���
x ��������T���+���7�
�
��
����i ������A/��
" �(�g&�2'
y��
 $qd � ��=j�/c���!�vYhCQ��2'
�	'�
	b-.�0/j*'C'2'�N/c���!�`���O	'�����H�e2����NCQ�A2��(�
	

�YA�( !�a2'�I���� ���
��i�
���aC' !
' !
'8g� 
j# N^�5Yh�#"�$R��
�����&3/����!�K����	'���N��
�	���
 $qd �g����	'��� ,i�(�k&(�
�(���!�����������2'�(��&N$.��&���* $qd �L ��F��$'$'�! ��
	k��
�	G�����^
&#�N^�7����	'���E ��H2��(�
	G�(�>��&(�����N�����j
�����&}Yh/c���!�`&(��8+ ���
q9
:����S�(�����(�PY#��=mYh�����PYZ��&��c !
7/����!�vYh�I�
"���&�����	'�����K�.���KCQ�
��
7��2'�i����&� 98��
	7C5"6: � ���A�������

& ; ��� ��< ��=?>\V(@�AQ���=n���!���0/N�^,YN�� !�i$'���>���O	'�����A/H�' ����l/K��&CBk=^�� !&��!"k/K���!�B !
l�� !�i$'���3-.�0/N��]m=n��&M�Po����i$'���+*E�����3����85��&� !���'�i ��i�I�
/z !
�(��&����U��=u$'&(�
	4 ����� ���
���=.������
3��BO !
4Y^=n&� ����� ���
i�
�O������ ���
O� ��
�	e��2'�(��&����������� !�#"a$'&(��)�������&f=n��&U�����c�������!2.���� ���
��=U������
S��"O
�����	'�F����&(�
�(�(�
�H��2'�(�� �	'�e�3��&���
��� !�� ���
T�I��"���&p_
�Y48���
.���U���O	'�����S=^��&F����&(�3�
���i$'���Pok�
��
4)�8+2'&����� ���
���]m=^��&S�Po����i$'���+*.C.���,BO/���&(	�Y^=^���� !
'8b���(��$;��
�	T������� !&}=n�� !�q��&��� !�! !
'87�
	48��0_

�Y,
����Po4�(��
��� !���A�(�
���(�N��=U/c���!�vYh�I�
"���&W����	'�����H !
b�
���i$'���Pob�
��
4)�8+2'&����� ���
��S�Po4 ����a]m=^��&N�Po'���i$'���+*'���'&(�
�PY	4 !����
��� ���
.���f��������&}Y#	4&� !����
kCR��2'
�	���&�"<�I�
"���&p_P9
+���&a/����!�vYhCR��2'
�	'�
	��
���i$'&(�
�(�� !C'����-.��/N��*f�#/c�T/����!� �I��"���&(�e�Po4 ����^,M�������������O�� !�Z"6/����!� �I��"���&>��
�	l�����������&������`/c���!�`�I�
"���&F���.��&������(��&� 98��
	TCO"G�>�(�(�
��$b��&���
�������&(�(�M�(���i$Q��&�����2'&(�M8+&���	4 ���
O��9

� �



:����,&(���I���� ���
3&(���I���� !
'8S����� ���' ���B�
��
�(�U��=������,���������� !�#"M/c���!���I�
"���&�*
δ
��
�	a�����,���' ���B�
��
�(�U��='�����,������&������/c���!�q�I��"���&�*

δT
 ��

δT

δ
∼ 1√

Pr9M:�����&(�P=n��&(�+*E�����3������&������B/����!�B�I�
"���&M !
l��85���A����"TCQ�e�Po4$Q�
���(�
	k�(�<CQ�3��$'$'&(��o� !�����(���!"l��= �����>���������&(	'��&F��=U����8+
' !��2�	'�3���H�����M���������� !�#"L/c���!�`�I�
"���&�*�/H����&(�����N=n��&H�! �{O2' �	'�H !�N ��F�������!����&�9
+U !&(���S�
��
��� �	'��&S�����e������&���8��
	 NA�
�� ���&}Y3�O�(��B��
�A�
{52.���� ���
��S/H&� !���(��
T=^��&S�i�(������ ����� ������!�!" � � �
���i$'&(�
�(�}Y !C'���i�������� ���
.��&�"T-.�0/z !
g�<�(�.��
'
����S]? !
����!2�	4 !
'8Td {52.���� ���
�� �49����G��
�	%[49!X+X0_P9 +���&M&(���I���� !�����!"6����/ w;���(�
52'�aCQ��&(��*E���W���������F
���
4Yh�O"O$Q��&(�(��
' ��>�����(�
� >\V�A#*./c�e�����0/K�
	6���.��� +.�
��&(�3��
�	o
F��"�
�����	'�A�
����&���8+ !
'8L/K��&(�
����j�a2�����	4 vDE��&(��
5�<]n���
� ���
���� ���
���9 �O_P9�:�����&(�P=^��&(�i/c��
���8+���
���a	'��
��� !�Z" ]^��
�	%�� ��(�
�+�� !�#"�_F-�2�����2.���� ���
����
�	b��
�	G2'$G/H !���b�����M&(���I���� ���
��N=n��&N�(��&(�����a/H ��(�a��������
5��2'� ��&���
��($R��&��S��
�	b�(�������`��
���&�8+"�,

0 = −∂〈p̄〉
∂x

+
∂

∂y

[

(〈µ̃〉 + µt)
∂〈ũ〉
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∂〈ũ〉
∂y

]^V49\[�_

〈ρ̄〉Cp〈T ′v′〉 = λt
∂〈T̃ 〉
∂y

]^V49 �O_
:������(��&��  !
5�����!�� !
'8 B� !
����� ��<��
���&�8+"%�.���aCQ�
��
��
��
��( �	'��&(�
	�
���8+�! !8+ !C'���<�� !
��
�7������tB&���
�	4����
O2'�aCQ��&3 ��
Pr = 0.7

��
�	a�����K��2'&�C'2'����
5�,t,&���
�	4���'��
�	e�����K�i vo4�
	3tB&���
�	4���4
52'�eCR��&(�,��&(�c��&(��2'
�	
1
 !
e�����K
�����&}Yh/c���!�&(��8+ ���
q9:q2'&�C'2'����
O�L��
�	��� ��(�
��2����
��
O��&� !C'2'�� ���
��<��&(�LC'����
�	'�
	  !
 �����L�i vo4�
	 tB&���
�	4���S
52'�eCR��&k]nd {52.���� ���


��9!X���_P*,/H�' ��(�  ��i�� !������&��
{52.�����(�6�����GtB&���
�	4���N
O2'�aCQ��&
Pr = 0.7

���>�����L/c���!�N��&i�(�6�����L��2'&�C'2'����
O�tB&���
�	4���N
52'�eCR��&
Prt =

µtCp

λt

 !
������<��2'&�C'2'����
5��&(��8+ ���
q* /H !���
0.8 ≤ Prt ≤ 1.05

]�+U !8+2'&(�
��V49!X�Cq* �PYV49\[�Cq* �0_P9
:����
�(�G&(���I���� ���
��L��&(�G2��(�
	  !
 /H�.����=^���!����/N���(�g��C'���� !
 �����G/����!�vYh�I�
"���&<�I�
/N�i=^��&������b�(��&(�����a/H ��(��������O�� !�Z"G��
�	b�(���i$R��&�����2'&(�+9

� �



����������	�
��

� %L�)�$������')(I%�G ��'=���J� �6*54 �E� 8 �6��� � �"�A�$.

J#
����' ������.��$'�(��&����I���(�� ������H�I��/N����=W�����L/����!��=n��&iCQ�����������L�������O�� !�Z" ��
�	������L�(�������H�(���i$R��&�����2'&(�T��&(�$'&(�
�(��
5�(�
	E9S:�����
q*R��
k !�i$'&(����������
5�e��=������e�+��
 �W&� ��
���S��&���
���=n��&������� ���
6 ��N$'&(��$Q�+�(�
	k/H�' ��(�l���
�
��2'
5�(�=n��&KCR�����L	'��
��� !�#"���
�	7�� ��(�
�+�� !�#"����.��
'8��
�c !
7�����F/c���!�Q�I�
"���&�9��c��
��� ��(�(��
5���!"�*��M
���/x !
5�(��8+&����Q/����!�R�(�����! !
'8/H�' ��(� ���
�
��2'
5�(�a=n��&a�(��&(��
'8T�(���i$Q��&�����2'&(��8+&���	4 ���
O�(�3���e�����i/c���!�c ��a	'����������$Q�
	l=^��&j������$'&(�
����
5�a
���
4Y��	4 I��C.���� ��6�
���i$'&(�
���� !C'���k-.��/N�G��
�	 &����L�(�����! !
'8� ��7 !
5���
���� !85���(�
	E9 :����;�(�.��$'�(��&G��
�	'�7/H !��� �%C'&� ��P=��2'�i����&�"�9
YNW�
 � hbada � ] k � �F_#"[h�� ��h ��� Z�c ��_ ��� "$Z�e e�k��`a:Z � hbada adh�\bZ " e
J#
i�����H�� ��(�
��2��,�(2'C'�I�
"���& 
�����& �����H/c���!�h*5�����H��2'&�C'2'����
5������&(�
�(�(�
�,��
�	��������B-�24o4�
�K��&(�H
���8+�! !8+ !C'���N !
k]^V49!X0_��
�	;]^V49���_����������0/H
G !
 +f !8+2'&(�MV49!X��49B:����W-.�0/x$'&(��$Q��&��� ��
�N����
LCQ�F2��(�
	G���c/K�� !8+�O�� !
'8�=h�����(��&��(�3	'�P)�
����
l !
5�(��8+&���� ���������� !�#"%��
�	%��
l !
O�(��8+&���� �(�������B�(���i$Q��&�����2'&(� >\V4*BX+X�*�X)@4*q[+[4*�����A,/H�' ����%)��M�����i���I���(�� �������! !
�����&N�I�
/N��*�&(�
��$R�
���� !�����!"9,

I+
1 =

∫ 〈ũ〉+
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〈ũ〉+V D =

∫ 〈ũ〉+
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