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TURBULENCE IN THE ATMOSPHERE

This book provides a modern introduction to turbulence in the atmosphere
and in engineering flows. Based on over 40 years of research and teaching,
John Wyngaard’s textbook is an excellent introduction to turbulence for advanced
students and a reference work for researchers in the atmospheric sciences. Part T
introduces the concepts and equations of turbulence. It includes a rigorous introduc-
tion to the principal types of numerical modeling of turbulent flows. Part IT describes
turbulence in the atmospheric boundary layer. Part I1I covers the foundations of the
statistical representation of turbulence and includes illustrative examples of stochas-
tic problems that can be solved analytically. Student exercises are included at the
ends of chapters, and worked solutions are available online for use by course instruc-
tors. The book is an invaluable introduction to turbulence for advanced students and
researchers in academia and industry in the atmospheric sciences and meteorology,
as well as related fields in aeronautical, T i
oceanography, applied mathematics, and physics.

1 and envi al ing,

JoHN WYNGAARD's experience in turbulence research and teaching spans the Air
Force Cambridge Research Laboratories, the Wave Propagation Laboratory of the
National Oceanographic and Atmospheric Administration (NOAA) in Boulder, the
Atmospheric Analysis and Prediction Division of the National Center for Atmo-
spheric Research (NCAR), and the Department of Meteorology at Pennsylvania
State University, where he developed a sequence of courses on turbulence. This
book is based on those courses. He has published over 100 refereed journal papers
covering theoretical, observational, and numerical modeling aspects of engineering
and geophysical turbulence.
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Preface

1 doubt if many students have started out to be a “turbulence person.” I suspect it
usually just happens, perhaps like meeting the person you marry. I was an engineer-
ing graduate student, nibbling at convective heat transfer, when a friend steered me
to a turbulence course taught by John Lumley. It was not rollicking fun — we went
through Townsend’s The Structure of Turbulent Shear Flow page by page — but it
was a completely new field.

I began to explore the turbulence literature, particularly that by the heavy hitters
of theoretical physics and applied 1 ics. To my engineering eyes it was
impregnable; T would need much more coursework before I could even put it in
a context. Today I can understand why those theoretical struggles continue. Phil
Thompson, a senior scientist in the early NCAR" explained it this way:

Lots of people have tried to develop a fundamental theory of turbulence. Some very well
known people have given up on it. But T just can’t give up on it — it’s like a beautiful mistress.
You know that she treats you badly, she’s being ornery, but you just can’t stay away from
her. So periodically, this question comes up again in my mind, and I keep casting about for
some different and simple and natural way of representing the motion of a fluid, and some
way of treating the analytical difficulties. And I seem to get a little bit closer sometimes ...

When I was finishing my Ph.D. I began looking for a job. Hans Panofsky, whose
1964 book with John steered me toward atmospheric turbulence, kindly gave me a
list of four prospects. The most intriguing was the Boundary-Layer Branch of Air
Force Cambridge Research Laboratories, as it was then called. Led by the indefati-
gable Duane Haugen, they were in the final stages of planning a field measurement
program on atmospheric surface-layer turbulence. It was as if the job were designed
for me. T accepted their $12,822 per year offer.

One year later we carried out the 1968 Kansas experiment, perhaps the most
ambitious such field program up to that time. The data analyses engaged us for

National Center for Atmospheric Research, Boulder, Colorado.
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several years. Owen Coté and I, with the plotting and programming assistance
of Jack Izumi and Jean O’Donnell, mapped out perhaps the first observational
analyses of the conservation equations for stress and scalar flux in a turbulent
flow. Chandran Kaimal did his inimitable spectral analyses. Visitor Joost Businger
oversaw the analysis of the flux-mean profile relations over the wide range of
stability conditions. Henk Tennekes and I found that velocity derivative statistics
in the huge Reynolds number Kansas turbulence were off the older charts, but in
accord with the newer thinking of the Russian school. Those were heady times.

‘We returned to the field in 1973, in the very flat farming country of northwestern
Minnesota. In collaboration with a British Met Office group we reached deep into
the boundary layer with sensors on the tethering cable of a World War II surplus
barrage balloon. It stayed up for several weeks, despite the best late-night efforts
of rifle-toting cowboys, until it was brought down by a gust front. Part IT discusses
some of the insights gained from these field programs.

Today’s main types of turbulent-flow models —large-eddy simulation and second-
order closure (Chapters 5 and 6) — were in their infancy in 1970. I remember
discovering with Owen Coté the myriad ways a second-order-closure model could
misbehave — negative variances, violations of Schwartz’s inequality, ... What we
thought were obviously better closures gave poorer results. We saw the early hopes
of universal second-order closures dashed in buoyancy-dominated flows. We devel-
oped a wariness about turbulence modeling. As Ronald Reagan later said, “Trust,
but verify.”

Anyone who has developed models of the second-moment equations (Chapter 5),
discovered how poorly they can behave, and then in fatigue and discouragement
wondered how Nature keeps variances positive, can appreciate this story:

Some years ago, during the hall talk at a break in an NCAR meeting, a prominent senior sci-
entist became impatient with a mathematician’s fussing over obscure details of an equation.
“Hell,” he blurted, “in the atmospheric sciences we don’teven know what the equations are.”

The applied turbulence field seems different today. Numerical modeling of tur-
bulent flows is a dominant technology used by a second- or even third-generation
community. Programmers have ensured that the codes don’t misbehave like they
used to. Geophysical observations have not kept pace with the model predictions,
nor could they have; modeling and observational work have cruelly different time
scales. Now less likely to be rooted in personal experience, wariness of modeling
seems to be diminishing.

Recently I previewed a video of the EPA Fluid-Modeling Facility before showing
it in my class on atmospheric dispersion. The FMF, as it is called, is located in
Raleigh, NC, and contains low-speed wind tunnels, a stratified towing tank, and
a replica of the Deardorff~Willis convection tank (Chapter 11). The FMF is a
world-class facility put together largely by Bill Snyder beginning about 1970.
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The video shows visualizations of plume dispersion, wind-tunnel turbulence, and
stably stratified flow around obstacles. Two students stopped briefly to watch, and
as they left one said to the other, “That was before we had computer modeling.”

Fortunately, EPA management recognizes the FMF’s strengths and continues its
funding for observations central to the testing and improving of dispersion models.

For a generation born into personal computing, numerical modeling is a natural
research medium. Models are widely and instantly available, some through vendors,
others being in the public domain. But in a time when observational work seems
increasingly out of fashion, when a “sixth sense” about the behavior of turbulence
is becoming rare, models can be easily misused and misinterpreted. We have no
“Modeler General”; the models have no warning labels.

I suspect this lack of wariness about modeling is an experiential issue, not a gen-
erational one. I recall attending an AMS-EPA workshop on air-quality modeling in
the 1980s. At one point the discussion focused on the performance of the standard
Gaussian-plume air-quality model in fair weather, flat terrain, quasi-steady condi-
tions. The question was asked: “How well do the model predictions of ground-level
concentration downwind of a point source agree with one-hour measurements?”
A crusty old air-quality “consultant,” as they are called, who had enjoyed a long,
successful practice, didn’t hestitate in answering: “Within ten percent.” No doubt
that was his honest belief, but we now know it was wrong by more than an order
of magnitude. The community hadn’t yet focused on such considerations.

This book is based on the material in the graduate course in atmospheric tur-
bulence I have taught for nearly 20 years at Penn State. Its four precepts are
(1) engineering and geophysical turbulence have much in common; (2) our numer-
ical models of turbulent flows, particularly those in the atmosphere, need effective
representations of turbulence; (3) although the “turbulence problem” appears to be
as unyielding as ever, we have learned much about dealing with turbulence; (4)
users of turbulent-flow models should understand their foundations.

There are three self-contained parts. Part I, “A grammar of turbulence,” covers
the important attributes, concepts, rules, and tools of turbulence — those aspects that
are common to all applications fields and are central to turbulence literacy. Done in
aconstant-density fluid, it begins with an overview of turbulence, including the con-
trast between its instantaneous and average properties, the averaging process and its
convergence, the eddy velocity scale and turbulence spectrum, turbulent vorticity,
and the eddy diffusivity. We then average the equations, over space or an ensemble
of realizations, and discuss the turbulent fluxes this produces. There is a chapter
each on the ensemble-average fluxes and their conservation equations, including
their modeling by “second-order closure.” A chapter on the space-averaged equa-
tions, the basis of large-eddy simulation, demonstrates the spectral energy cascade
and explains the physical basis of the Kolmogorov hypotheses about the inertial
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subrange. The final chapter covers the dissipative range, both as hypothesized in
1941 by Kolmogorov and more recently through dissipation-intermittency models,
and two-dimensional turbulence as described through the Kolmogorov-like notions
of Kraichnan and Batchelor.

Part II covers turbulence in the atmospheric boundary layer (ABL). The first
chapter generalizes the equations of Part I to a variable density environment in a
standard way, using a background-plus-deviation representation for density, tem-
perature, and pressure. The background state is hydrostatic, buoyancy is handled
through the Boussinesq approximation, and a conserved temperature is used that
in its ultimate form allows phase change. The four subsequent chapters survey the
structure and dynamics of the ABL, emphasizing for a non-meteorological audi-
ence those features that make its turbulence different from that in engineering flows.
They also cover turbulence in the surface layer, and discuss in depth the physics and
the efficacy of the Monin—-Obukhov similarity hypothesis for its turbulence struc-
ture. There is a chapter on the convective boundary layer, whose turbulence physics
and structure have been extensively studied in the field and through large-eddy
simulation. The final chapter covers the stable ABL, which has some regimes in
which turbulence structure and dynamics have a reasonably simple interpretation.

Part I11, “Statistical representation of turbulence,” includes a number of important
statistical tools and concepts — probability densities and distributions, covariances,
autocorrelations, spectra, and local isotropy — that are used in turbulence and other
stochastic problems. It has a number of illustrative examples of stochastic prob—
lems that can be solved analytically, including the p: d
of turbulence spectra; relating spectra in the plane to traditional spectra; and the
effects of spatial averaging, sensor separation, crosstalk, and probe-induced flow
distortion on turbulence measurements.

In the course of writing this book I received valuable input on technical mat-
ters from Bob Antonia, Bob Beare, Craig Bohren, Frank Bradley, Peter Bradshaw,
Jim Brasseur, Joost Businger, Steve Clifford, Steve Derbyshire, Diego Donzis,
Carl Friehe, Steve Hatlee, Reg Hill, Bert Holtslag, Tom Horst, Mark Kelly, Don
Lenschow, Charles Meneveau, Chin-Hoh Moeng, Parviz Moin, Ricardo Munoz,
Laurent Mydlarski, Bill Neff, Ray Shaw, K. R. Sreenivasan, Peter Sullivan, Dennis
Thomson, Chenning Tong, Zellman Warhaft, Jeff Weil, Keith Wilson, P. K. Yeung,
and Sergej Zilitinkevich, for which I am most grateful. I"d like to thank Lori Mattina
for expertly and patiently crafting the figures, Ned Patton for kindly setting up the
IATEX style files for me, and Peter Sullivan again for his generous and sustained
assistance with IATEX. Tam grateful to the AFCRL group — Duane Haugen, Chan-
dran Kaimal, Owen Coté, Jack Izumi, Jim Newman, Jean O’Donnell, and Don
Stevens — for my once-in-a-lifetime experience in the 1968 Kansas experiment.
Finally, I thank John Lumley for inspiring my career in turbulence.
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Introduction

1.1 Turbulence, its community, and our approach

Even if you have not studied turbulence, you already know a lot about it. You
have seen the chaotic, ever-changing, three-dimensional nature of chimney plumes
and flowing streams. You know that turbulence is a good mixer. You might have
come across an article that described the intrigue it holds for mathematicians and
physicists.

Unless a fluid flow has a low Reynolds number or very stable stratification (less
dense fluid over more dense fluid), it is turbulent. Most flows in engineering, in
the lower atmosphere, and in the upper ocean are turbulent. Because of its “mathe-
matical intractability” — turbulence does not yield exact mathematical solutions — its
study has always involved observations. But over the past three decades numerical
approaches have proliferated; today they are adominant means of studying turbulent
flows.

Turbulence has long been studied in both engineering and geophysics.
G. L Taylor’s contributions spanned both (Batchelor, 1996). The Lumley and
Panofsky (1964) work was my introduction to that breadth, but as Lumley later
commented, their parts of that text “just ... touch.” Today the turbulence field seems
more coherent than it was in 1964, although it still has subcommunities and dialects
(Lumley and Yaglom, 2001).

In Part I of this book we focus on the physical understanding of turbulence, sur-
veying its key properties. We’ll use its governing equations to guide our discussions
and inferences. We shall also discuss the main types of numerical approaches to
turbulence. You might be concerned by our use of little mathematical “tricks” —
not because they’re complicated or difficult, but because you’ve never seen them
before and might not have thought of them yourself. Don’t worry: we pass them
on because they are some of the useful tools developed over the many years that
scholars have pondered turbulence. You can pass them on too.
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Figure 1.1 Instability of an axisymmetric jet. A laminar stream of air flows from a
circular tube at the left at Reynolds number 10000 and is made visible by a smoke
wire. The edge of the jet develops axisymmetric oscillations, rolls up into vortex
rings, and then abruptly becomes turbulent. Photograph courtesy Robert Drubka
and Hassan Nagib. From Van Dyke (1982).

1.2 The origins and nature of turbulence

Turbulent rather than smooth, laminar flow of a fluid, liquid or gas, normally occurs
if a dimensionless flow parameter called the Reynolds number Re = U L /v exceeds
a critical value. Here U and L are velocity and length scales of the flow” and v
is the kinematic viscosity (dynamic viscosity j/density p) of the fluid. The atmo-
spheric boundary layer is turbulent, but as we shall see in Part IT stable density
stratification can strongly modulate its depth and the intensity and scale of its tur-
bulence. Winter sunrises here in central Pennsylvania often reveal laminar chimney
plumes in the very stably stratified flow caused by the overnight cooling of the
earth’s surface. The turbulent eddies” so prominent in cumulus clouds and flow-
ing streams can be revealed in laboratory turbulence through flow-visualization
techniques (Figure 1.1).

There are two types of turbulence with quite different physics. The most common
type, three-dimensional turbulence, arises from the tendency of fluid motion of large
Re to be turbulent and the tendency of turbulence to be three dimensional. But two-
dimensional turbulence is it causes the darting of the colors in soap
films and is a model of the largest-scale motions of the atmosphere. We shall discuss
it in Chapter 7.

also of interes|

For example, in Figure 1.1 U is the velocity averaged over the tube cross section and L is the tube diameter.
“To paraphrase Batchelor (1950), “eddy” does not refer to any specific local distribution of velocity: it is simply a
concise term for local turbulent motion with a certain length scale —an arbitrary local flow pattern characterized
by size alone. A turbulent flow has a spectrum of eddies of different size, determined by an analysis of the
velocity field into sinusoidal components of different wavelengths (Chapter 15).
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Figure 1.2 The Moody chart, which shows the behavior of the Darcy friction factor
£+ Eq. (1.5), in a circular pipe. In laminar flow f oc Re™", Eq. (1.6); f jumps to
larger values with the transition to turbulence at Re >~ 2000, and in the region of
equilibrium turbulence past the critical zone f depends also on the wall-roughness
height &, relative to D. Adapted from Moody (1944).

1.3 Turbulence and surface fluxes

An early motivation for the study of turbulence was to understand how it makes
the fluxes of momentum, heat, and mass at a solid surface much larger than in the
laminar case. This has important applications to both geophysical and engineering
flows.

Fluid flowing through a long circular pipe becomes turbulent at some point
downstream if the Reynolds number Re = uaeD/v (utaye is the velocity aver-
aged over the pipe cross section and D is the pipe diameter) exceeds about
2000. This transition to turbulence, as it is called, is marked by a jump in the
shear stress (which is also interpretable as a momentum flux, Section 1.5) at the
wall (Figure 1.2). There is a corresponding jump in the required pumping power
(Problem 1.1).

To understand these abrupt changes at transition we need some background on
pipe flow. In the steady, laminar case its velocity profile is parabolic (Problem 1.1),

2
() = tmax (1 - ’—). (.
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where r is the radial coordinate, R = D/2 is the pipe radius, and upyqy is the
maximum (centerline) velocity. The velocity averaged over the cross section is

R
HUmay
Uave = mfo u(r)2nrdr = % 1.2)
The wall shear stress is
du Uave
=—pu— =38, R 1.3
Twall oy ‘r:R ) (1.3)

with o the dynamic viscosity of the fluid. Since dp/dx does not depend on x
(Problem 1.1), we can write the axial force balance on a slug of fluid of length L
and diameter D as

ap aD? aP
Twall TDL = ——L——, sothat — —D = 41y,. (1.4)
ax 4 dx

The mean pressure gradient nondimensionalized with p(ua\,c)z/z and D is called
the Darcy friction factor,”

_9Pp A7y
f g . (1.5)
pave)* /2 pluave)*/2

Thus f is, from Eq. (1.3),

64111 ave _ 64

S = e ~ Re

(1.6)

Figure 1.2 shows this inverse-Re dependence of f in the laminar-flow regime.

Past the critical zone, Figure 1.2, uaye and Ty, are turbulent quantities, so (as
we’ll discuss in detail in Chapter 2) we work with their mean values i,ye and Tya.
In the turbulent regime Eq. (1.5) implies Twan = furb p(ﬁm)z/& Therefore the
ratio of the mean wall stress in turbulent pipe flow and the wall stress in laminar
flow at the same average velocity is

Twall _ Jurb _ furb Re

v - (1.7)
Tyai(laminar flow) ~ fium 64

¥ The Fanning friction factor is the wall stress nondimensionalized with p(uaye)2/2. The Darcy friction factor,
Eq. (1.5),is larger by a factor of four.
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Figure 1.3 The ratios of mean fluxes at the wall in turbulent and laminar flow
through smooth pipes. The momentum-flux ratio is Eq. (1.7) evaluated with f
data from Figure 1.2; the heat-flux ratio is Eq. (1.16) evaluated with Nu data from
Dittus and Boelter (1930), as summarized by Turns (2006).

This ratio is plotted for smooth pipes in Figure 1.3. It has very large values at large
Re, indicating the strong influence of turbulence on the wall stress.

Turns (2006) shows that a good fit to the classical mean-velocity measurements
of Nikuradse (1933) in turbulent pipe flow is

u(r) f‘/z( [Re f12 r ] )
—— = (25| ———(1-=)|+55). 1.8
e V2 "2 ( R) + a8

Figure 1.4 shows that this profile is much “flatter” in the core region than the laminar
profile (1.1). At large Re the mean-velocity gradient is significant only adjacent
to the wall, where it is much larger than in laminar flow of the same bulk fluid
velocity. The wall stress in turbulent flow is still defined by the velocity gradient at
the wall, Eq. (1.3), but that gradient, and therefore the wall shear stress, fluctuates
chaotically with time and with position. The mean value (which we designate by
an overbar) of the wall stress

(1.9)

Twall = —,

‘We have used the property that the differentiation and averaging can be done in
either order (Problem 1.3). The sharp increase in the mean-velocity gradient at the
wall at transition (Figure 1.4) causes a sharp increase in wall stress (Figure 1.2).
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Figure 1.4 Profiles of @/iae in turbulent pipe flow, Eq. (1.8), “flatten” as the
Reynolds number increases, making the mean shear and mean stress at the wall
much larger than in laminar flow with the same average velocity.

Pipes typically have some wall roughness, and Figure 1.2 indicates that the mean
wall stress increases with that roughness. The explanation (Kundu, 1990) is that
immediately adjacent to the wall in turbulent pipe flow is a laminar sublayer of
thickness § ~ 5v/u., with u, = (?\..,ﬂ"/,o)'/2 the friction velocity. If the typ-
ical height A, of the individual “bumps™ or roughness elements on the wall is
much less than §, wall roughness has minimal effect and the mean wall stress is
the viscous one given by Eq. (1.9). But as &, approaches § the roughness ele-
ments cause form drag through the pressure distribution on their surface, which
adds to the viscous drag and increases the friction factor f. When h, is large
enough this form drag dominates and f ceases to change with Re, as indicated in
Figure 1.2.

An analogous situation exists for the wall heat flux Hy,) (watts m’z). Iti
entirely by the molecular diffusion process called conduction heat transfer:

arried

aT
Hyan = fk; s (1.10)
" lr=r

with & the thermal conductivity (watts m~" K~1). The heat flux is continuous at
the fluid—wall interface, but the temperature gradient there is discontinuous if k of
the wall material and the fluid differ. We shall consider the fluid side.
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The temperature profile in fully developed laminar pipe flow depends on the
temperature boundary conditions. We’ll consider the analytically simple case where
the fluid and wall temperatures vary linearly with x but their difference, and the
wall heat flux, are independent of x. Its temperature profile is (Problem 1.2)

Rzua\\,e aT [ r? r?
TO,x)—=T(r,x)=— " E[W(lfm)} (1.11)

witha = k/(pc)) the thermal diffusivity of the fluid. The relation between the wall
heat flux and 97 /dx is (Problem 1.2)

Duyyepcy dT

Hyan = — s 1.12
wall m Py (1.12)
so the temperature profile (1.11) can be rewritten as
10,0~ T ny = B2 [ (7 113
LX) =T (r,x) = ——— -—— - .13
* ! r 2e\ TR

The wall heat flux made dimensionless with pipe diameter D, fluid thermal
conductivity k, and a temperature difference AT is called a Nusselt number Nu:

Hyan D

kAT

Nu= (1.14)

AT is defined through the wall temperature 7y (x) and the “bulk fluid temperature”
at that position, Ty (x):

R
T(r,x)2mrd Hyan D
o) = Jo u@r) (Zr x)2mrdr u— _HwanD
7T R Ugve k(Ty — Tw)

s (1.15)
Turns (2006) shows that in the laminar case in this problem Nu ~ 4.4.

In the turbulent case the heat flux at a point on the wall, like the stress there,
fluctuates chaotically in time. The turbulent mixing makes the mean temperature
gradient relatively small over most of the cross section; it is large only near the wall,
as for velocity (Figure 1.4). The mean wall heat flux, the product of the fluid thermal
conductivity k and the mean temperature gradient at the wall, is much larger than
in the laminar case.

From Eq. (1.14) in this problem we can write the ratio of wall heat fluxes as, for
given values of D, k, and AT,

H yanl _ Nu _ Nu
Hyan(laminar flow) - Nu(laminar flow) T 447

(1.16)
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Figure 1.3 shows the wall-flux ratios in the turbulent regime. The ratios for heat
and momentum differ by a constant factor of about 1.5-2 (a manifestation of the
Reynolds analogy between heat and momentum transfer) as they increase sharply
with Reynolds number.

If the flow over the earth’s surface were laminar, not turbulent, the environmental
effects would be profound. In clear summer weather, for example, the earth’s surface
temperature could routinely approach 100°C during the day and 0°C at night
(Chapter 9).

1.4 How do we study turbulence?

Turbulence has long had a special attraction for physicists and mathematicians; it
has been called “the last great unsolved problem of classical physics.”" In practical
terms this means that we cannot analytically solve the equations of turbulent fluid
motion. The difficulty stems from their nonlinearity.

Leonardo da Vinci sketched turbulent water flows, and reportedly gave the sage
advice: “Remember when discoursing on the flow of water to adduce first experi-
ence and then reason.”* Even today, some 500 years after da Vinci, much of our
understanding of turbulence is rooted in observations.

Since the 1960s turbulence has been studied numerically as well. One early
study had a revolutionary impact. Lorenz (1963) discovered the profound effects of
very small changes in initial conditions on the behavior of a very simplified, three-
equation, nonlinear model of turbulent convection. He found that two solutions with
slightly different initial conditions diverged with time. This sensitive dependence on
initial conditions is now recognized as a fundamental property of turbulence. Gleick
(1987) describes Lorenz’ findings as the beginning of the field now called chaos.

The advances in digital computers and numerical techniques for solving differ-
ential equations after Lorenz’ early work soon allowed the numerical simulation
of turbulence. There are two varieties. Direct numerical simulation (DNS) is the
numerical solution of the governing fluid equations. It is (within the numerical
approximations used) exact, but it is possible only in low Reynolds number flows
(Problem 1.9). The Orszag—Patterson (1972) 32 x 32 x 32 (323) calculation of
isotropic turbulence is considered the first DNS. Large-eddy simulation (LES) is an
approximate technique that solves for the largest-scale structure of turbulence fields;
its underlying concepts were laid out by Lilly (1967). Deardorff’s (1970a) study of
turbulent channel flow on a 24 x 14 x 20 grid mesh (6720 grid points) is widely

i According to Holmes ef al. (1996), precise references to such remarks are elusive. They have been attributed
to Sommerfeld, Einstein, and Feynman, and beginning in 1895 Horace Lamb expressed similar sentiments in
his Hydrodynamics.

# Rouse and Ince (1957) state that this quote appears in the Carusi and Favaro (1924) republication of da Vinci's
writings.
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cited as the first LES. DNS and LES, which now use as many as 4096 ~ 6 x 10'0
grid points, are leading research tools in turbulence today.

1.5 The equations of turbulence

In the Eulerian description one expresses the fluid velocity u, for example, as
a function of position x in a fixed (relative to the earth) coordinate system, and
time . One then seeks u(x, ¢) in the flow domain of interest. In the Lagrangian
description, one labels each fluid parcel (with its initial position a, for example)
and seeks its velocity history v(a, 7). We will use the Eulerian description almost
exclusively; the one exception is Taylor’s solution for dispersion of effluent from a
continuous source, Chapter 4.

In Part I we shall use the equations for fluids of time-independent, uniform
density (which we shall call simply constant density), because they contain the
essence of the physics of turbulence. These equations are derived and discussed in
graduate-level fluid mechanics texts (e.g., Kundu, 1990). Buoyancy effects stem-
ming from density variations due to heat transfer or phase change can strongly
influence turbulence, particularly in the atmosphere; this is the focus of Part II.

In cartesian tensor notation the fluid continuity or mass-conservation equa-
tion is

dp  dpui

ot ax;
where p is fluid density, x; = (x1, x2, x3) is spatial position, and u; = (i1, u2, u3)
is velocity. We use the convention that repeated Roman indices are to be summed
over 1, 2, and 3; if we do not wish to sum we use Greek indices. Equation (1.17)
says that at any point in space the time rate of change of fluid density plus the
divergence of the fluid mass flux pu; is zero. We call pu; an advective flux, a vector
that represents the amount of fluid mass flowing through unit area per unit time.
In general there is also a molecular flux that represents the diffusive effect of the
random molecular motion, but there is no molecular diffusion of fluid density.

When the fluid density is constant Eq. (1.17) reduces to

=0, (1.17)

duj _ duy duy ous

S dm dus (1.18)
dx; dxy dxp;  0x3

meaning that the velocity divergence is zero. A fluid that satisfies Eq. (1.18) is
called incompressible — its density does not change with pressure. Gases at low
speeds and liquids are usually treated as incompressible.

Newton’s Second Law for a fluid is

Du; du; N du; ap N 4 doij (1.19)
=p|—+u—)=-—— i s .
o0 TP\ Ty 8T oy
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with p the pressure, g; the gravity vector and o;; the viscous stress tensor. The left
side of Eq. (1.19) is density times the total acceleration following the motion, the
sum of local and advective accelerations; the right side is the sum of the pressure-
gradient, gravity, and viscous forces. Equation (1.19) requires a nonaccelerating
coordinate system, but our earth-based coordinate system is accelerating because
the earth rotates; as a result (1.19) also needs a Coriolis term. This can be important
in atmospheric turbulence (Part IT) but we shall ignore it in Part .

Batchelor (1967) points out that when p is uniform one can define a pressure
(p®, say) whose gradient exactly balances the gravity force:

ap

s
0=———+pgi. (1.20)
ax;

It follows that p* = pg;x; + po, with po a constant. If we write pressure as

p=p"+p" .21
with p™ a modified pressure that is due to the fluid motion, then we can write
Eq. (1.19) as

du; dui p™ | doi;
LIS I el 1.22
° ( oy EEr 2

so the gravity term does not appear explicitly. In Part I we shall use the form (1.22)
and drop the superscript m on pressure.

Using Eq. (1.18) we can write the momentum equation (1.22) as
ap £l

ou;
= — (—puiuj +oij) . 123
o o + pre (—puiu; + oij) (1.23)

The final term in Eq. (1.23) is in flux form. It can be interpreted as the divergence of
the total flux of momentum, the sum of advective and viscous parts. Momentum is
mass times velocity; it is a vector. The momentum flux is the amount of momentum
passing through a unit area per unit time. It is a second-order tensor quantity; it
involves two directions, that of the unit normal to the area and that of the momentum.
Its units, density times velocity squared, are equivalent to (newtons/m?), or stress.
Thus, we can also interpret the final term in Eq. (1.23) as the divergence of a
generalized stress.

In a incompressible Newtonian fluid the viscous stress tensor oj; is a linear
function of the strain-rate tensor s;;. We write this as

dui | 4 _, (124)
P L .
=Gy o 1asij
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where 4 is the dynamic viscosity and s;; is
s;,:%(%+2—2>, (1.25)
It is usual to divide by density and use Eqs. (1.24) and (1.25) to write Eq. (1.19)
for a Newtonian fluid with constant viscosity as
Duj _ du; | du; 19p 9%u;

o Lop i 126
D o Yy T pam | inay, (126

Quantities divided by density are called kinematic, so u/p = v is called the
kinematic viscosity. Equation (1.26) is called the Navier—Stokes equation.
The vorticity e; is the curl of velocity; in tensor notation it is

dug

o = g (1.27)
7
Its conservation equation is
Do _dor | Oor _, dui Do (1.28)
Dr ot oaxy T oy axox ’

This says that the total time derivative of vorticity is the sum of a term representing
the interaction of vorticity and the velocity gradient, which we will interpret shortly,
and a molecular-diffusion term.
The statement of mass conservation for a scalar ¢ that has no sources or sinks
(such as the mass density of a nonreacting trace constituent in the fluid) is
dc  dcu;j 9%

2 - : 129
o o oo (129

where y is the molecular diffusivity of ¢ in the fluid. We can also write Eq. (1.29)

in flux form,

dc £l dc

—=——cuj—y—|, 1.30

o T o (‘"‘ 4 8x,-) (1:30)

which says that local time changes in ¢ are due to the divergence of the total flux
of ¢, the sum of advective and molecular components.

In Part I we are considering constant-density fluids, in which the velocity
divergence vanishes, so Eq. (1.29) can also be written

Dc  dc 4 dc 8%
De _de dc )
Dr ot M  Vaxon

(1.31)
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This says that following the fluid motion and neglecting molecular diffusion, ¢ does
not change. We call such a scalar a conserved scalar.”

In flows where heating due to radiation, phase change, chemical reactions, and
viscous effects is negligible the thermal energy equation reduces to the same form
as Eq. (1.31),

DT 9T aT 9T

Dr o T
where 7 is temperature and « is the thermal diffusivity of the fluid. Equation (1.32)
says that under these conditions temperature is a conserved variable, changing only
through conduction heat transfer.

(1.32)

1.6 Key properties of turbulence

Equations (1.17), (1.26), (1.28), (1.31), and (1.32) govern the evolution of the fluid
mass, velocity, vorticity, conserved scalar constituent, and temperature fields in a
constant-density, Newtonian fluid. Their turbulent solutions have properties that
distinguish them from other three-dimensional, time-dependent flow fields.*

1.6.1 Vortex stretching and tilting: viscous dissipation

Vortex stretching is one of the mechanisms contained in the first term on the far right
of the vorticity equation (1.28). To illustrate, let’s consider a vortex with its axis in
the x; direction, say, so the initial vorticity is w; = (w1, 0, 0). Equation (1.28) says
that ignoring viscous effects the vorticity initially evolves as

Dwy duy Dwy duzs  Dwsy uz
—, — =0 — ®

T =01 =01, e =0
Dt dxp Dt axy Dt dxy

(1.33)
If duy/dxy is positive (1.33) says the vortex is stretched in the x; direction,
increasing the magnitude of w. duz/dx; and du3/dx| can generate wy and w3
from wy; this is sometimes called vortex tilting.

In two-dimensional turbulence the velocity field is u; = [u1(x, y), uz(x, y). 0],
say. Then w; = (0,0, 3) and the vortex-stretching term in Eq. (1.28) for w3
is w3du3/dx3 = 0. This demonstrates that three dimensionality is necessary for
vortex stretching.

A cascade of kinetic energy through eddies of diminishing size (Chapters 6
and 7) that terminates in viscous dissipation — the conversion of kinetic energy
into internal energy by viscous forces in the smallest eddies — is a defining feature

* Unfortunately, if the velocity divergence is nonzero the density of a mass-conserving species is not a conserved
scalar. The ratio of its density and the fluid density is a conserved scalar, however (Part I1).

# Parts of this discussion are adapted from Lumley and Panofsky (1964).
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of three-dimensional turbulence. Without viscous dissipation the kinetic energy of
turbulence could grow without bound (Problem 1.5). This kinetic-energy cascade
is a staf al concept, but it has direct implicatior
fields: it says they not only have large, prominent, energetic eddies that we can see
in clouds and smoke plumes, but they also have very much smaller eddies whose
viscous forces dissipate kinetic energy at the required rate. It is generally accepted
that vortex stretching is one physical process responsible for the generation of this
wide range of smaller eddies in three-dimensional turbulence.

s for instantaneous turbulence

1.6.2 Random, stochastic

Imagine generating turbulent flow of a certain geometry (in the laboratory, say)
any number of times. Because of the sensitivity of turbulence to inevitable small
differences in its initial state, each resulting flow, called a realization, is unique. We
call such a flow random, by which we mean different in every realization.

A property at any point in a turbulent flow has a mean value and fluctuations
about that mean. As we shall discuss in Chapter 2, the mean can in principle be
an ensemble mean, the average of values at the point over many realizations of the
flow; a time mean, which we can use in statistically steady cases to approximate
the ensemble mean; or a spatial mean, which we can use in spatially homogeneous
cases. The fluctuations about this mean are stochastic, which we define as varying
irregularly in space or time in a given realization.'

Numerical models of turbulent flows generally provide only such mean values.
The most common atmospheric-diffusion models estimate the ensemble-mean con-
centration downwind of an effluent release (although some users’ manuals call it a
time mean). But an effluent plume in the daytime atmospheric boundary layer will
fluctuate in time and space about that ensemble mean, and will behave differently
in each realization. Such concentration excursions can induce dangerously high
concentrations of toxic effluents over short periods.

1.6.3 The effective diffusivity

In turbulent flows the advective fluxes in the Navier—Stokes (1.26) and conserved
scalar constituent (1.31) equations are spatially and temporally chaotic, three
dimensional, and generally (except at solid surfaces) much larger than the molecular
fluxes. This gives turbulent flow a much greater “mixing power” or “effective diffu-
sivity” than laminar flow. But these are, to use G. I. Taylor’s term, virtual properties
of turbulence — properties of the mean flow, not of arealization. Effluents do disperse

‘This distinction between random and stochastic is not always made in turbulence, but it is useful,
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far more rapidly in the mean chimney plume than in a laminar plume, but within any
realization local effluent concentrations can be far higher than in the mean plume.

1.6.4 Range of scales: the turbulence Reynolds number

In turbulent flows made visible by a tracer — such as finely dispersed water droplets
in clouds and aircraft contrails, and smoke in chimney plumes — we see eddies,
locally coherent structures in the velocity field. We can also see eddies through
remote sensors such as radar, sodar, and lidar, and through computer graphics in
numerically calculated turbulent flows.

The larger, energy-containing eddies of typical size ¢ and velocity u relative
to the mean contain most of the kinetic energy of the turbulent motion. ¢ scales
with, and is roughly the magnitude of, a characteris
atmospheric boundary layer, for example, ¢ scales with the boundary-layer depth;
in a pipe flow it scales with the pipe diameter. Likewise u scales with a flow
speed U. The turbulence time scale £/u, also called the eddy turnover time, is an
order-of-magnitude estimate of the typical lifetime of an energy-containing eddy
(Problem 1.10).

Since turbulence occurs in flows of large Reynolds number Re = UL /v, the
turbulence Reynolds number R = uf/v, while smaller than Re, is > 1. Thus
to an excellent approximation the energy-containing eddies are not directly influ-
enced by viscosity. Whenever we refer to “turbulence Reynolds number” we shall
mean Ry.

Two important findings enable us to estimate the range of eddy sizes in any
turbulent flow. The first is a paradox: the expression for €, the rate of viscous
dissipation of kinetic energy per unit mass, contains the kinematic viscosity v
(Problem 1.4), but € does not depend on v. It is determined by the inviscid, energy-
containing eddies: € = € (u, £) ~ u?/¢.” Second, as hypothesized by Kolmogorov
(1941)* the velocity and length scales v and 7 of the dissipative eddies depend only
on € and the kinematic viscosity v of the fluid.” If so, then it follows that the scales
of the dissipative eddies are

c flow dimension L. In the

Kolmogorov velocity scale v = (ve)!/4,
(1.34)

3\ 174
Kolmogorov length scale n = (‘;) s

# We use ~ in the sense of Tennekes and Lumley (1972), the implied proportionality coefficient being between
1/5 and 5, say.

& This and other classic papers on turbulence are included in a collection by Friedlander and Topper (1961),

As we discuss in Chapter 7, Kolmogorov and others subsequently modified this hypothesis to allow for the

effects of dissipation intermittency.
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for these are the only combinations of € and v that produce a length scale and

a velocity scale. The Reynolds number of the dissipative eddies is therefore

~ vn/v = 1, which confirms that they are strongly influenced by viscosity.
Using € ~ /¢ we can write, using Eq. (1.34)

_Ze”"w dt _ (ut 3/4_R3/4
= =) =R

3
" (135)
w_ u u -
v (en)/4 @dvpla Tt
Equation (1.35) implies that in large-R; turbulent flows the dissipative eddies are
quite weak and quite small compared to the energy-containing eddies. If, for exam-
ple,u ~ 1 ms~" and £ ~ 10° m, as is typical in the atmospheric boundary layer,
then R, ~ 108 so thatv ~ 1072 m s~ ' and y ~ 1073 m.

The ratio of vorticities typical of the dissipative and energy-containing eddies is

vorticity of dissipative eddies v/n vl 12,

— — - = (1.36)
vorticity of energy-containing eddies u/t un

at large Ry the dissipative eddies contain essentially all the turbulent vorticity.

The smallness of /¢ in large- R, turbulence puts severe limits on the Ry that can
be reached in direct numerical simulations of turbulence (Problem 1.9). Although
few turbulent flows of practical importance have R; values small enough to be
calculated in this way, the concept of “Reynolds number similarity” (Chapter 2)
does make them useful.

The Kolmogorov microscale 7, which from Eq. (1.35) can be written as

V344

~— 1.37
n Iz (1.37)

is seldom smaller than 10~* m in engineering flows and about 10~ m in the atmo-
sphere. This is almost always large enough to ensure the applicability of continuum
fluid mechanics.

1.6.5 Mathematical intractability

Generally speaking only linear differential equations can be directly and straight-
forwardly solved by analytical means. The advective acceleration term in the
Navier—Stokes equation (1.26) involves a product of velocity and velocity gra-
dient, making the equation nonlinear and mathematically intractable. This has a
simple physical intepretation. This nonlinear term produces the vortex stretching
term in Eq. (1.28); vortex stretching is believed to be a principal mechanism in the
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cascade of kinetic energy from large scales to small (Chapters 6, 7). This cascade
dynamically “couples” all the eddies in a turbulent flow. Equation (1.35) shows
that the ratio of energy-containing and dissipative eddy sizes increases as the 3/4
power of the large-eddy Reynolds number Ry, so a turbulent flow of large R has
a huge number of interacting eddies. This has thwarted all attempts to solve the
turbulence equations analytically. Even at relatively small R; the “bookkeeping™
for these interactions overwhelms even our largest computers.

1.7 Numerical modeling of turbulent flows

Today’s numerical calculations of large- Ry turbulent flows (our daily weather fore-
casts, for example) do not use the basic fluid equations. Instead they use approximate
forms of the averaged equations first derived by Osborne Reynolds (1895). Reynolds
averaged over a region of space surrounding a point; the average over an ensemble
of realizations of the flow was introduced later. For now we shall not be specific
about the type of averaging; it can be time, space, or ensemble averaging. If the
average commutes with differentiation (as we shall see, most averages do) we can
write the averaged form of the Navier-Stokes equation (1.26) as

ar ax; - pox;’ .38
with the overbar denoting the average. We have assumed the averaged viscous term
is negligible (Problem 1.8). In writing (1.38) we have used the zero-divergence
property of u; to bring it into the derivative. But the averaging has created a uu;
term in (1.38); in turbulent flow it differs from u; u; (Problem 1.17) and, hence, is
an unknown. If we write ;1 as

; witty + (Wi — ;i) (1.39)
the averaged equation (1.38) becomes
LU (1.40)
ot dx; paxi  p dx;

Averaging the Navier—Stokes equation has produced Eq. (1.40) for the average
velocity field, but the equation contains a new term involving a turbulent stress ;.
We'll see that this is a subtly different quantity for ensemble and space averages,
but in each case it is typically called the Reynolds stress. Experience has shown that
in turbulent flow it is always important.
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In the same way, averaging Eq. (1.29) for a conserved scalar and neglecting its
averaged molecular term produces

oc  dcw of;

o ax ax

(1.41)

where f; = cu; — ¢ u; is the turbulent flux of the scalar.

In Chapter 4 we’ll derive conservation equations for these turbulent fluxes. They
involve further unknowns, and so in practice the turbulent fluxes (or their conserva-
tion equations) are modeled — approximated in some way. The two broad categories
of turbulent flow models correspond to the type of averaging that produced them.
Although the type of averaging used is often not indicated explicitly, you can often
infer it from careful reading of the model description.

In ensemble averaging the velocity and scalar fields are broken into ensemble-
mean and fluctuating (turbulent) parts, and the flux produced is due to all the
turbulence. In space averaging the filter separates the fields into resolvable and
unresolvable (also called subgrid-scale or subfilter-scale) parts. Here the flux is due
to the unresolvable turbulence.

1.7.1 Ensemble-averaged turbulence models

The earliest approximation for turbulent fluxes was a gradient-diffusion model like
that used for the molecular fluxes, but with a much larger, “eddy” diffusivity. The
“mixing-length” model used by Prandtl and Taylor is the simplest example, but it
is now seldom used in computations. We discuss it briefly in Chapter 4 to motivate
your physical understanding of turbulent fluxes.

A more recent approach, which we discuss in Chapter 5, is to compute the
turbulent fluxes through models of their evolution equations. This second-order-
closure modeling, as it is often called, has been computationally feasible since the
late 1960s.

“Pdf modeling” is a type of ensemble-average modeling. While the technique for
deriving evolution equations for turbulent fluxes has been known for many decades,
that for deriving the evolution equation for the probability density function, or pdf,
of a turbulent flow variable is much newer, being presented first by Lundgren (1967).
‘We shall discuss the pdf and its evolution equation in Part ITI.

1.7.2 Space-averaged turbulence models

The space averaging introduced by Reynolds in 1895 has been generalized recently
to spatial filtering of the governing fluid equations. Averaging implies a uniform



20 Introduction

weighting of all contributions; in filtering the weighting function can vary with
position. The concept is to apply to the governing equations a spatial filter that
removes the smallest eddies and leaves the energy-containing ones unaffected,
producing equations for the larger-scale part of each variable. If L is the spa-
tial scale of the computational domain and Ay is the cutoff scale of the filter —
that is, the filter removes spatial variations of scale less than A¢ — then of order
N = L/Ar computational grid points are required in each direction to resolve the
filtered fields, of order N grid points in all. For this reason the filtered variables are
often called resolvable-scale variables. Today N is typically in the range 30-300.
This modeling approach now goes by the apt name large-eddy simulation, or LES.
It was proposed by Lilly (1967) and first used successfully by Deardorff for turbu-
lent channel flow (Deardorff, 1970a) and then for the atmospheric boundary layer
(Deardorff, 1970b).

1.8 Physical modeling of turbulent flows

In areview paper on turbulence written at the dawning of the computer age, Corrsin
(1961) estimated the number of grid points required in a numerical calculation of a
modest Reynolds number (R, = 10*) turbulent flow.” Upon presenting his result,
4 % 10™ grid points (which is still well out of reach today) he wrote:

The foregoing estimate is enough to suggest the use of analog rather than digital
computation; in particular, how about an analog consisting of a tank of water?

Corrsin’s suggestion of “an analog consisting of a tank of water” is now called
physical modeling or fluid modeling. Tt allows the structure of both convective and
“mechanical” turbulence to be observed in scaled-down, laboratory flows. Some
of its most successful applications have been to turbulent dispersion of effluents.
Early studies in a 1-m scale convection tank revealed for the first time some of
the unusual dispersion properties of convective turbulence (Deardorff and Willis,
1975). Another successful application is the turbulent dispersion of effluents from
sources in complex terrain (Snyder, 1985).

1.9 The impact of Kolmogorov

Of the many scientists who have worked in turbulence, none stands taller than
Andrei Nikolaevich Kolmogorov. In a brief paper published in 1941 he laid out the
basis for our present-day understanding of turbulence as a dynamical system.*

¥ To put this example in more physical terms, the Reynolds number ud /v of trbulent flow in a stirred (at u =
10~  ms™") cup (of diameter d = 10~ m) of tea (v = 107 m? s~ is 10*. That flow, which has an Ry value
somewhat smaller than 10% because ¢ < d. probably can be computed through DNS today.

# The Frisch (1995) monograph on turbulence is subtitled “The Legacy of A.N. Kolmogorov.”
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Earlier work (as summarized by Taylor (1935), for example) had shown that
a turbulent flow has large eddies that interact with the mean flow, contain most
of the kinetic energy of the turbulence, and lie at one end of a wide range of
eddies that interact nonlinearly through mechanisms such as vortex stretching. It
was understood that in equilibrium the rate of working of the fluid against the
viscous stresses in the smallest of these eddies dissipates kinetic energy at the same
mean rate it is extracted from the mean flow by the large eddies. But Taylor (1935)
misidentified the spatial scale of this dissipative microturbulence, as he called it.

He chose the scale (Chapter 7)
2\ 172
P (VL) , (1.42)
€

but as we discussed in Section 1.6.4, Kolmogorov argued (and we now accept) that
the dissipative-eddy scale is 7 = (v /€)!/4. They are related by

L3 RV (1.43)
n
(Problem 1.19), so that A can be considerably larger. We now call A the Taylor
microscale.

According to Batchelor (1996), Taylor’s “The spectrum of turbulence” (1938)
was his “last paper on turbulence before the needs of World War II took him away
from academic research.” In this paper Taylor connected the power spectral density,
or spectrum, to the two-point correlation function in physical space through the
Fourier transform (Part I11) and, in a casual aside, introduced what is now known
as “Taylor’s hypothesis” for interpreting a time series at a spatial point as a spatial
record in the upstream direction.

Butuntil Kolmogorov (1941) there was no unifying view of turbulence dynamics
across the entire scale range. He postulated that for scales beyond the energy-
containing range there are but two governing parameters: the mean rate of transfer of
kinetic energy per unit mass from larger eddies to smaller (the energy cascade rate,
PartIIT) and the fluid kinematic viscosity. Therefore (as we showed in Section 1.6.4)
this extensive scale range yields readily to di ional analysis. The di 1
analysis is even simpler in what we now call the inertial subrange, the larger-
scale end of this range. Here the local Reynolds number is large so the viscosity
is not important, and so the turbulence spectrum — the mean-squared amplitude
of velocity fluctuation as a function of spatial wavenumber (inverse scale) — is
then determined solely by the energy cascade rate. Its analytical form, the famous
Kolmogorov spectrum (Chapter 7), emerges directly from dimensional analysis.
In large- R, turbulence this inertial subrange can be extensive; in the atmospheric
boundary layer it can span four decades.
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1.9.1 The conceptual model

Kolmogorov’s seminal work enables us to view turbulence as a nonlinear system
of interacting eddies that dynamically determines some of its properties and takes
others from its fluid-mechanical environment.

The velocity scale u and the spatial scale £ of the energy-containing turbulent
eddies are of the order of, but typically smaller than, the velocity and length scales
of the mean flow. The turbulence Reynolds number R, = uf/v being large, these
energy-containing eddies are essentially inviscid. They determine the viscous dissi-
pation rate, the rate of conversion of turbulence kinetic energy into internal energy;
it is independent of the value of the viscosity (and, as Holmes ef al. (1996) suggest,
even independent of the mechanism of the dissipation).

Since the rates of production and dissipation of turbulence kinetic energy per
unit mass (TKE) depend only on « and £, on dimensional grounds they are of order
/€. But the dissipation process itself is a viscous one, so the velocity and length
scales of the eddies in which it occurs do depend on v. By Kolmogorov’s 1941
hypotheses the velocity scale v and the length scale 7 of the dissipative motion are
n=nev)~ /) v=u(e,v) ~ (ve)/4

Turbulence obtains its kinetic energy by direct transfer from the mean flow;
in equilibrium it loses kinetic energy at that rate through the viscous dissipa-
tion into internal energy occurring in its smallest eddies. The turbulence field
adjusts the size and intensity of those dissipative eddies in order to achieve the
required energy dissipation rate. This viscous dissipation rate is proportional to the
third power of flow speed, and the fluid heating it causes can be important in hur-
ricanes (Bister and Emanuel, 1998) and more generally in storms (Businger and
Businger, 2001).

Questions on key concepts

1.1 Explain the physical mechanism by which turbulence increases surface
fluxes. Can you give some insight into the environmental implications of
this?

1.2 Write out the components of the Navier-Stokes equation in turbulent flow.

1.3 What do we mean by a conserved scalar? Write out its equation in turbulent
flow. Can a conserved scalar mix? Explain.

1.4 What are vortex stretching and vortex tilting? Why are they so important in
turbulence?

1.5 What do we mean by the “velocity and length scales” « and ¢ of a turbulent
flow? To which set of eddies do they refer? Why do the dissipative eddies
have their own scales? How are the two sets of scales related?
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What old saying about snowflakes applies also to turbulent flows?
Explain.

Explain why most practically important turbulent flows cannot be calculated
numerically through their governing equations.

Explain how the Reynolds stress emerges when the equation of motion for
turbulent flow is averaged. Interpret the Reynolds stress physically.

What is a turbulence model? Why are they necessary? What are the two
broad types, and how do they differ?

Why do you think only the lowest part of the atmosphere is continuously
turbulent?

Explain the statement “turbulence is an unsolved problem.”

We say turbulence is random and stochastic. What do those terms mean?
Explain how the rate of viscous dissipation can be independent of the fluid
sity when that viscosity appears in its definition.

Explain why the density of a mass-conserving constituent in a turbulent flow
need not be a conserved variable.

Discuss what properties of the ordinary derivative are shared by the
substantial derivative. What property is not shared?

visc

Problems
Consider steady, fully developed laminar flow in a circular pipe of diameter
D. The axial equation of motion is

_ _lap(x) vi du(r)

p Ox rar  or

(a) Why does p not depend on r? u not depend on x? dp/dx not depend
on x?

(b) Solve this differential equation for u(r).

(c) Find expressions for uyye, Eq. (1.2), and the Darcy friction factor f,
Eq. (1.5).

(d) Express the required pumping power per unit mass of fluid in terms of f.

Generalize Problem 1.1 to include conduction heat transfer in the radial

direction. The temperature equation is
AT (x,r) a« d aT(x,r)
upr)y—/——=——r—.

ror ar

Here @ = k/(pcp) is the thermal diffusivity. Consider the case when 97 /9x
does not depend on x.
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(a) By differentiating this temperature equation with respect to x show that
9T /dx does not depend on r. Then derive the solution (1.11) that we
wrote for this equation.

(b) Show that the wall heat flux H satisfies

_ Duayepep 9T

4 ox

Define a time average for use in Eq. (1.9). Show that it commutes with
differentiation.
Dot the Navier-Stokes equation (1.26) with velocity to form a kinetic
energy equation. Where possible write terms as divergences. Integrate the
equation over the entire volume of a turbulent flow, assuming the velocity
vanishes on the bounding surface, and thereby eliminate them. Show that the
volume-integrated kinetic energy must decay with time. Identify the decay
mechanism.

Suppose in Problem 1.4 we applied a body-force field to the fluid. When can

the volume-integrated balance of kinetic energy now be steady in time? Inter-

pret the steady energy balance in terms of the first law of thermodynamics.

What can you conclude about the role of viscous dissipation in turbulence?

It has been found that the viscous dissipation rate of kinetic energy per unit

mass is of order u?/¢. Using the expression for viscous dissipation found

in Problem 1.4, show that the velocity and length scales of the dissipative
eddies cannot be u and £.

Write the rate of viscous dissipation per unit mass as the scalar product of

the viscous stress tensor and the strain-rate tensor.

Explain why the viscous term in the averaged Navier—Stokes equation (1.38)

is negligible. What restrictions must you place on the averaging scale for this

to be true in the case of spatial averaging?

How does the number of grid points needed to calculate a turbulent flow

directly from the governing equations depend on R;?

If a cumulus cloud is turbulent, why does it appear “frozen”?

Derive the equation for the evolution of the gradient of a conserved scalar.

Can its production term operate in two-dimensional turbulence?

Show that

H=

D~ Dt Dr’
Use this property to show that the dot product of the gradient of a conserved
scalar and vorticity is a conserved scalar.
Show that if ¢ (x, 1) and ¢2(x, 1) are solutions of Eq. (1.31), then ¢| + ¢ is
also a solution. How is this used in determining the dispersion of effluents in
the lower atmosphere? Why is it not valid for the Navier-Stokes equation?
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1.14 Two geometrically identical turbulent flows, one using water and the other
air, have the same u and ¢. By what factor do their total rates of dissipation
of kinetic energy differ?

1.15 If S;j and A;; are symmetric and antisymmetric tensors, respectively, show
that their contraction S;;A;; vanishes.

1.16 Resolve the paradox that € is independent of v but the expression for it
(Problem 1.4) involves v.

1.17  Explain why, in connection with Eq. (1.40), u;u; is different from ; u; in a
turbulent flow.

1.18 Derive the vorticity equation (1.28) from lhe Navler Stokes equation (I 26).
Hint: use lhe vector identities @ x it = (i - V)u - V(u i)/2 and (ii - V)u =
O XU+ V(u i)/2.

1.19  Derive Eq. (1.43) for the ratio of the Taylor and Kolmogorov microscales.

1.20 Do Problem 1.4 for steady flow in a pipe, integrating between two cross
sections. Interpret your result.

1.21  Show that the total time derivative need not commute with other derivatives.
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Getting to know turbulence

2.1 Average and instantaneous properties contrasted

Figure 2.1 is a famous snapshot of a turbulent wake, the region downstream of a
body in a moving fluid. The instantaneously thin, irregular boundary between the
turbulent and nonturbulent flow is continuously deformed by the turbulent eddies,
so that under averaging it becomes a broad, smooth transition region. Figure 2.2
illustrates this same feature at the top of the atmospheric boundary layer.

‘We have had access to instantaneous turbulence fields through remote sensing
and numerical simulation only since the 1970s. Perhaps that is why our descriptive
terms for turbulence tend to refer to its statistical properties, not its instantaneous
ones. For example,

* Homogeneous turbulence has spatially uniform statistical properties (with the excep-
tion of mean pressure). A turbulent flow can be homogeneous in zero, one, two, or
three directions. A sphere wake is an example of the first. The turbulent boundary
layer near the leading edge of a flat plate, or downstream of a change in surface con-
ditions, can be homogeneous in one direction (the lateral) but is inhomogeneous in
the wall-normal and streamwise directions. The turbulent boundary layer over a uni-
form surface can be homogeneous in two directions, those in the plane parallel to
the surface, but is necessarily inhomogeneous in the normal direction. The grid tur-
bulence produced by a grating of bars spanning the cross section of a wind tunnel is
homogeneous in the cross-stream plane but inh in the ise direction
because it decays as it goes downstream (Chapter 5). A carefully tailored homogeneous
shear flow in a wind tunnel (Tavoularis and Corrsin, 1981) is, to a good approximation,
homogeneous in all three directions.

Steady (also called stationary) turbulence — turbulence in a laboratory flow
driven by a constant-speed blower, for example — has statistics that are independent of
time. Turbulence in the atmospheric boundary layer can be steady for up to a few hours,
but near sunrise and sunset in clear weather it is made unsteady (nonstationary) by the
changing surface energy budget (Chapter 9).

27
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Figure 2.1 The turbulent wake of a bullet, which is several hundred wake diame-
ters to the left. This shadowgraph shows the strikingly sharp, irregular boundary
between the turbulent fluid and the almost motionless fluid outside. Photograph
courtesy Army Research Laboratory. From Van Dyke (1982).

« Isotropic turbulence has s ical properties that are independent of translation, rotation,
and reflection of the coordinate axes. It must decay in time, for the production mechanisms
that maintain stationary turbulence are anisotropic (Chapter 6). Isotropy of the smallest
spatial scales is called local isotropy (Chapter 14).

« The logarithmic profile (or law of the wall) and the constant-stress layer refer to the height

variation of mean velocity and the Reynolds shear stress, respectively, in the turbulent

boundary layer over a flat surface. Like the Reynolds stresses themselves (which G. 1.

Taylor (1935) called “virtual mean stresses”) they exist only as averages.

The Gaussian plume refers to a mean effluent plume in homogeneous turbulent flow, not

an instantaneous plume.

A well-mixed state of a convective atmospheric boundary layer (Chapter 11) has mean,

not instantaneous, profiles of potential temperature and water-vapor mixing ratio that are
essentially uniform with height.

A turbulent flux of a property is the mean, not instantaneous, amount of that property
flowing through unit area per unit time due to the turbulent velocity.

2.2 Averaging

All the dependent variables in a turbulent flow — velocity, vorticity, temperature (if
there is heat transfer), density of an advected constituent (if there is mass transfer),
pressure — are turbulent. At any instant they are distributed irregularly in space, at
any point in space they fluctuate chaotically in time, and at given point and a given
time they vary randomly from realization to realization. Since Osborne Reynolds’
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Figure 2.2 Upper: Profiles of temperature and ozone mixing ratio at the top of a
cloud-capped convective boundary layer. z is measured from the mean top. From
Lenschow er al. (1988). Lower: Airborne-lidar measurements of aerosol concen-
tration in a vertical plane of a clear convective boundary layer. The instantancous
top is quite thin and variable in space. Courtesy C. Kiemle, DLR Germany, and
J. Grabon, Penn State.

time it has been traditional to separate a turbulent flow variable a(x, ) into mean
and fluctuating parts distinguished by the overbar and prime:
a(x,t) =ax, 1) +a'(x,1). @.1)

The prime can make this notation cumbersome, so we shall use instead the notation
of Tennekes and Lumley (1972), denoting the “full” turbulent flow variable with



30 Getting to know turbulence

a tilde, a(x, t), and representing its mean and fluctuating parts with upper- and
lower-case symbols:

a(x, 1) = A(X, 1) + a(x, 1). 22)

Several types of averages have been used to define mean values in turbulence.
Reynolds (1895) used a volume average. Somewhat later (in the 1930s, accord-
ing to Monin and Yaglom (1971)), Kolmogorov and his school, and Kampé de
Fériet, brought the ensemble average of statistical physics to turbulence; it is
conceptually the most elegant. Tennekes and Lumley (1972) used a time aver-
age in steady conditions. A time average is almost always used with quasi-steady
observations, and space averages in homogeneous directions are convenient with
numerical-simulation results.

2.2.1 The ensemble average

Turning on the blower that drives a laboratory turbulent flow generates a realization
of that flow. A flow property a@(x, ), where t is time measured from the instant the
blower is turned on, say, is random — i.e., different in every realization. We indicate
this randomness by writing the flow property asa(x, 1; ), & denoting the realization
number.

The ensemble average (also called the expected value) of a is defined as the limit
of the average of a large number of samples of a:

N
ax.) = A1) = Jim %Z&(x,t;a). 2.3)

a=1

As indicated in Eq. (2.3), the ensemble average can depend on both position and
time. Being linear, it commutes with other linear operations such as differentiation
and integration,

9a(x, 1; @)
ar

PN ey b
:%g(x,r), fa(x.r;am:/ ax, ) dt, (2.4)

and so forth (Problem 2.6).

In the literature the ensemble parameter is often not explicitly indicated, any
unaveraged quantity being taken as an arbitrary member of the ensemble. In
later chapters we shall follow this convention, suppressing the ensemble index.
Unless stated otherwise, by average or mean we generally intend the ensemble
average.
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Realization #1 Realization #2

Figure 2.3 Realizations of effluent plumes contrasted with the ensemble-averaged
plume.
2.2.2 Does the ensemble-averaged field exist?

An instantaneous effluent plume from a point source (Figure 2.3) is sinuous and
irregular. Measurements show that near the source the effluent concentration is
roughly uniform within it and zero outside it. But the ensemble-averaged plume is
diffuse and smooth; in homogeneous, wind-tunnel turbulence its mean concentra-
tion profile is found to be Gaussian. This suggests that the ensemble-averaged field
is unlikely to exist in any realization of a turbulent flow, even for an instant.

2.2.3 The ensemble-averaging rules

The ensemble average (we shall use average and mean interchangeably) has
convenient properties that are commonly called the Reynolds averaging rules:'

+ The average of a sum is the sum of the averages (the distributive property):

+b. 25)

a+b=
© Reynolds (1895) used a volume average but assumed it follows the rules for the ensemble average, so in the
turbulence community they now bear his name. We'll discuss the volume averaging rules in Chapter 3.
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+ The average of an average is the average:

(A=A). (2.6)

+ The average of a fluctuation is zero:
@-ay=0 @=0). @7
+ The average of a derivative is the derivative of the average (the commutative property):

W% G W0

— = 2.8
at ar @28

These can be easily proved (Problem 2.1) from the definition (2.3) of the ensemble
average.
It follows from the distributive property that the ensemble average of a product is

ab=(A+a)(B+b)=AB + Ab+aB + ab. 2.9)

From the definition of the ensemble average, Eq. (2.3), the cross terms vanish
because the mean is a constant in the averaging process (Problem 2.1):

b=aB =0. (2.10)
Thus, using the decomposition #; = U; + u;, ¢ = C + ¢ the Reynolds stress

7;j in the ensemble-averaged Navier—Stokes equation (1.40) and the corresponding
turbulent scalar flux f; in (1.41) can be written as

@.11)

These fluxes produced by ensemble averaging are covariances of the turbulence
field. If a covariance ab is nonzero, a and b are said to be correlated. We’ll see in
Chapter 4 that any two turbulent variables tend to be correlated unless mean-flow
symmetry requires otherwise.

2.2.4 A simple example of ensemble averaging

We can demonstrate ensemble averaging with realizations of a random sine wave
in one dimension,

u(x, @) = sin(kx + ¢g), a=1,2,...,N, (2.12)
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where « is the realization index, « is spatial wavenumber (27/wavelength) and

¢ is the phase angle in realization az. We choose the ¢, from random numbers

that vary from 0 to 277 with uniform probability, giving u a different phase in each

realization. Thus u(x) is a random variable that is statistically homogeneous in x.
The ensemble average of u is

N
- 1

P i

u=sin(kx +¢) = Nlm v E

a=1

in(kx + ¢g). (2.13)

Expanding sin(kx + ¢) and using the distributive property (2.5) of the ensemble
average yields

U = Sin KX COS ¢ + COS KX Sin ¢ = sinkx cOs ¢ + coskx sin . (2.14)

Position x is fixed in the ensemble average, so sinxx and cos kx, being constants
in the averaging process, can be taken out from under the overbar:

U = sinkx cos ¢ + coskx sin¢. (2.15)

Since the random phase ¢ varies from 0 to 27 with uniform probability, we
expect that

cos¢p =sing = 0. (2.16)
‘We shall prove this in Part TII. We conclude from Egs. (2.15) and (2.16) that our
test field has zero ensemble mean, & = 0.

The same process yields the variance u2:

- — - |1 1
u? = smz(/(x +¢) = E[l —cos2(kx + @) = 2 [1 —cos2(kx +d))]

1
=3 [1 — €05 2Kx €0s 2¢p + sin 2k x sin 26|

1 ——
e 2 [1 — €08 2k x €08 2¢p + sin 2kx sin2¢] = 7 (2.17)

The derivative is du/dx = kcos(kx + ¢). The same process shows that
du/dx = 0. We can prove this more directly by using property (2.8), the
interchangeability of differentiation and averaging, which implies

Ju 0w
g _on_y, (2.18)
dx  dx

since in this example u =
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The mean-square derivative is

(Bu )z B Y ©2
— ) =«"cos?(kx +¢) = —, (2.19)
ax 2

so it increases as the square of wavenumber. We shall see in Chapter 5 that this
property of a derivative allows the small (large wavenumber), weak, Kolmogorov-
microscale eddies to keep turbulence in equilibrium by dissipating kinetic energy
and diffusing away scalar fluctuations at the same mean rate they are produced at
the large scales.

The mean of the product of u and du/dx is

d
ual =« SIn(cx T ) cos(kx + ) = g S2Gx + ) = 0. (220)
X
Thus, here u and du/dx are uncorrelated. This also follows directly from the
homogeneity of u:

du 1ou?
“or = 2ax @2
2.3 Ergodi

Let’s assume we want the mean value of a variable i (x, 7; o) that has stochastic
variations in both x and ¢ and is also random — different in each realization o. We
assume further that its ensemble mean U, which in the most general case depends

on both x and 7,
1 =N
U(x,t) = lim — a(x,t;a), 2.22
(= lim =7 a1 w) (222)
a=1
is impractical to determine. But we can determine its time average at position x in
a single realization n, say,

1T
UT(x.t,T; ,,):7/ i, t 4+t nydr, (2.23)
0
and its spatial average at time 7 in a single realization m:
1t
Ut Lim) = Z/ i(x +x', t;m)dx’. (2.24)
0
If i is stationary in time, so that U = U(x), we intuitively expect this time
average in a single realization to converge to the ensemble average as the averaging

time 7 increases:
lim UT(x,1,T;n) = Ux). (2.25)
T—o0
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Similarly, if i is homogeneous in x, so that U = U(t), we intuitively expect this
spatial average in a single realization to converge to the ensemble average as the
averaging distance L increases:

Jlim UL, 1, Tsm) = U@). (2.26)

If i is both homogeneous and stationary, so that U does not depend on x or 7, we
expect both the time and spatial averages to converge to the ensemble average U.

The property that the time average of a stationary random variable and the space
average of a homogeneous random variable converge to the ensemble average is
called ergodicity. Physically, ergodicity means that any unbiased average of a vari-
able converges to the ensemble average. We routinely determine the ensemble mean
of a stationary, time-varying signal at a point in space through time averaging.

2.4 The convergence of averages

The ensemble average has ideal properties: it commutes with linear operations, a
second application has no effect (i.e., the average of an average is the average),
and the average of a fluctuation is zero. But it can be very tedious to use with
observational data, and as discussed in Section 2.3 experimentalists typically use a
time average in stationary conditions instead.

Mechanically driven turbulent flows are often stationary by design. The atmo-
spheric boundary layer is inherently nonstationary, however, because of the diurnal
cycle and the changing synoptic conditions. But one can often find quasi-stationary
periods of up to a few hours length, which could be long enough in some problems.
This raises the question: How long must we average in time to get acceptably close
to the ensemble average? We’ll outline the general answer here using statistical
concepts that we’ll discuss more fully in Part IIT.

To answer this question” we begin with the time average of a stationary function
of time i(r) over an interval T,

1 to+T
al =~ a(t'ydt', (2.27)

T o
the initial time ) being arbitrary. Here it () could be the time series of the streamwise
velocity component at a point in a turbulent flow. We shall call T the averaging
time. Now let ii(1) = U + u(z), the sum of ensemble-mean and fluctuating parts.
By our stationarity assumption U does not depend on time. The difference between
the time and ensemble means of i is then

* This discussion is adapted from Lumley and Panofsky (1964).
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1 to+T 1 to+T
ul U= 7/ [U +u()dt' —U = 7/ u(tydr', (2.28)
T Jiy T Jy

which is a random variable with an ensemble mean of zero. One measure of @’ — U
is its variance o2, which can be written as

1 0+T  pto+T
= / w(tu(t”"ydt' dt”. (2.29)
o o

u(t)u(t") is called the autocovariance of u(t). For a stationary process it is a
function only of the time difference 1’ — ¢”, so we write it as

u(@u@y = ulp(’ —1"). (2.30)

with u2 = u()u(r) the variance of u(r) and p its autocorrelation function.
Equation (2.30) shows that p is an even function; i.e., p(t' — ") = p(t” —1').
Thus, we can write Eq. (2.29) as

w2 [AT podT
o’ = 7/ / p(t' —1t"ydt' dt". (2.31)
T o o

o

s

One can reduce Eq. (2.31) to a single integral by changing variables to n = " — ¢’
and ¢ = 1" + 1" and doing the integration over ¢, noting that the limits of that
integral then depend on 7 (Problem 2.4.) The result is

22 (T
o? = LT‘ A (1 - %) (1) dr. (232)

The Eulerian integral time scale t," defined as

fw,o(t) dt =, (2.33)
0

is a measure of the “memory time” of the Eulerian velocity fluctuation u(t). For
averaging time 7 much longer than the integral scale T we can approximate
Eq. (2.32) as

. ou? [T 2u’t
or= T | pwan =T (234)

This is quite an important result, for with Eq. (2.29) it quantifies the statistical
difference between the ensemble average, which we can seldom use in applications,
and the time average that we usually use instead.

i We'll introduce the Lagrangian integral time scale in Chapter 4.
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To help interpret Eq. (2.34) we define the rms uncertainty e of the time mean

through Eq. (2.29):
172
[
o
(2.35)

e=s—— = — = _—.
U U

e is a measure of the fractional error incurred in taking the finite-time mean as
the ensemble mean; a small e means that @’ is a good approximation to U. From
Eqs. (2.34) and (2.35) the averaging time required for determining to an rms frac-
tional uncertainty e the mean of a signal ii(f) whose ensemble mean is U and
integral scale is 7 is therefore
Zr u
|:UZ:| (2.36)

Equation (2.36) says that the required averaging time is

« proportional to 7, the integral scale of the time series;
« proportional to 12, the variance of the time series; and
« inversely proportional to 2, the square of the rms fractional uncertainty in the time mean.

As it turns out, obtaining atmospheric turbulence statistics of low rms uncertainty
from stationary sensors can require unreasonably long averaging times: for this
reason poor estimates of statistics plague atmospheric turbulence research. This
makes it difficult to use atmospheric observations to develop and test models of
atmospheric turbulence (Part IT). Measurements made in a laboratory model of
the atmospheric boundary layer converge very much faster than the corresponding
atmospheric measurements (Problem 2.8).

For an average of a homogeneous turbulence signal of integral scale £ over a line
of length L, the one-dimensional result (2.36) can be written as

&% (line average) ~ £ z (2.37)
) =\z) > :

The corresponding expressions for averaging homogeneous turbulence over a
square of area L2 and a cube of volume L? are

0\ u?
ez(p]ane average) >~ <z> i 7 (2.38)

¢ 3
2 9 ” ~
e”(volume average) =~ (z)

where for simplicity we have taken £ to be the same in each direction. Since in
general £/L is small, this shows the advantages of area and volume averaging in
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reducing squared uncertainty ¢2. In large-eddy simulation of atmospheric boundary
layers, for example, we can average the calculated fields over homogeneous hori-
zontal planes. In this way one “snapshot” of a simulated field on a sufficiently large
plane can yield a good estimate of the ensemble average.

2.5 The turbulence spectrum and the eddy velocity scale

In Chapter 1 we introduced the velocity scales u, v and length scales ¢,  of the
energy-containing and dissipative eddies, respectively, and showed that £/n ~
Rla/", with Ry the large-eddy Reynolds number u€/v. Ry varies from less than 10°
in some engineering flows to about 10 in the convective atmospheric boundary
layer and perhaps 10 in a supercell thunderstorm; over that range /7 varies from
about 107 to 107.

The power spectral density of the turbulent velocity field (loosely called “the
turbulence spectrum”) allows the velocity scale u of the energy-containing eddies
to be generalized to u(r), the velocity scale of an eddy of size r, with € = r > n. We
shall present here an informal derivation of the turbulence spectrum, beginning for
simplicity with a homogeneous scalar function of a single variable. Part I1I contains
a more formal presentation.

2.5.1 The spectrum of a one-dimensional, real, random,
homogeneous scalar function

Let f(x) be areal, homogeneous function, the sum of an ensemble-mean part F and
a fluctuation f (x), defined over record of length L. It could be a spatial record of
temperature or a velocity component in a turbulent flow, for example. We can
approximate f(x) through a Fourier series, a sum of sines and cosines of
wavelengths L/n, n =0, ..., N:

f(x) >~ — + Za,, LOS( ) Zb,, sm(zn r) (2.39)

The coefficients a, and b, are real numbers called Fourier coefficients.
Since each of the sine and cosine terms in Eq. (2.39) integrates to zero over the
record length, it follows that the average of f (x) over the record length is

L
%f“ floydx = % (2.40)

The other Fourier components together represent the variation of f(x) with x.
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In turbulence we usually write Fourier series in terms of the wavenumber «,, =
2mn/L, so we write Eq. (2.39) as

N N
= a
F = D4 3 ancostns) + Y- businGorx), = 2mn/L. (2.41)
n=1 n=1
It is a property of Fourier series that by increasing N we can approximate f(x) as
well as we like. Thus, we can formally write

~ w
F = %0 + 3 arcos() + 3 businGo), = 2n/L. (242)

n=1 n=1

Furthermore, in turbulence f(x) is a random function, different in every realiza-
tion e, so its Fourier coefficients a, and b, are also random. Thus we generalize
Eq. (2.42) to include this randomness through the realization index «:

ao(a)

3 + Zan(a) cos(kyx) + an(a) sin(k,x), &, =2mn/L.

n=1 n=1

f(x,a):

(2.43)
Today we use a computer to calculate Fourier coefficients, and so it is convenient
to express the series in exponential notation. By using the identities
i 4 o0 i6 _ =it

cosh = . sinf = - (2.44)
2 2i

we can write (2.43) as

o

x W= iba\ o (an +iby\
flsa) = %0 + Z (u 2l ) et 4 Z (a ‘;l ) et (245)
n=1

n=1

‘We can rewrite this as

ay | o (an — ib, & (da-n+ib
f(x:a):70+z(7" 3 ")81K"X+ Z (77" 5 7”)
n=1

n=-1

—i)(fnx_ (2.46)

If we define K, = —k, we can express this more compactly as

- > ~
fay= 3" flaswe

n=-o00

. ib,
flen:a) = &v n—

Pl oy = =10 47
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The variance of f is determined by squaring and ensemble averaging Eq. (2.47).
Since f is real, f is equal to its complex conjugate f* and we can write

o

P=TF=3 Y [ frm e, .48

n=—00m=—00

It is a property of the Fourier-series representation of a homogeneous function that
Fourier coefficients of different wavenumbers are uncorrelated — that is,

F ) ) = 0, ten # k- (249
With Eq. (2.48) we can make this plausible as follows. The homogeneity of f(x)
implies that f2 # f2(x), and therefore the lhs of Eq. (2.48) is independent of x.
On the rhs, for k,, # k,, the exponential is a nonzero function of x, so f(:(,,)f*(/(,,,)

must vanish to make the rhs independent of x. This is Eq. (2.49).
Given the constraint (2.49), the variance in Eq. (2.48) is given by a single sum:

(kn) f* (k). (2.50)

m
i
Me
)

We define ¢ (k,,), the power spectral density of f, as the contribution to the variance
£ per unit interval of wavenumber,

d)(w)z%, A:«:ZT”, .51
so that -
2= 3" bl (2.52)

n=—oc
Thus, ¢ (k) is the density of contributions to the variance. In the limit as L and N
approach infinity Eq. ) becomes an integral:

2= /w (k) dx. (2.53)

2.5.2 Extension to three dimensions

Next we generalize Eq. (2.47) to represent a real, homogeneous, three-dimensional,
random, conserved scalar field ¢(x|, x2, x3; @) = ¢(X; @) in a cube of side L. Now
the wavenumber is a vector k = (k1, k2, k3) SO We write

e )=y Ak a)e ™Y, (2.54)

[3
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The variance is given by
Cex=cl= Z ZE(K, @) (i, a)el X
PG
=Y Ak, 0 @) =Y p(AK) . (2.55)

In the limit as both L and N approach infinity Eq. (2.55) becomes an integral:

?2:[[/ $ (<) dicy dicy dics. (2.56)

The integral in Eq. (2.56) can be done first over a sphere of radius x = (k,z +
KZZ + K32)'/2 and then over k. The three-dimensional spectrum E. (k)" is defined as
the integral of ¢ over the sphere,

E<(K)=/f ’(ﬁ(K[.Kz,K})dU, (2.57)

so the variance is

e
czzf E.(k) dk. (2.58)
0

2.5.3 Application to a homogeneous velocity field

For a random, zero-mean, homogeneous velocity field u; (x; ) defined in a cube
of side L the Fourier coefficients are vectors:

(% @) = i (ie; e’ V. (2.59)

The covariance is

— — YTy
uilj = uju] Z“I(K)“/ (k)
«

N (2.60)
=i 0(Ak)’.
3
In the limit Eq. (2.60) becomes an integral,
I~
iy = //f ij (K1, k2, k3) dicy dica dics. (2.61)
—00

# This is so-named because it is a function of the magnitude of a three-dimensional wavenumber.
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Here it is traditional to define a three-dimensional energy spectrum E (k) as the
integral of ¢;; /2 over a sphere of radius «,

E(K):f/ 27‘””(""2"2”‘3)@, (2.62)

The factor of 2 is used so that E (k) integrates to the kinetic energy per unit mass:

L) = / E(x)dx. (2.63)
2 o

2.5.4 The eddy velocity scale u(r)

We can now use E (k) to estimate u(r), the velocity scale or characteristic velocity
(the typical root-mean-square velocity, say) of eddies of spatial scale r, or, equiva-
lently, spatial wavenumber magnitude x ~ 1/r. Following Tennekes and Lumley
(1972), we define “an eddy of scale r” as one of spatial scale between roughly r/2
and 3r/2, so that it lies in a band of width Ar ~ r about scale r. In wavenumber
terms, we take “an eddy of wavenumber magnitude k ~ 1/r” to lie ina wavenumber
band Ax ~ k about wavenumber magnitude «. Then we have

[u(r)]2 ~ kE(k), K~ 1/r. (2.64)

To proceed further we need to know E (k). As we shall discuss in Chapter 7,
Kolmogorov (1941) argued that for wavenumbers in the inertial subrange, 1/¢ <
k < 1/n, E depends only on € and « and so on dimensional grounds has the form

E() ~ €358, (2.65)

Through the interpretation r ~ 1/k, the inertial subrange corresponds to scales
£>> r > 5. Using (2.65) in (2.64) gives

172 273,53\ /2
u(r)N(E(l/r)> ~<E : ) ~(en)3. (2.66)
r

r

Equation (2.66) holds for £ > r > n; that is, it yields u(¢) = u,u(n) = v
(Problem 2.11). This is a much wider range of applicability than we might have
expected.

The turnover time of an eddy of size r is defined as r/u(r); it is often taken as a
rough estimate of the lifetime of an eddy of size r.
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2.5.5 The restriction to homogeneous fields

You have now met some of the classical concepts in turbulence:

« the power spectral density, or spectrum;
* Kolmogorov’s inertial subrange;
« the velocity scale u(r) of an eddy of size r.

We quantified these concepts through a lightly mathematical model of homo-
geneous turbulence, but engineering and geophysical flows are seldom homoge-
neous. The atmospheric boundary layer, for example, is inhomogeneous in the
vertical. So perhaps you wonder: do these classical concepts apply to real flows?

The answer has two parts. First, these concepts apply only in homogeneous
directions. In the atmospheric boundary layer, for example, one applies spectral
analysis only in the homogeneous horizontal plane (with data from scanning radar
or lidar, or from numerical simulation) or along a homogeneous horizontal line
(with aircraft data). Second, at wavenumbers such that k L >> 1, with L the scale
of the inhomogeneity (i.e., at turbulence scales small compared to the scale of the
inhomogeneity), it appears that spectra can be interpreted in the fully homogeneous
context (Part III).

2.6 Turbulent vorticity

As with velocity, we can define a characteristic amplitude  of vorticity fluctuations
through w? = @;a;. We showed in Chapter 1 that at large R, this vorticity is con-
tained in the smallest eddies, whose velocity and length scales are the Kolmogorov
scales v and 7. Thus we can express the characteristic vorticity @ as
o~ 2.67)
n

The vorticity characteristic of eddies of size r, (r), is of order u(r)/r, which
from Eq. (2.66) and € ~ 3 /¢ can be expressed as

w(r) ~ — ~ —=. (2.68)
r

Thus, as eddy size r decreases its characteristic vorticity w(r) increases; at the
smallest scales it is
u(m v
VZlnw
n

@) ~ (2.69)

as stated in Eq. (2.67).
The contrast between the characteristic velocity and vorticity fluctuations u and
w atlarge Ry is striking: u ~ u(¢), since the velocity fluctuations are dominated by
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the larger eddies; but w ~ w(1), since virtually all the vorticity lies in the smallest
eddies.

The turbulent vorticity can be surprisingly large. In an atmospheric boundary
layer with energy-containing scales # = 1 m s~! and £ = 1000 m, so that the
Kolmogorov scales are v = 1072 ms~! and n= 103 m, @ is of order 10 s!.
This is equal to the vorticity in a tornado funnel of core diameter 60 m and winds
of 300 ms~'!

Following Eq. (2.64), the vorticity w(r) of eddies of size r is related to the
three-dimensional vorticity spectrum ¥/ (k) by

[ (") ~ Ky (). (2.70)

Since w(r) ~ u(r)/r,itfollows that ¥ (k) ~ KZE(I(), so that the vorticity spectrum
in the inertial subrange behaves as

V() ~ KE(k) ~ k'3, @71)

which i with i i ber. The increase is ultimately damped
by viscosity at k ~ 1/n.

2.7 Turbulent pressure

Taking the divergence of the Navier—Stokes equation (1.26) gives a Poisson equation

for the pressure field:

o Ouj %
T oxi Bx,-'

(2.72)

‘We can express a velocity gradient as a sum of strain-rate and rotation-rate tensors
sij and rj:

TR TN 7S S 2 TR 7 S,
E)X,-72 dxj  dx; dxj  Ax; = ST )

sij and ri; are symmetric and antisymmetric tensors, respectively. Bradshaw
and Koh (1981) pointed out that with Eq. (2.73) one can rewrite the Poisson
equation (2.72) in terms of s;; and r;;:

1
- ;Vzp = (sij +rij)(sij = rij) = 8ijSij = Fijrij. (2.74)
They offered a physical interpretation of Eq. (2.74):

The rate-of-strain contribution comes from near saddle points in the streamline pattern
(streamlines approaching a given point from north and south, and leaving it from east to west,
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as seen by an observer moving with the fluid at the point). The contribution to the right-hand
side is positive, so that Vzp tends to become negative near the point considered, and p tends
to be amaximum there. Crudely, the rate-of-strain contribution to fluctuating pressure results
from eddy collisions. The vorticity contribution is negative, implying pressure minima,
and results from eddy rotation. The two may be succinctly labeled the “splat” and “spin™
contributions, respectively.

‘We’ll see in Chapter 5 that turbulent pressure fluctuations play a critical role in
the maintenance of turbulent fluxes, and we’ll revisit the form (2.74) of the pressure
equation in Chapter 7.

2.8 Eddy diffusivity

Molecular diffusion, a macroscopic effect of molecular collisions in a medium,
produces a flux of a property (e.g., thermal energy, momentum, constituent concen-
tration) in the direction opposite to that of its gradient. This down-gradient diffusion
occurs in both fluids and solids. A familiar form is conduction heat transfer, the
molecular diffusion of thermal energy down the temperature gradient.

Although turbulent diffusion d
convenient and tempting to treat it like molecular diffusion but with a much larger,
“eddy” diffusivity. We can explore this eddy-diffusivity representation through a
simple thought problem.”

Figure 2.4 shows a tank filled to depth d, halfway with dyed water (with dye con-
centration ¢ = Cipitia1) and the rest with clear water (¢ = 0). The horizontal dimen-
sions of the tank are much greater than d, making the problem one-dimensional.
The fluids are motionless and separated by a thin membrane so the boundary
between them is initially perfectly flat and distinct. We imagine that at time zero
the membrane is dissolved and the dye begins to diffuse into the clear fluid.

Here the dye conservation equation (1.31) reduces to

is

rs in many ways from molecular diffusion, i

dc 8%c
ar yﬁzz'

(2.75)

‘We can remove the dependence on cipitia by defining a new dependent variable
¢* = ¢/cinitiar Which still satisfies Eq. (2.75). ¢* is initially 1 in the lower half of
the tank and 0 above.

One expects that for large time ¢*(z,1) — constant = 0.5. We can infer the
time required to approach this final state as follows.” The only important physical
parameters in the problem are the tank depth ¢ and the molecular diffusivity y, so
* This problem is motivated by a discussion in Tennckes and Lumley (1972).

4 In this simple example of dimensional analysis the answer follows immediately on dimensional grounds. In
problems with more physical parameters and dimensions a systematic approach is necessary. We'll discuss it

in Chapter 10.
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Membrane separating dyed water from clear water

0 Cfinal

ial
Dye concentration
Figure 2.4 Molecular diffusion of dye in a tank of motionless fluid. The top panel

shows the initial state; the bottom panel shows the evolving vertical profile of dye
concentration during the diffusion proces;

the response time 7y, must depend on them alone: 1, = Ty (d, y). It follows on
dimensional grounds that the only possible form is 7y ~ d>/y. 1f d = 1 m and
y = 107> m? s~!, for example, then the time scale for molecular diffusion is 10° s,
about one day. Molecular diffusion can be very slow.

Figure 2.5 shows a turbulent version of this problem, with the turbulence driven
by bottom heating, say. The concentration field is now very complicated, every
term in the conserved scalar equation (1.31) being active. How can we deduce from
that equation what we know from experience — that turbulence can mix much faster
than molecular diffusion?

As sketched in Figure 2.5, we expect that the ensemble-averaged concen-
tration C(z,t) — the average of ¢(z,t) over many realizations of the same
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Clear fluid

«—1=00

0 Cfinal Cinitial

Ensemble-averaged dye concentration

Figure 2.5 Diffusion of dye in a tank of turbulent fluid. The initial state is the
motionless one in Figure 2.4, The top panel is an artist’s sketch (motivated by Van
Dyke’s (1982) photographs) of an instantaneous cr ction shortly after the onset
of turbulence. The bottom panel shows the tim of th ble-averaged
dye concentration profile.

experiment — evolves qualitatively like the concentration in the molecular diffu-
sion problem. But it does so much more rapidly, so we’ll use a much larger eddy
diffusivity K in the diffusion equation (2.75),

ic

= (2.76)

The time 7, required for turbulent mixing is then 7, ~ d?/K.
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We can make another estimate of 7; as follows. If the only important physical
parameters determining 7, are u, the velocity scale of the turbulence doing the
mixing, and d, the depth of mixing, then 7, = 7(d, u) ~ d/u. This says that the
time scale for turbulent mixing is of the order of the time required for turbulent
motions to traverse the depth of the tank. That is very physical.

Equating these two estimates yields

1
n~S ~ % sothat K ~ud. 2.77)
K u

Since we expect the dominant eddy size ¢ to be of the order of d, we can write this
as K ~ ut. Thus we have inferred on plausible grounds that the turbulence in our
“thought problem” has an eddy diffusivity K ~ u¢, the product of the velocity and
length scales of its dominant eddies.

Does this mean there is a formal analogy between molecular and turbulent
diffusion? No, for there are several important differences between the two:

In molecular diffusion the time and length scales of the diffusing motion, a
microscopic process, are very small compared to those of the diffusion problem. Such
scale separation tends not to exist in turbulent diffusion.

The most general linear relation between the flux f; of a scalar constituent and its gradient
8i is fi = —vijg;, with y;; a second-rank diffusivity tensor. Since molecular diffusion is
a microscopic process one expects y;; to be isotropic — having no preferred direction —
50 that (Part I11) ;; = y8;; with y a scalar. Thus in molecular diffusion f; = —yi;¢; =
—y81j8; = —yg:. Turbulent diffusion is done by the dominant eddies, which can span the
flow and are inherently anisotropic; thus there is no reason to expect the eddy diffusivity
tensor K;; to be isotropic (Chapter 5).

The eddy diffusivity is a property of the turbulent flow, but the molecular diffusivity is a
property of the fluid and the constituent being diffused.

A diffusivity relates a mean flux and a mean gradient; it has no meaning without an
averaging process. The averaging involved in the molecular diffusivity has been done
for us in going from molecular-scale interactions to continuum fluid mechanics. Thus,
instantaneous turbulence fields have a molecular diffusivity but not an eddy diffusivity.
As we shall discuss in Chapter 4 and also in Part II, there are situations in which the eddy
diffusivity is poorly behaved (e.g., has a singularity and becomes negative).

In summary, there is a tempting, but shallow, analogy between molecular and
turbulent diffusion. Turbulent fluxes and mean gradients can show an eddy-
diffusivity-like relationship (Chapter 4), but the eddy diffusivity is typically a
spatially variable flow property that can be a tensor, rather than a scalar. In a given
flow it can also depend on the diffusion geometry (Chapter 11).
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2.9 Reynolds-number similarity

The statistics of the energy-containing eddies in a turbulent flow of a given type,
when nondimensionalized with the scales of the energy-containing range, « and
¢, are often observed not to depend significantly on Reynolds number when
it is larger than a threshold value. A physical interpretation is that since the
turbulent Reynolds number R, is large in turbulent flow, the energy-containing
eddies do not experience significant viscous forces and their statistics eventu-
ally become independent of Reynolds number. This is called Reynolds-number
similarity.

Reynolds-number similarity, while only approximate, is useful because it allows
us to make geometrically identical but smaller-scale laboratory models of geo-
physical flows with some confidence that their energy-containing structure will be
representative of the much-larger-Reynolds-number geophysical flow. Thus, it pro-
vides the basis for the physical modeling we discussed in Chapter 1. Laboratory
flows can provide less expensive measurements and have much smaller required
averaging times (Problem 2.6) than atmospheric flows. Much of our knowledge
of turbulent diffusion from sources in the convective atmospheric boundary layer
was actually gained through measurements in laboratory convection tanks at vastly
smaller Reynolds number (Willis and Deardorff, 1974).

Reynolds-number similarity also provides some justification for carrying out
direct numerical simulation (DNS) of geophysical turbulent flows. Coleman er al.
(1990) used DNS to simulate an atmospheric boundary layer at Reynolds numbers
far lower than in nature. Their simulation corresponded to a layer with wind speed
on the order of 1 cms™!.

2.10 Coherent structures

Among the largest eddies in a turbulent flow are apt to be “coherent structures.”
These are quasi-steady, significant-amplitude circulations that exist in essentially
the same form, intensity, and location in each realization of the flow. With their
Reynolds stresses they extract kinetic energy from the mean flow, and they lose it
through the Reynolds stresses exerted on them by smaller eddies. Their form and
intensity depend on the structure of the parent flow.

According to Holmes er al. (1996), Liu (1988) identified the first appearance
of the idea of coherent structures in turbulent flows as being in the late 1930s.
Townsend’s (1956) book on turbulent shear flow presents analyses of the velocity
and length scales of the coherent structures in various shear flows. The Holmes ez al.
monograph has extensive discussions of analytical methods for isolating them and
predicting their form.



50

Getting to know turbulence

In boundary-layer meteorology coherent structures are apt to be called secondary
flows. Examples include “convective rolls,” large, counter-rotating, horizontal vor-
tices that can be visible through the “cloud streets™ they induce at their top (LeMone,
1973). Because of their relatively large size and intensity they can be important
in applications such as atmospheric dispersion. Morrison e al. (2005) point to
their prevalence in the hurricane boundary layer. We’ll discuss these atmospheric
boundary layer examples in Chapter 11.
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2.12

Questions on key concepts

Since turbulence varies continuously in time and in the three spatial
directions, how can it ever be steady and homogeneous?

Describe the physical nature of the top of the atmospheric boundary layer.
Under what conditions does a time average converge to an ensemble average?
Explain in physical terms why this convergence occurs.

If @’ is the time average (over time interval T') of a stationary random
function i (¢) whose ensemble average is U, then

@ - U= M

2u’t
T
where u? = (i — U)? is the variance of ii(r). Explain physically the
dependence on u?, r,and T.

Explain on physical grounds why we can roughly estimate 7 in Eq. (1)
as /U.

Explain why atmospheric turbulent flows tend to have much larger required
averaging times than engineering flows. What does this say about the relative
scatter in measurements in the two types of flows?

Why is averaging time 7 apt to be limited in atmospheric flows but not in
engineering flows?

Explain why we use the ensemble average in formal developments, even
though the time average can converge to it.

Explain some of the key differences between turbulent and molecular
diffusion. Explain their interplay.

Explain the concept of u(r). How might one measure it?

Explain the concept of Reynolds-number similarity. Why is it important?
The eddy-diffusivity model has been criticized on the grounds that visual
observation of turbulence gives no support to the notion that it diffuses prop-
erties down their local mean gradients. Is this a legitimate point of view?
Discuss.
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Explain why we say that derivatives of velocity and conserved scalars in
turbulent flow are small-scale quantities, whereas velocity and conserved
scalars are large-scale quantities.

Explain how Reynolds-number similarity allows one to model the atmo-
spheric boundary layer in the laboratory.

Problems

Prove the ensemble-averaging rules (2.5)—(2.8).

The updrafts in a convective boundary layer occupy less than one-half of
the area in a horizontal plane; the larger fraction of the area is occupied
by downdrafts. Updrafts and downdrafts are most often detected through
analysis of the time series measured from aircraft or from sensors on towers.
Assume these records are linear spatial traverses. Explain the relationship
between the fractions of a linear record and the horizontal cross-sectional
area occupied by updrafts. (Hint: use ergodicity.)

Near the earth’s surface in the daytime the temperature and horizontal
velocity fluctuations are negatively correlated. Warmer air associated with
plumes tends to have a lower than average horizontal velocity, and cooler
air tends to be moving faster than average. It might seem that sampling a
temperature signal at a constant rate in time will therefore give relatively
more samples in updraft air, and less samples in downdraft air, compared to
samples taken at uniform spatial intervals. Will the temporal record therefore
give biased statistics? (Hint: use ergodicity.)

Derive Eq. (2.32).

Show that determining the variance of a stationary random signal through
time averaging typically requires averaging over more integral scales than
does determining the mean.

Explain why ensemble averaging commutes with differentiation and inte-
gration (Eq. (2.4)) but not with the substantial derivative.

It has been proposed that the eddy diffusivity in a thin, broad (stratiform)
cloud be measured by creating a circular hole in the cloud with a cloud-
seeding agent, observing the time required for turbulent diffusion to fill in
the hole, and then using the analytical solution for this problem to infer the
eddy diffusivity. Comment on this technique.

Compare required averaging times for a plume-dispersion problem in the
atmospheric boundary layer and in a laboratory model of it. (Hint: assume
the flows are geometrically similar, with their velocity and length scales in
the ratio f,, and fy, respectively.)
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Use the Kolmogorov scaling of Subsection 2.5.4 to show that viscous stresses
are largest in the dissipative eddies.

A thin, sinuous plume with instantaneous concentration ¢ occasionally “hits™
a concentration sensor. If the average duration of the plume in the sensor is d
and the average duration between hits is D, estimate the mean concentration
and the concentration variance. What are the implications for measuring
mean concentration at the edge of a plume?

Show that Eq. (2.66) holds even for r = ¢ and for r = 1.

Using the inequalities

2 2

(i—i) >0, (i+i) =0,

o, oy o, oy

prove that the correlation coefficient is bounded by 1.0 in magnitude.
Discuss the relative rates of convergence of line, area, and volume averages
to the ensemble average under homogeneous conditions.
A direct numerical simulation of a turbulent boundary layer is done at a
Reynolds number R, = Ush/v = 10*. It is claimed to be representative of
the atmospheric boundary layer. Calculate R, for an atmospheric boundary
layer with h = 10° m and Usxe = 10 m s~ Given the difference in Ry,
values, how could the claim be justifiable? What is the kinematic viscosity
needed if the flow had the atmospheric 7 and Us values but R, = 1047
To what fluid would that roughly correspond? Does it seem plausible that
a boundary layer in that fluid could be a good model of the atmospheric
boundary layer?
A layer of fluid of depth / in the vertical is subject to the sudden applica-
tion of a horizontal velocity U at its lower surface. Write the equation of
motion for the fluid, assuming the problem has no horizontal variations.
Estimate the time required for the vertical profile of fluid velocity to reach
a constant value. Under what conditions would the fluid become turbulent?
Estimate the time in that case.
Before Kolmogorov published his 1941 hypotheses about the dissipative
scales in turbulence, Taylor (1935) had shown that € ~ vuz/hz. with A a
length scale defined through the behavior of the autocorrelation function at
the origin (Part I1I). (In his honor A is now called the Taylor microscale.)
He interpreted 1 as the size of the dissipative eddies. Using € ~ vu?/2,
determine the Reynolds number u(1)4 /v of A-sized eddies, u(%) being the
velocity characteristic of A-sized eddies. Would you say they are directly
influenced by viscosity? Develop an expression for 4 /5. Was Taylor correct
in interpreting % as the size of the dissipative eddies?
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2.17 Derive Eq. (2.72) from the Navier—Stokes equation. Then show that it can
be rewritten as Eq. (2.74).

2.18 Sketch a sequence of stochastic functions of time having decreasing integral
scale 7. Use it to explain why Eq. (2.36) says that the required averaging
time approaches zero as t does.
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Equations for averaged variables

3.1 Introduction

‘We saw in Chapter | that turbulent flows dissipate their kinetic energy into internal
energy at an average rate (per unit mass) € ~ > /¢, where u and € are the velocity
and length scales of the energy-containing eddies. Since the turbulent kinetic energy
per unit mass is of order 2, this implies that if its production mechanism were shut
off turbulence would decay in a time of order u?/e ~ £/u, about one large-eddy
turnover time. That is surprisingly fast. You wouldn’t easily ride a bicycle or drive
a car having that much friction.

The decay of the energy-containing eddies in this scenario is caused not by their
viscous friction (their large Reynolds number R; = uf/v makes that negligible),
but by the energy cascade. As we’ll discuss in Chapter 6, this involves the full
range of eddies, energy-containing to dissipative. The cascade begins in the large
eddies, which drain kinetic energy from the mean flow and transfer it to smaller
ones through eddy—eddy interactions; it terminates in the smallest eddies, which
convert kinetic energy into internal energy through viscous friction.

Any direct numerical solution of the turbulent fluid equations must therefore
resolve the entire eddy scale range. Because the length scales at the extremes of
this range are in the ratio £/n ~ R?/A, this requires of order (£/17) ~ R:;/4
computational grid points. Since R, values are on the order of 10% in the atmospheric
boundary layer and perhaps 10'° in supercell thunderstorms, they would require
on the order of 108 and 10?? grid points, respectively. Today’s computers allow
only 10'-10"" grid points. The R, values in large-vehicle aerodynamics, while
smaller than these geophysical values, are still too large to allow direct numerical
simulation of the drag-producing turbulent flow around them.

Ensemble or space averaging can drastically reduce these computational require-
ments. With some exceptions, such as very near surfaces, the ensemble-mean field
is resolvable on a relatively coarse numerical grid. We'll see that space averaging
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can be designed to remove eddies smaller than a cutoff scale A, say, chosen such
that £ 3> A > 1.

The reduction in computational requirements that results from averaging comes
at a price. As we saw in Chapter 2, the averaged Navier—Stokes equation has a
Reynolds stress that must be approximated, or modeled, before the equation can be
solved. The resulting flow models fall into two broad classes. Reynolds-averaged
Navier-Stokes (RANS), also called second-order closure, discussed in Chapter 5, is
based on ensemble averaging; large-eddy simulation (LES), discussed in Chapter 6,
uses space averaging.

3.2 Ensemble-averaged equations

We begin with the continuity equation, which for a constant-density fluid reduces
to a zero-divergence requirement for the full velocity field i;:

o _ 3 +up) _

3.1
ax; dx; S
Ensemble averaging this equation, using the rules in Chapter 2, yields
dui _ 0w _ U, 32

ax; = ox;  ox;

so the mean field has zero divergence. Subtracting this from Eq. (3.1) then yields
du;
ax;

=0, (3.3)

so the fluctuating field also has zero divergence.
‘We consider next the Navier-Stokes equation (1.26), which by incompressibility

we can write as 5

i 195 25
iy JLap T G4
ar p 0x; 9xj0.x;

Ensemble averaging yields
oi; 19p
- =—— 35
ar p 0x; @3

Using i =Uj, 5 = P and applying the ensemble-averaging rules to i;i; yields

aU; N El (U, + 77 19P 92U;
(U +mm) = —— 28
o ooy T

—— . 3.6
pdx; * vaxj dx; 36
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The symmetric tensor u;u;, which is shorthand for u; (x, £)u; (x, 1), involves only the
fluctuating part of the velocity field. As discussed in Chapter 1, it can be interpreted
in terms of stress or momentum flux. —p;; is the mean force (in the i-direction)
per unit area (whose normal is in the j-direction) due to the fluctuating turbulent
motion. pu;u; can be interpreted as the mean i-direction turbulent flux of j-direction
turbulent momentum.

G. L Taylor called —puu; a virtual mean stress because it exists only as an
ensemble mean. Today it is more commonly called the Reynolds stress after Osborne
Reynolds, who first identified it in 1895 in the space-averaged equations.

‘We can also write the ensemble-averaged Navier—Stokes equation (3.6) in flux

form:
aU; 9 _ Ui U\ 1P
Taha e |:U;U/ + @it — v (Bx,- + )] =
UiUj + wju; — v(dU;/dx; + dU;/dx;) is the mean kinematic momentum flux
tensor. In the simplest situation, where the length and velocity scales of both the
mean flow and the turbulence are ¢ and u, the magnitudes of its turbulence and
viscous contributions are in the ratio

3.7

turbulence contribution u? ul

viscous contribution vu/t v

=Reo> 1. (3.8)

This says that away from solid boundaries (where velocity fluctuations vanish) the
viscous stress in the ensemble-averaged Navier—Stokes equation can be neglected
in comparison to the Reynolds stress.

In turbulent flow the Reynolds-stress term in the averaged Navier-Stokes equa-
tion is generally as important as any other term. As a result, the fidelity of any
numerical solution of (3.6) can depend strongly on the fidelity of the model used
for the Reynolds stress.

3.2.1 Example: Steady turbulent flow in a channel

Figure 3.1 shows turbulent flow in a channel, the first flow studied through LES
(Deardorff, 1970). The channel length in the streamwise (x| or x)" direction is much
greater than its depth 2D, so the flow is homogeneous in x and dU/dx = 0. The
channel width in the y-direction is also much greater than 2D, so that away from
the lateral walls the flow is homogeneous in y as well. That implies a4V /dy = 0,
and from the symmetry of the mean flow about the y = 0 plane that implies
V = 0. The mean continuity equation (3.2) then reduces to W /dz = 0. From the
symmetry of the mean flow about the z = 0 plane we conclude that W = 0

* As is common in the literature, we'll tend to write velocity and position components as u, v, w and x, y, z.
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U(z)

Figure 3.1 Steady turbulent channel flow and its profiles of mean velocity U and
mean kinematic shear stress 773.

as well. We can then write U; = [U(z),0,0], and in steady conditions the

ensemble-averaged momentum equation (3.6) reduces to
Lop Ui
p 0x; 9xj9x; )

— (i) = 3.9
e ()
This expresses a balance among the turbulent stress divergence, the mean pres-
sure gradient, and the viscous stress divergence. The homogeneity in y makes that

component equation vanish, so we have

. [y — U 19P

i=1 —\uw—v =——— (3.10)
az 9z p ox
dw? _ 19P

=———. 3.11
az p 9z ( )

By differentiating Eq. (3.11) with respect to x, using homogeneity, and changing
the order of differentiation we conclude that
8 ow? 19 9P 19 9P
2 = =2 (3.12)
ax 9z pox dz p Az dx
which implies that 9P /dx does not depend on z. Equation (3.10) then implies that
the mean kinematic shear stress 713 = —uw + vaU/dz varies linearly with z, as
sketched in Figure 3.1. As we showed through Eq. (3.8), the viscous part of the
shear stress is negligible except very near the walls.
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3.2.2 Conserved scalars

Substituting the mean-turbulent decomposition into Eq. (1.29) for a scalar con-
stituent ¢ in a turbulent flow and ensemble averaging yields

aC £l
—

aC
U;C+ujc—y— | =0. 3.13
<2 () o

ax;

U;C +uic—ydC/dx; is the total mean flux of c-stuff, a vector. It has a contribution
due to turbulence, u;c, the turbulent flux of c. In a flow with velocity and length
scales u and ¢, the turbulent and molecular fluxes are in the ratio u¢/y. If this
ratio is large, then we can again neglect the molecular flux except very near solid
boundaries.

In Chapter 2 we discussed the turbulent diffusion of a conserved dye that was
initially concentrated in the lower half of a tank of water heated from below. This
problem is horizontally homogeneous with U = V = W = 0, so from (3.13) the
ensemble-mean concentration of dye follows

aC a ac
f+7(m7y?>= . G14)

We assume the dye does not penetrate the tank surface, so the molecular flux
vanishes there. Thus, if uf/y is large the molecular flux is everywhere negligible
and Eq. (3.14) simplifies to

dC  dwc

a + Frai 0. (3.15)
This says that the mean concentration evolves solely due to the divergence of the
turbulent flux of ¢. Figure 3.2 sketches the evolution of this turbulent mass flux
profile. We commonly call this process turbulent diffusion.

3.3 Interpreting the ensemble-averaged equations

The physical processes underlying the conservation equations of Chapter 1 are
straightfoward. But the ensemble-averaged equations describe what Taylor might
have called “virtual physics,” which can be more difficult to understand.

3.3.1 Example: A conserved scalar diffusing from a point source
A conserved scalar released from a point source in a turbulent flow creates a
highly irregular, filament-like instantaneous plume downstream. Figure 3.3 shows
an artist’s sketch of such an instantaneous plume.
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Figure 3.2 The evolution of the profile of mass flux wc in the turbulent diffusion
problem of Figure 2.5.

During its travel the diameter d of the filament increases due to molecular diffu-
sion of the scalar ¢ into the fluid, causing the concentration averaged across its cross
section, ¢**¢, to decrease with time. From the conserved scalar equation (1.31) we
estimate the magnitude of this rate of change of ¢*'° as

cave
Save &

D 5.
= ~ y Ve o
Y yVIEe ~y

&> Tglec

(3.16)

with Tyolec ~ d?/y the time scale of this molecular diffusion process. The propor-
tionality of Trmolec to d? indicates that only concentration anomalies of small spatial
scale are removed quickly by molecular diffusion. If ¢ = 10~ m, for example,
and y = 107> m?>s~! (roughly the value for temperature and water vapor in air),
Tmolee ~ 107! s. Butif d = 1 m then Tyejec ~ 10% s, about one day.

Under very stably stratified conditions (Part IT) flow in the lower atmosphere can
be laminar not far above the surface. In such cases an effluent plume from a stack of
1 m diameter in a wind of 10 m s~! could extend hundreds of kilometers downwind
in nonturbulent air!

In turbulent flow the ensemble-averaged concentration field C(x, y, z, t) down-
stream of the source is formally defined by an average over many instantaneous
plumes:

N
. 1 -
Clx,y.z. '):le'ocﬁz%m”‘” 5 150). (3.17)
a=
We'll refer to “ensemble-averaged” simply as “mean.” Figure 3.3 shows a sketch
of the downstream development of the mean plume in the x— plane. Its contrast
with the instantaneous plume is striking.
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Figure 3.3 T (top left) and ble-averaged (top right) plumes
downstream of a continuous point source in turbulent flow. Bottom: concentrations
observed along various paths in those plumes. On a path within the instantaneous
plume the concentration ¢ changes only through molecular diffusion, which can
be slow (Section 3.3.1). On path A along the centerline of the ensemble-averaged
plume, the downstream broadening of that plume causes C to decrease; on path
B, away from the centerline, this broadening causes C to initially increase as the
path becomes closer (in plume widths) to the centerline.

In the steady case Eq. (3.13) for the mean concentration reduces to

ac 4 acu;
ax ax;

(3.18)

the effects of molecular diffusion on C being negligible. We can write this as

D™C  3C  9mic ;e me

D™ ax dx1 dxz axy

= (3.19)
where D™ /Dt™ is the time derivative following the mean motion. Equation (3.19)
says that on this “virtual mean trajectory” C changes solely due to the divergence
of the turbulent flux of c-stuff.

If the mean plume is thin compared with distance from the source, the turbulent
flux divergence in Eq. (3.19) is domi 1by its cross-plume contributions. Taking
the width of the mean plume (Figure 3.3) as Ly, the turbulent velocity scale as
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u, and the turbulent scalar scale as ¢, an estimate for the magnitude of the rate of
change of mean concentration following the mean motion is
D™ dcu;  cu

—C=——rt~—. 3.20
Dim oy Lp 320

Here we expect ¢ ~ C, in order of magnitude, so that
D™ Cu C

—_c~— , (3.21)
Dim Ly Tun

with Ty, ~ Lp/u the time scale of this turbulent diffusion process. Equation (3.21)
says we can interpret Ty, as the eddy-traverse time across the mean plume. If L, is

ImanduisIms™!

, Turb s 1s, strikingly less than our estimate of 10° s for Tmolec-

Putanother way, if (in analogy with the molecular diffusion result Tpolec ~ dz/y)
we write Tyyrp ~ Lé/[( , with K a turbulent diffusivity, we find that K ~ u Ly, which
in our example is five orders of magnitude larger than y.

Let’s summarize. Molecular diffusion is a microscopic physical process that
acts to remove macroscopic ¢-anomalies through the collective effect of molecu-
lar collisions. It seems well described by intermingling, a dictionary definition of
diffusion. Turbulent diffusion, viewed most broadly, involves three processes. Two
are physical — turbulent mixing by the chaotic, random deformation and advection
of ¢-anomalies by turbulence; and molecular diffusion, which acts most strongly
on the smallest of these ¢-anomalies. The all-important third, and new, process is
ensemble averaging, which produces a virtual concentration field C that is much
smoother, broader, and has smaller maximum concentrations than the turbulent ¢
field in any realization. As a result the concentrations observed along paths in the
instantaneous and ensemble-average plumes can differ strikingly, as shown in the
lower panel of Figure 3.3.

3.3.2 Enh of molecular diffusion by turbule

Figure 3.4 depicts the distortion of a blob of conserved scalar in a turbulent flow
in the process we call turbulent mixing. If we think of the distorted blob as a sheet
having a surface area and a thickness, then as the distortion increases the surface
area it decreases the thickness. The increased area and the larger scalar gradients on
it greatly increase the total rate of molecular diffusion of the scalar out of the blob.

This suggests that we examine the equation for the evolution of the gradient g;
of a conserved scalar (Problem 1.11):

Dg _9& | - 9% _ oy 9’
=— T =—-& + . 3.22
Dr = o Yoy T on Y T axox G2
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a. Binary nature of concentration values during mixing

t, t>t, t>t,

b. Concentration on a path through the mixing region

L U

1, >t t,>t,

. Effect of molecular diffusion for ¢ > ¢,

M AVA\ R Auevs

4, t>t, Lt

Figure 3.4 Schematic sketch of turbulent mixing of a contaminant, without molec-
ular diffusion (a and b) and with it (c). A key process is the deformation of the blob
by the turbulent strain field, which increases its surface area and the concentration
gradients on it, thereby greatly enhancing the molecular diffusion. Adapted from
Corrsin (1961).

The first term on the far right is the rate of change of scalar gradient due to deforma-
tion by the velocity field. This mechanism can either amplify or attenuate gradients;
the gradient of a conserved scalar is not conserved. To illustrate, let the scalar iso-
surfaces be planes oriented such that their normal and the scalar gradient point in
the x-direction, say:

8 =1(2.0,0). (3.23)
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Then neglecting molecular diffusion Eq. (3.22) says the gradient in the x;-direction
evolves as
D Ay
— g~ 3. 3.24
il o, & (3.24)

This is called linear or normal strain (Kundu, 1990). If 31 /dx; is negative the
magnitude of the scalar gradient is amplified; if positive, it is attenuated. This is
analogous to vortex stretching (Figure 3.5).

Deformation can also reorient a scalar gradient. In the example of Eq. (3.23) with
a scalar field initially having a gradient only in the x;-direction, if the it} velocity
component has a gradient in the o # 1 direction, say, then components of the scalar
gradient are induced in that direction:

Dga iy .

Di T xS (29

This is called shear strain. It is analogous to vortex tilting (Figure 3.5).

In summary, a blob of ¢ in a realization of a turbulent flow follows an irregular
trajectory and is contorted by turbulent velocity gradients as it travels; this contortion
increases the magnitude of scalar gradients within the blob, enhancing the molecular
diffusion. As a result, the blob disappears more quickly than it would in the absence
of turbulence (Figure 3.4).

Shear strain
T B / / / /

Figure 3.5 A schematic of the distortion of a scalar-gradient field by a strain field.
The lines are iso-concentration contours. The upper two panels depict linear or
normal strain, Eq. (3.24); the lower panel depicts shear strain, Eq. (3.25).

Normal strain

4+ — —
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This prompts two final questions. The first concerns the substantial-derivative
form of a conservation equation, which we often interpret as the equation following
a parcel. How can we follow parcels in a turbulent flow if they are rapidly distorted
and annihilated?

The answer is that we need “follow” a parcel only long enough to define this
time derivative. Since the derivative involves the limit process Az — 0, this is a
vanishingly small time.

A second question concerns mixing: if an advected constituent in a flow is
conserved, how can it mix?

‘We said that a scalar constituent following Eq. (1.31) changes only through the
effects of molecular diffusion. Molecular diffusion is the final stage of turbulent
mixing. Without molecular diffusion a scalar constituent cannot truly mix; it will
ultimately be finely but nonuniformly distributed by the turbulence, the spatial scale
of the nonuniformities being that of the smallest turbulent eddies (Figure 3.4b).

3.4 Space-averaged equations

‘We stated the “Reynolds averaging rules” in Eqs. (2.5)—(2.8). Any linear average
has the distributive property (2.5), and (2.7) is a consequence of (2.6). Rules (2.6)
and (2.8) are
+ The average of an average is the average:

i=a 2.6
« The average of a derivative is the derivative of the average (the commutative property):

9a _9a_  9a _da

o4 _ o4, o4 _oa 2.
Ax; Ax; ar ar @8

The ensemble average satisfies both of these rules. Now let’s consider their
applicability to two other commonly used averages.

The “record average,” the average of a recorded measurement of f(x, ), say,
over an x-record of length L, is

. 1 L

7= 7/ fx,0)dx. (3.26)
LJo

Since 7rec does not depend on x, averaging it over the record yields

T 1 e 7t —rec
) :Z/U 7 dx:Tfo dx =T, 327

so the record average satisfies rule (2.6).
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The record average commutes with differentiation with respect to independent
variables except that in which it is recorded. Thus for f(x, ) (Problem 3.10)

————ec ———rec
0 (—rec af 0 (—rec of
— =(=) . but — = . 3.28
Bt(f ) (a;) . i:)x(f )7é<3x 28
The “local average™ at any point is an average over a neighborhood of that point:

—loc 1 [Ar2
Tt A) = 7f Fl+x 1) dx. (3.29)
AJ ap

This does not satisfy rule (2.6) (Problem 3.11), but it commutes with both derivatives
(Problem 3.12).

Reynolds (1895) averaged the equation of motion “over a small region of the
flow.” This could be, for example, the local average

e 1 A2 pA2 pA2 L,
A = *3/ Fx+x', 1) dx| dx}dx}. (3.30)
A Joapl-aplt-ap
This essentially removes eddies that are much smaller than the cube side A and
minimally affects those that are much larger than A. By contrast, ensemble aver-
aging removes all eddies. Thus the two become more alike when A > ¢ —ie.,
in coarse-resolution models. Perhaps this is why the type of averaging used in
coarse-resolution numerical models is not always explicitly discussed.

3.4.1 The generalization to spatial filtering

By the early 1970s increases in computer size and speed made it possible to resolve
the energy-containing eddies in an evolving turbulent flow. A conceptual turning
point was Leonard’s (1974) generalization of Reynolds’ (1895) notion of local
averaging in space, as in Eq. (3.30), to spatial filtering:

7““(x,1):f / / Fx+X.0Gx—x)dx|dxydxs.  (331)

G is called the filter function. This is the local average of Eq. (3.30) if G is taken
as 1/A% within a cube of side A centered at the origin and 0 outside it. As we shall
discuss in Chapter 6, other filter functions are now also used, and we now interpret
“local averaging” more broadly as “spatial filtering.” In the usual (low-pass) form
of this filtering Fourier components of small wavenumber (k < 1/A) are retained
and those of larger wavenumber are removed.



3.4 Space-averaged equations 67

Today the principal purpose of averaging the turbulent-flow equations is to
enable their numerical solution, so we shall denote a spatially filtered variable
through a superscript “r”", this part of the variable being computationally resolvable.
We write R X

F="a(F =T =7+ 332
so that spatial filtering decomposes a turbulent variable into resolvable (r) and
subfilter-scale (s) parts. In general subsequent applications of a filter also have
effects;” that is,

oY # F. (3.33)
From Eq. (3.32) it follows that in general the spatially filtered subfilter-scale field
does not vanish:

(fH"#0. (3.34)

Unlike ensemble averaging, spatial filtering can preserve the turbulent character
of the flow variable if the spatial scale of the filter function G is much less than
the spatial scale of the turbulence.” It can profoundly reduce the computational
requirements for numerical solution of the equations, as we shall see.

3.4.2 Spatially filtered governing equations

‘We can now apply the local average (interpreted as Leonard’s more general spatial
filter, Eq. (3.31)) to the governing equations. With the decomposition of Eq. (3.32)
the continuity equation (3.1) for the full velocity implies

ot 0 ..o oay 9@}

= -2 H=—"L+—L=0. 3.35

ax;  dx; ity +i) Ax; + Ax; 335
Assuming that spatial filtering commutes with differentiation,’ applying it to the
full continuity equation (3.1) yields

(3“’) L, (3.36)

ax; = ax;

Subtracting Eq. (3.36) from Eq. (3.35) then gives

(3.37)

axi
Thus, both i} and i} are divergence free if i; is.

* The exception is the “top-hat” flter, Chapter 6.
# Equation (3.31) shows that when G is vanishingly narrow —a “delta function” ~ it leaves the function unchanged.
§ Leonard (1974) shows this is true if the function vanishes on the boundarics.
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Consider next the Navier—Stokes equation (1.26), which we shall write in the form
195 0%,
L,
p 0x; 9xj0x;

(3.38)

Applying the spatial filter and using its commutativity with differentiation yields

ot 3" 105" 9%t
B e MR 3.39
ar + Axj p Ox; + VBX ¢ )

As in Eq. (1.39), we write
@) =} + [Gy) — 37 | = ) — - (3.40)

with 7;; a Reynolds stress due to spatial filtering. From its definition in Eq. (3.40)
we can write this generalized Reynolds stress as

w; = p [y — @iy | = p [@i - @+ B7 +may . G4an

7;; is neither a resolved nor a subfilter-scale quantity, for it has both a subfilter-scale

part, p(ﬁfﬁ})s, and a resolved part, 7;)(11{12; + IZ,’L?,' + ﬁfﬁ;)'. But it does vanish in

the high-resolution limit, so it is called the subfilter-scale (sfs) Reynolds stress.
Substituting Eq. (3.40) into Eq. (3.39) and reintroducing the viscous stress yields

E+i[muﬂw(%+d—"’r)}:—laﬁr. (3.42)
at o | ' p oy oy p X

Equation (3.42) and the resolved continuity equation (3.36) comprise four equa-
tions, but because of the structure of the sfs Reynolds stress the unknowns exceed
four in number. Thus one needs a model for 7;; in order to solve Egs. (3.42) and
(3.36) numerically.

As discussed in Chapter 16, with discrete spatial filtering techniques 7;; can be
measured (Tong er al., 1999), and it can also be computed (at relatively small Ry
values) from numerical-simulation fields. Thus there is also some observational
and computational guidance that can be brought to such subgrid or subfilter-scale
modeling, as it is called.

We shall see in Chapter 6 that even if 7;;/p is much smaller than 12['17/‘, which
is the case with very high spatial resolution (small filter width), we still need to
include it in the filtered equation (3.42). It is responsible for the extraction of kinetic
energy from the resolved scales, the manifestation here of the energy cascade that
is a key property of turbulence.
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Applying the same spatial filtering process to the scalar equation (1.30) yields
ac” 0 (. ac"
—+— ! —y— =0, 3.43
or T (u,c i (3.43)

where fi = (@;¢)" —jc". If the resolved velocity field i} is known this is one equa-
tion in two unknowns, ¢" and f;, and so one needs a model for the sfs scalar flux f;.

3.4.3 Resolved and subfilter-scale turbulent fluxes

Ensemble averaging Eq. (3.42) produces

ol 0 [—— T st Al 19p°
e ST TR (i e ) N GO Y
at ax; J P dxj  x; p Ox;

Let us assume that the spatial filter resolves the ensemble-average fields perfectly,
so that Uf = U;, P" = P. This should be the case if the filter scale is small
compared with £. Then if we use the commutativity of spatial filtering and ensemble
averaging and the expressions

W= Ui tu) =U+ul, =P+ p, (3.45)
we can write Eq. (3.44) as

aU;
at

) [ Ty au; AU, 1 aP
+T|:(U,‘+uf)(U,'+u;)7%fu(—'+ ')]
X

=————. (346
dx; ax; p 0x; ¢ )
Using the ensemble-averaging rules this becomes

aU; d —  Tij aU; Bl/j) 1 0P
UiU; T _ =———. 3.47
ot + dx; [ iU+ ui; v (E)xj x; p Ox; ( )

P

Comparing Eq. (3.47) and the ensemble-averaged Navier-Stokes equation (3.7)
shows that

ujuy — — =illj. (3.48)
This says that of the total kinematic momentum flux carried by the turbulence, u;u;,
the spatially filtered fluid equations directly resolve a portion, ufu;, and require that
the remainder, —7;;/ p, be modeled. Since the contributions to #;u; come from the
energy-containing eddies, if the scale of the spatial filtering lies in the inertial range
the resolved portion is generally much larger than the portion that must be modeled.
An ensemble-averaged model, by contrast, resolves none of the turbulent flux; all of
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it must be modeled. Because turbulence models are not perfect, we expect that (other
things being equal) an ensemble-averaged model is inherently less reliable than a
spatially filtered model. Thus the two approaches have two important differences:

« A spatially filtered model requires thi i ional, ti Iculations. The
ensemble-averaged model requires only as many spatial dimensions as there are inho-
mogeneous directions, and can be time independent if the flow is steady. Thus the

i i for a spac d model can be much larger.

* Since a spatially filtered model resolves part of the turbulent flux, and since the reliability

of turbulent-flux models is uneven, other things being equal it tends to be the more reliable.

3.5 Summary

The equations for the ensemble-averaged fields of velocity and a conserved scalar
in an incompressible turbulent flow are

aU;

= 32
Frs (32)
AU; 9 au; U, 19P
— | Uil i — =———, 3.7
ot + ax; [ iU+ wij V(E)X,- 9x; p Ox; S
ac 9 aC
~= 4= Te—y—1»=0. 3,
o + e (U,C+M1L an’_) 0. (3.13)

Without the new terms involving w;u; and ; ¢, Eqs. (3.7) and (3.13) are the Navier—
Stokes and scalar conservation equations (1.26) and (1.30), which have turbulent
solutions at large Reynolds number. But here the turbulent-flux terms, being of
leading order, ensure smooth, nonturbulent solutions that reveal little, if anything,
about the instantaneous structure of a turbulent flow.

The spatially filtered equations are

oi; = 3.36
e (3.36)
ai:qri it — Lﬂt’erilr :,laiﬁry (3.42)
or oy T oxj  0x; p ox;
a9 (. acr
LAY (7. T VL ) 343
ar o ("" thiorgs (43)

Here the spatial filtering has produced the new terms 7;;/p = ﬁfﬁ/’ — (@;it;)" and
fi = (@;¢)" — wj¢" involving the subfilter-scale turbulence.
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Both equation sets (3.2), (3.7), (3.13) and (3.36), (3.42), and (3.43) have more
unknowns than equations, giving what is called a closure problem. We shall explore
it in the following chapters.
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3.13

3.14

Questions on key concepts

What is a flux? What three types of fluxes can emerge in an ensemble-mean
equation? Illustrate with the momentum or conserved scalar equations.
What is a Reynolds stress? A Reynolds flux? Explain G. I. Taylor’s term
“virtual mean flux.”

Explain how symmetry arguments can be used to evaluate Reynolds fluxes.
Explain the statement “turbulent mixing need not be mixing at all.”
Explain the interplay of turbulent and molecular diffusion.

Give an example of an ensemble-mean model in boundary-layer
meteorology.

Explain why it is unlikely that an ensemble-mean profile — for example, the
mean-wind profile in a boundary layer — would ever appear in a realization
of a turbulent flow.

If an advected constituent in a turbulent flow is conserved, how can it
ever mix?

Explain why a spatially filtered turbulent flow model can be more reliable
than an ensemble-averaged model.

How could a spatially filtered model be made to have the randomness
property —i.e., to be able to generate an ensemble of predictions?

How could a spatially filtered model of the type described in Question 3.10
be used to predict both an ensemble mean and variances about that mean?
What is the closure problem? How does it originate?

With an eddy-viscosity closure the ensemble-mean equation of motion (3.7)
can be written in the same form as the Navier—Stokes equation. Then why
does it not have turbulent solutions?

Why must we exclude mean pressure from homogeneity considerations?
‘What other mean variables fall into this category?

Problems

Starting from Eq. (3.7), form the equation governing the evolution of the

kinetic energy of a steady, ensemble-averaged flow.

(a) Is the kinetic energy of the ensemble-averaged flow the same as the
ensemble-averaged kinetic energy? Discuss.
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3.6

3.7

3.8

3.10
3.11

3.14

Equations for averaged variables

(b) Write the term involving the viscous stress as the sum of a divergence
and a dissipative term.

(c) Write the remaining terms as the sum of a divergence and a remainder,
and integrate the equation over a volume. Interpret the result.

(d) Interpret the volume-integrated equation for steady flow in a pipe. What
can you conclude about the role of the turbulent flux term?

(e) Repeat (a)-(d) for a conserved scalar.

Derive the equation for the evolution of mean vorticity and interpret the

terms.

Derive the equation for the evolution of the mean gradient of a conserved

scalar and interpret the terms.

Interpret the kinematic Reynolds stress ww in channel flow (Figure 3.1)

formally in terms of an average over realizations. Indicate the arguments of

u and w. Then explain how we determine ww from time series measured at

a point, again indicating arguments. Explain physically when and why this

is justifiable.

‘Write the Poisson equation for mean pressure by taking the divergence of

the mean momentum equation (3.6).

‘Write the vertical mean momentum equation for steady flow in a channel

(Subsection 3.2.1).

Sketch instantaneous and ensemble-averaged effluent plumes from a stack.

What are their important differences?

Explain why we say that “turbulent diffusion” is partly real, partly virtual.

Evaluate the lateral equation of mean motion in turbulent channel flow

(Figure 3.1).

Prove the averaging rules in Eqgs. (3.28).

Show with an example that the local average, Eq. (3.29), does not satisfy

averaging rule (2.6).

Show that the local average, Eq. (3.29), commutes with both derivatives.

Explain why the space-averaging operation defined in Eq. (3.30) removes

eddies that are much smaller than the cube side 7 and minimally affects those

that are much larger than h.

Do the expansion in Eq. (3.41) and show that it produces the rhs of the

equation.
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4

Turbulent fluxes

4.1 Introduction

We saw in Chapter 3 that averaging produces new types of fluxes in the
momentum and scalar conservation equations. In this chapter we’ll discuss those
produced by ensemble averaging; we’ll follow the usual convention in refer-
ring to these as turbulent fluxes. We'll use turbulent heat flux” to illustrate the
concepts.

To obtain some insight into the nature of heat flux in turbulent flow, we multiply
the fluid temperature Eq. (1.32) by pc, = k/a, here a constant, and write it in

“flux form™: N - -
pc,T Ll - aT 9 H,
0" _ </)C”Tul —k ) = ! @.1)

a 737)(,- ax; - ax;i

The heat flux H; is a turbulent vector variable: it fluctuates in space and time and is
different in every realization. Equation (4.1) says it has a contribution from the fluid
motion, pc”'l_‘fq, with pc,j' the enthalpy of the fluid (joules m’3); and a contri-
bution from thermal conduction, —k37_'/ dx;, with k the fluid thermal conductivity
(watts m! K").

In our pipe-flow example of Chapter | the radial component of heat flux is
the most important. At the wall it is due solely to conduction, since the fluid
velocity vanishes there; above the wall it is dominated by the turbulent radial
velocity.

Hereafter in this chapter we shall deal with the temperature equation (1.32) rather
than with (4.1), its product with pc ,. Although by the usual convention a flux refers
to an extensive property, in using Eq. (1.32) we shall make an exception by referring
to the flux of temperature.

* Thermodynamicists (e.g., Bohren and Albrecht, 1998) have long railed against this use of “heat.” but here it is
the conventional term.

75
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4.2 Temperature flux in a boundary layer

With the decomposition 7' = © + 6, ensemble averaging the temperature equation
(1.32) in a turbulent boundary layer yields

9 00 dud _ 26
ot Yox; T ox;  oxjox;

4.2)

The molecular-diffusion term is important only in the diffusive sublayer on the
surface. If that surface is very large in extent and horizontally homogeneous, the flow
approaches horizontal homogeneity in which U; = [U(z. 1), 0,0]and ©® = ©(z, 1).
This is a common model of the atmospheric boundary layer. Then the time rate of
change of the mean fluid temperature above the surface is due to the divergence of
the turbulent flux,

© dui0 _ qwo

a  ox; 9z

= (4.3)

If the surface is warmer than the fluid above, rising (positive w) fluid tends to
be warmer than its local environment (positive #), since it came from the warmer
region nearer the surface; likewise, sinking (negative w) fluid tends to be cooler
than its environment (negative #), since it came from the cooler region farther away.
Thus, we expect w to be positive. Correspondingly, w# is negative over a cooler
surface. w vanishes at the boundary-layer top because the turbulence vanishes
there. Thus the divergence of the turbulent temperature flux is nonzero within the
boundary layer, which through Eq. (4.3) causes © to change with time.

The familiar near-surface warming of the atmosphere on a sunny morning is
well described by Eq. (4.3) (interpreted for potential temperature, defined in Part IT).
‘Warming typically occurs at nearly the same rate over much or most of the deepening
boundary layer. If so, Eq. (4.3) says that the temperature flux divergence is nearly
constant with height.

Typical daytime, clear-weather w@ and @ profiles are sketched in Figure 4.1.
There is a pronounced negative mean temperature gradient near the surface, where
w0 is positive. This is consistent with the existence of an eddy diffusivity K such that
wh = —K O /dz. Above the surface the magnitude of 9© /9z decreases with height
more sharply than wd does, implying that K increases away from the surface. The
top of the daytime boundary layer is typically determined by a “capping” inversion —
a stably stratified layer (® increasing with height) that damps turbulence and acts
as a “lid” for rising convective elements. The entrainment of this inversion by
turbulence makes w@ negative in this interfacial region, as sketched in Figure 4.1.

As Figure 4.1 indicates, this region of positive 3© /dz aloft can extend down into
the boundary layer. As a result the eddy diffusivity for temperature can be poorly
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z z

——00/0z=0

——90/8z=0

wf €]
Figure 4.1 A sketch of the profiles of vertical turbulent temperature flux w@ (left)
and mean temperature © (right) in a growing convective boundary layer. In midday
9©/dz can vanish in midlayer; those points are indicated by dashed lines. If w6
is nonzero at those points (as at the later times, left) the eddy diffusivity K has a
singularity there; for some distance above that K is negative. Here “temperature”
is potential temperature (Part II).

behaved; it has a singularity if 9@ /dz and w@ change sign at different heights, as
at the later times in Figure 4.1.
The complete mean-temperature equation (4.2) for the one-dimensional problem

reduces to
0O 9 [(— 90
m + % (w0 —a—— ) =0. 4.4)

A typical value of the surface temperature flux Qg over land on a sunny day is
0.1m s~ ! K, which requires a mean temperature gradient at the surface of

0 _ 0
dz o

~—10*Km™', 4.5)

using = 10> m?> s~

Above the thin diffusive sublayer the temperature flux is carried almost entirely
by the turbulence. The eddy diffusivity is of order u¢, much larger than «, so the
magnitude of 30 /dz is much less than at the surface. At a height z <« i where
the eddy diffusivity is ~10°a, for example, which we shall see in Part II occurs
in the surface layer, turbulence reduces 9©/9z to ~ 0.1 K m !, five orders of
magnitude smaller than at the surface.
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4.3 Mass flux in scalar diffusion

In Chapter 3 we discussed molecular and turbulent diffusion of an effluent released
from a point source into a flow. We showed that the turbulent problem, which
involves turbulent mixing, molecular diffusion, and ensemble averaging, has some
“virtual” aspects. Here, after discussing the solution for the laminar case, we will
present G. I. Taylor’s treatment of the turbulent problem.

4.3.1 Laminar flow

Figure 4.2 shows a simple problem in molecular diffusion. A line source of strength
Q (units of mass emission rate per unit length), located at x = 0, z = 0 and
oriented in the y-direction, discharges a conserved effluent into a uniform laminar
flow of constant velocity u; = (u, 0, 0). Under steady conditions the conservation
equation (1.31) for the effluent reduces to a balance between streamwise advection
and molecular diffusion in the streamwise and vertical directions:
dc 9% 9%

ugo=v (sz + 8:2) . (4.6)
We will make the “thin-plume” approximation that the streamwise length scale
of the plume is much larger than the plume thickn This allows us to neglect
streamwise diffusion, and Eq. (4.6) reduces to

dc 9% @7
U— = , .
dx 4 922
Molecular diffusion Turbulent diffusion
o - <}‘b 7
c —y9c fe] w K
9z

Figure4.2 Anartist’s sketch, exaggerated in the vertical (more so for the left panel),
of diffusion of a conserved scalar from a crosswind (y-direction) line source in a
uniform flow. Left: The profiles of concentration ¢ and lateral flux —ydc/dz in
laminar flow. The plume width grows as x'/2, Eq. (4.9). Right: Profiles of mean
concentration C, lateral turbulent flux we, and eddy diffusivity K in the long-time
limit in homogeneous turbulent flow. Here the plume width grows initially as x
and then as x'/2, Eq. (4.29).
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whose solution (Problem 4.5) is the Gaussian plume,

2
c(x,z) 0 e%7 . 4.8)

V2nuo

The “plume width” o (x) is

12 12
o= (”—‘) 2o (zl) . “.9)
u X ux

Equation (4.9) shows that o grows more slowly than streamwise distance x. If
u=5ms"!and y = 1075 m? s~!, at 4 cm downstream of the source o is only
1% of that. The thin-plume approximation only improves farther downstream; at a
point 4 m downstream, for example, it is 0.1%.
The vertical flux of ¢ here is —ydc/dz. From Eqgs. (4.8) and (4.9) this is
dc  yz

e ;c(z). (4.10)
It is sketched on Figure 4.2 along with the ¢ profile. Because of the symmetry of
the problem the ¢ flux vanishes on the centerplane; elsewhere the flux is directed
away from the c-rich fluid there.

4.3.2 Turbulent flow

Now let’s consider the same problem in a homogeneous turbulent flow. An instanta-
neous turbulent plume has an irregular shape; the ensemble-averaged (mean) plume
(the result of averaging many instantaneous, sharp-edged plumes, each different in
detail) is smooth (Figure 2.3). The mean concentration profile across it (which has
been measured in homogeneous laboratory turbulent flows) follows the Gaussian
solution (4.8) closely.
The ensemble-averaged concentration equation in the homogeneous-turbulence
case is
aC duc  dwc
ax  ax 9z
where the mean velocity U; = (U, 0, 0) and U is constant. As in the laminar case
is is a balance between streamwise advection and turbulent diffusion in the
streamwise and vertical directions. The molecular diffusion terms are negligible
everywhere, there being no solid boundaries in this problem.
If we make the thin-plume assumption, which implies here that duc/dx <«
dwc/dz, Eq. (4.11) reduces to

@.11)

ac e
ox  dz

(4.12)
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We can diagnose the behavior of we, the vertical component of the turbulent flux
of effluent. In the upper half of the plume we expect upward motion (positive w)
to be associated with concentrated effluent (positive ¢) that originates nearer the
centerplane, and downward motion (negative w) associated with diluted effluent
(negative c) that originates farther from the centerplane. (¢ cannot be negative, but
its fluctuating part ¢ can be.) Each leads to positive wc. In the same way, we expect
negative wc in the bottom half of the plume. Since the mean flow is symmetric
about the centerplane, wc must vanish there, just as the molecular flux does in the
laminar problem. Finally, the vanishing of c in the effluent-free flow far away from
the centerplane makes w¢ = 0 there.

These deduced C and wc profiles in the turbulent-diffusion problem are also
sketched in Figure 4.2. Their similarity to those in molecular diffusion suggests
a similarity between the concentration equation (4.7) in laminar flow and the
mean concentration equation (4.12) in homogeneous turbulent flow. If there were a
z-independent eddy diffusivity K (x) such that

We(x, 2) = 4((x)2£. (4.13)

then at any x the C equation (4.12) would have the same form as Eq. (4.7) for
laminar flow,

(4.14)

and the mean concentration C(z) at any x would also be Gaussian, as observed:

C(x,2) = 4.15)

_°
«/ﬁUo[
This is the molecular diffusion form (4.8) but with the mean velocity U and the
width parameter of the mean concentration distribution, o(x).

The behavior of the eddy diffusivity K (x) in this problem can be deduced through
aLagrangian analysis as follows." If we substitute the Gaussian solution (4.15) into
Eq. (4.14) for the mean concentration and solve for K (x) we find

Udo?
K(x)=——\. 4.16

(x) 2 dx (4.16)
Atany x = Ut the mean concentration C(x, z) is proportional to the probability

that z;,(7), the vertical displacement of an effluent particle at time ¢ after release, is

2~ z. Thus we can interpret zr[z as the Lagrangian quantity z%(t), the mean-squared

# This analysis of G. L. Taylor’s 1921 solution is adapted from Csanady (1973).
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value of the vertical displacement of diffusing effluent particles. z;(¢) is related to
another Lagrangian quantity, the particle vertical velocity wy(7), by

t
7p(1) :/0 wp(t)) dt’. 4.17)

Multiplying by 2wy, = 2dzp/dt, ensemble averaging, and using the commutativity
of time differentiation and ensemble averaging yields

dz, a2 dZ2 (S
2zp d[" = —[" = d[" :2/0 wy(Dwp () dt'. (4.18)
This can be rewritten as
[ —
o :2w§[n R(t)dr, (4.19)

with R the vertical velocity autocorrelation function of a particle,

_ wp(Owp(t + 1)

wy

R(t) (4.20)

‘We can diagnose the behavior of R in the short-time and long-time limits. The first
is simple: R(0) = 1. At long times we would expect a moving particle to “forget”
its initial vertical velocity, so that R — 0.

In homogeneous, stationary turbulence in a constant-density fluid the Lagrangian
variance w;; is equal to the Eulerian variance w? (Lumley, 1962; Corrsin, 1963).
Thus, Eq. (4.19) can be written

dz}
1

ot
=2uw _/ R(r)dr. @.21)
0

a

This result is due to G. I. Taylor (1921) and is known as “Taylor’s theorem.” The
short-time limit R = 1 implies

—L 2w, t—0. (4.22)
The long-time limit R = 0 yields

dz2 _
ring 2w, t— oo, (4.23)
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where 7., is the Lagrangian integral time scale defined by
oo
L= f R(t)dt. (4.24)
0
71, is of the order of the Eulerian time integral scale t (Chapter 2), but there is no

simple relation between them (Corrsin, 1963).
‘We can also interpret these results in spatial terms. We can write

13
X0 = /O up(t'ydr', (4.25)

and ensemble averaging this gives, using the equivalence of Eulerian and
Lagrangian statistics in homogeneous turbulence,

:
(1) = fo () di' = Ut. (4.26)

Equation (4.26) says that the ensemble of particles moves downstream at velocity
U. Thus, we can make the conversionx = Ut, d/dt = Ud /dx and write Eq. (4.16)
for K as
_Ude? _Udzy  1d3
T 2dx  2dx 2dt’

4.27)
In the short-time and long-time limits (4.22) and (4.23), which we can now interpret

ast < 1, and t >> 11, respectively, we then have

— w? —
K(x) ~wt = %X, t <ty K(x)~w?r =constant, 3> 1. (4.28)
The behavior of the mean plume width oy is, from (4.27),
wln
U

2172
O'["*%X, x LUt G,N(

1/2
) A2 x> Un. 429

This indicates the mean plume grows linearly with distance downstream in the
initial stages, and slows to parabolic growth (as sketched in Figure 4.2) after a
distance of order Uty..

In summary, the mean concentration profile C(x, z) in a slender plume diffusing
from a continuous, crosswind line source in homogeneous turbulence of mean
velocity U has the same form as the laminar solution (4.8),

;:2

C(x,2) = e

_9
V2rUo
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but the mean-plume parameters depend on turbulence statistics:

do? — [ Dwp(t +1'
%:21{:2";2/ R(W)d, R = 2O
0

2
Wp

=Ut.

As Csanady (1973) points out, the behavior of the eddy diffusivity K is odd when
there is more than one effluent source. If there are two sources, one upstream from
the other, then at a point where both contribute to the total mean concentration the
two effluents have different K values. This prompted Taylor (1959) to label the
eddy diffusivity “an illogical conception.”

4.4 Momentum flux in channel flow

In Figure 3.1 we sketched steady turbulent flow down a channel of rectangular

cross section. We showed that the streamwise comp of its mean mc
equation is
9 au 1aP
—(uw—v =——— (3.10)
9z z p ox

and that the profile of the 1-3 component of its mean kinematic stress is

2,

Ti3 = —iw + vaU [0z = J%”. (4.30)
with 2D the distance between the channel walls and 2 the magnitude of the kine-
matic wall stress. u is called the friction velocity. On smooth walls that stress is
a viscous one, but just above the diffusive sublayer it is carried by the turbulence.
For this reason u, is an important velocity scale for near-wall turbulence.

‘We sketch the viscous and turbulent components of this kinematic mean stress
profile in Figure 4.3. The turbulent component is consistent with the existence of a

P ouU
T, - uw ==
" Yoz
Figure 4.3 A sketch of the mean kinematic stress profile 773 and its turbulence
and viscous components in the turbulent channel flow of Figure 3.1.
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positive eddy diffusivity K such that ww = — K dU /dz. The shape of the U profile,
Figure 3.1, also suggests that K is smaller near the channel walls and larger near
the center.

4.5 The “mixture length”

In this chapter we’ve seen that the turbulent flux of a quantity — the covariance of
turbulent velocity and the turbulent part of the quantity being transported — has a
central role in turbulent flows. In the example of Section 4.2 the vertical flux of
temperature w dictates the evolution of the daytime temperature profile.

It is natural to try to relate the turbulent part of the quantity being transported to
the corresponding mean gradient, e.g.,

EIC)

0z’
with d a length scale related to the turbulent fluid displacements in z. Then the
flux is

6~ —d

(4.31)

_ — 00 ELC)
ow ~ —dwa— ~—K P (4.32)

with K an “eddy diffusivity.”

The notion of a length scale d related to turbulent mixing was evidently developed

independently by Taylor and Prandtl. In a 1913 experiment Taylor measured the
vertical profiles of temperature and humidity above the cold water of the Grand
Banks of Newfoundland, finding that the rate at which the cooling wave penetrated
into the atmosphere could be accounted for “by a process like molecular conduction
but much more vigorous.” In reflecting on his early attempts to understand the
“effective conductivity due to turbulence,” Taylor (1970) wrote:
To complete a theoretical analogy between molecular and turbulent transfer it is necessary to
think up some length connected with turbulence which is analogous to the mean free path of
molecules. I was driven to imagine a purely hypothetical process to represent the collisions
which terminate each molecular free path, and in 1915 I put out the idea that coherent
fluid masses move a certain distance up or down vertically carrying all their transferable
properties and then mix with the surroundings in which they find themselves.

The ... idea ... of a mixture length was used by Prandtl [in a 1925 paper] who afterwards
told me that he had never heard of my 1915 paper.

Akey notion in Taylor’s 1915 paper is “the average height through which an eddy
moves from the layer at which it was at the same temperature as its surroundings,
to the layer with which it mixes.” In his 1925 paper Prandtl introduced the term
“Mischungsweg,” in English “mixture length,” by which it became known. Taylor
(1970) made clear that he had considered these notions about what had come to be
known as the mixture length to be quite crude:
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I was not satisfied with the mixture-length theory, because the idea that a fluid mass would
go a certain distance unchanged and then deliver up its transferable property, and become
identical with the mean condition at that point, is not a realistic picture of a physical process.

He credited his misgivings about mixture-length theory to his development of an
exact solution for the growth of the mean plume from a continuous point source
(Section 4.3.2):
While thinking of [analytical “fall out” from attempts to rationalize a mixture-length theory]
Ibecame interested in the form which a smoke trail takes after leaving a chimney. Any theory
of diffusion which is based on a virtual coefficient of diffusion must predict a mean shape
for a smoke plume which is paraboloidal, and it was quite clear to me that near the emitting
source the mean outline of a smoke plume is pointed. This led me to think of other ways than
mixture-length theory to describe turbulent diffusion. The result was my paper “Diffusion
by continuous movements,” (1921) in which the idea of correlation was introduced into the
subject, I think for the first time.

Taylor’s “pointed mean outline of a smoke plume” is the linear limit of Eq. (4.29).

Perhaps Taylor’s (1921) paper, which presented a formal solution to dispersion
from a continuous point source in steady, homc turbulence, d d
interest in the much less elegant mixing-length approaches. Indeed Lumley (1989),
in commenting on the mixing-length (as it is now usually called) assumption, wrote:

‘When I was a graduate student, I did not know that the mixing length assumption existed. ...
It was only later that I learned about it.

Taylor subsequently published a four-part series on a statistical approach to
turbulence (Taylor, 1935), which has heavily influenced our present perspectives.

4.6 Summary

‘We have deduced the behavior of turbulent fluxes in three problems. In each case
they were much larger than the corresponding molecular fluxes, except at a solid
surface. We also found evidence that the turbulent flux, mean-gradient relation need
not be as simple and direct as that in molecular diffusion; we’ll see that it rarely is.

We discussed Taylor’s early experience with observations of turbulent flows, his
evolving physical notions about turbulent fluxes and their maintenance, and his
attempts to develop a simple “mixture-length” theory for turbulence. We discussed
his misgivings about that theory and his continuing efforts to find better alternatives.
‘We’ll take that path further in Chapter 5 by examining the evolution equations for
turbulent fluxes.

Questions on key concepts

4.1 Show that the use of the mean-plus-fluctuating decomposition produces sev-
eral types of conserved-scalar fluxes in turbulent flow. Which one is the
turbulent flux?
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4.6
4.7

4.8

4.9

4.10

4.11

4.2

Turbulent fluxes

Explain how the averaging process allows us to write the mean flux in the
averaged form of the scalar conservation equation (1.29) as the sum of mean-
mean, turbulent, and molecular diffusion parts.

In equation terms, why does the mean temperature outside in the morning
increase predictably on sunny days? What is the physical mechanism causing
this increase?

What is the physical mechanism underlying the diffusion of a plume from a
point source in laminar flow? In turbulent flow? By what ratio do the effective
diffusivities differ?

Explain how we can often diagnose the turbulent flux profiles in turbulent
flow. Illustrate with an example.

Explain the essence of the “mixing-length” idea.

Interpret the physical origins of the horizontal turbulent flux term in
Eq. (4.11).

Interpret Eq. (4.11) through a mean mass balance for a control volume down-
stream of a line source in the cross-stream direction. Explain physically why
each of its terms is nonzero.

Explain why the entrainment flux at the top of the convective boundary layer,
Figure 4.1, is negative.

Explain physically why we expect the Lagrangian autcorrelation function to
be nonzero for some initial time period.

In an Eulerian frame the Taylor problem of Subsection 4.3.2 is stationary.
Why is it nonstationary in a Lagrangian frame? In what problem would it
also be stationary in a Lagrangian frame?

Problems

A reactive trace constituent having the evolution equation

with 7 a decay time scale, diffuses in a turbulent flow. Assume that in this
flow a conserved constituent has an eddy diffusivity. Using the mixing-
length ideas, discuss under what conditions you would and would not
expect this reactive constituent to have the eddy diffusivity of a conserved
constituent.

Why might the horizontal turbulent temperature flux be of little practical
consequence in aboundary layer, even though it can be larger than the vertical
flux?
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4.3 Have you seen chimney plumes that do not diffuse? Under what atmospheric
conditions have you seen them? Sketch what you have seen. What causes
this behavior?

4.4 What is the physical origin of the flux-gradient relation in molecular dif-
fusion? What averaging process is involved? Such a flux-gradient relation
need not apply to turbulent diffusion. What difference in the two processes
could account for this?

4.5  Prove that Eq. (4.8), with its parameters defined as in Eq. (4.9), is a solution
of Eq. (4.7).

4.6 Flow between oppositely moving parallel planes is called Couette flow. When
is it laminar? Turbulent? Calculate the stress profile and the velocity profile
in laminar Couette flow. Why is the pressure gradient zero?

4.7 Calculate the stress profile in turbulent Couette flow. Sketch the mean veloc-
ity profile, contrasting it with the laminar case. Sketch the corresponding
profile of eddy diffusivity.

4.8 Inaturbulent Couette flow one plane is held at temperature 77 and the other
at T>. Write the mean temperature equation for this problem. Sketch the
vertical profile of turbulent temperature flux.

4.9  Water vapor enters a horizontally homogeneous atmospheric boundary
layer by evaporation from the underlying surface. The boundary layer is
deepening with time by entrainment of the overlying air, which is drier than
that in the boundary layer. The mean water vapor concentration does not
change with time.

(a) Write the mean water vapor concentration equation for this problem.
(b) Sketch and explain the profile of the vertical turbulent flux of water
vapor.
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5

Conservation equations for covariances

5.1 Introduction and background

‘We saw in Chapter | that direct numerical solutions of the turbulence equations
can be done only at relatively small values of the turbulence Reynolds number R;.
Calculations of the vastly larger R flows in engineering and geophysical appli-
cations use averaged forms of these equations. The averaging produces important
turbulent fluxes that must be specified before the equations can be solved numer-
ically. That specification allows today’s calculations of averaged turbulence fields
in applications ranging from flow in the atmospheric boundary layer to the general
circulation of the earth’s atmosphere and convection on the sun.

In this chapter we derive, interpret, and scale the conservation equations for sev-
eral covariances, including turbulent fluxes, that arise from ensemble averaging.
At very coarse resolution ergodicity (the property that any unbiased average con-
verges to the ensemble average, Chapter 2) blurs the distinction between ensemble
and space averaging, so these covariance equations are used also in traditional
mesoscale-modeling and weather-forecasting applications.

Monin and Yaglom (1971) credit a 1924 paper by Keller and Friedmann as the
first to present a method of deriving turbulence moment equations, of which the
turbulent-flux budgets are an example. Because they contain unknown terms, the tur-
bulence moment equations were little used until the late 1960s, when computers
were large enough to solve approximate versions of them.

The literature on models of these flux budgets can be bewildering. The rationale
for their closure approximations is not always discussed, and the models go under
several names — e.g., “second-order closure,” “Reynolds-averaged Navier—Stokes
(RANS).” “single-point closure,” “higher-order closure,” and “invariant model-
ing.” Occasionally the model developers’ names are used, as with “Mellor—Yamada
level 2.5.”

89
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5.2 The fluctuation equations
For two turbulent variables @ = A 4+a and b = B + b, the sum of ensemble-mean

and fluctuating parts, we can derive the equation for their covariance ab as follows.
Since ensemble averaging and differentiation commute, we can write

dab b | da
— =a—+b—. 5.1
ar ot ot e
Thus we form the conservation equation for ab by multiplying the b equation by
a, multiplying the a equation by b, adding, and ensemble averaging.
To derive the conservation equation for a fluctuating variable we:

o 1 duce the me: ctuating decomposition into the conservation equation for the full
variable; we call this the fiull equation.
« Ensemble average the full equation to produce the mean equation.

* Subtract the mean equation from the full equation to find the fluctuating equation.

We’ll take a conserved scalar through this process. With it; = U;+u;, ¢ = C+c,
Eq. (1.31) for the full variable is

AC +0) AC +o) 92(C + o)
Ui +uj = .
o T T =Y

(5.2)

Ensemble averaging and the averaging rules in Chapter 2 yield the mean equation:

ac aC e 9’C
o tUi—+——=
at ax;j

= . 53
ax; 9x;0x; 63
Subtracting the mean equation (5.3) from the full equation (5.2) produces the
equation for the fluctuation:

ac ac ac 9 ?%c

v L (e—Te) =y ———
* jz’)x,Jru’Bx, 9x; (uje —i5e) yc’)xjax,

Y 5.4

The full variable ¢(x, 1) could be a constituent density, in which case it must be
positive. But its fluctuation has no such restriction: ¢ = ¢ — C is negative when the
full variable ¢(x, 1) is less than its ensemble mean C(x, 7).

The same process yields the equation for the fluctuating velocity field:

ou; + duj + oU;
- T
ar - ax

E] 19, 9%u,
+f(u,u,-—u,-u/):———p v _—
P dx; dx;0x;

55
dx; - dxj 65
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The second, third, and fourth terms on the left sides of Eqs. (5.4) and (5.5)
represent the three advection processes that produce fluctuations: advection of the
fluctuating quantity by the mean velocity, advection of the mean quantity by the
fluctuating velocity, and the fluctuating part of advection of the fluctuating quantity
by the fluctuating velocity. The other terms in Eqs. (5.4) and (5.5) are the fluctuating
counterparts of those in the full equations. Like their parent equations, Eqs. (5.4)
and (5.5) are nonlinear since the fourth terms on their left sides involve products of
the fluctuating quantities.

5.3 Example: The scalar variance equation
5.3.1 Derivation and interpretation

‘We’ll demonstrate the derivation process with the scalar variance 2. Multiplying
the c-equation (5.4) by 2¢, ensemble averaging, and using the averaging rules in
Chapter 2 yields the following results, term by term:

P e d(‘
ar o’
- 0
2¢Uj j;
ax; ax;j
aC dC
2L‘u]8 = 2cu; — Ty , (5.6)

, 32
ey 2 =y Ty, 9 0
Voo  Vomox, ) ox o

The resulting conservation equation for scalar variance, with the meaning of its
terms indicated, is

ac? ac?
% =— Uji (mean advection)
___aC . .
- 2u_,c$ (mean-gradient production)
7

dcu

(turbulent transport)
Xj
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—

B
+y-2° (molecular diffusion)
9xj9x)

dc dc .
— 2y — — (molecular destruction). (5.7
dx; 0x;

As indicated, the molecular term represents two effects.

The combination of the local time change plus mean advection is the time deriva-
tive following the mean motion. Thus it differs from the substantial derivative, also
called the total time derivative, which follows the instantaneous motion:

Ll 9
time derivative following mean motion = — + U; —,
ar ax;
. - Lo . L)
time derivative following instantaneous motion = — + ii; —
at Ax;
D 9 9
=—=—+ (U — 5.8
D 6[+( ;+u1)axi (5.8

‘We can interpret the mean-gradient-production term as follows. A displacement
dj in the presence of a mean gradient 3C /dx; produces a fluctuation ¢ = d;dC/dx;,
50 u;dC/dx; is the rate of production of ¢ fluctuations. Multiplying by 2¢ and
averaging then gives the rate of production of 2 as 2ujc aC/0x;.

The third term on the right side of Eq. (5.7) is the divergence of ¢?u;, the turbulent
flux of squared scalar fluctuation. We call this turbulent transport of scalar variance.
A term of this type appears in any second-moment equation.

The fourth term, molecular diffusion, is also a divergence. The sum of these three
divergence terms is

mean advection + turbulent transport + molecular diffusion

[ 5, 5 a?
= "oy (U_,cZ +ctuj — VE) . (5.9)

With the divergence theorem we can express the volume integral of this divergence
as an integral over the surface that bounds the volume:

/i B L dv_/ v+ -2 aa. 6100
V}Jx/ Jjc cuj Vax, = B nC CUp Vax,. N .

where n is the outward normal to the surface element d A. If we integrate over the
entire flow volume, so the velocity field vanishes on this bounding surface, the
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mean advection and turbulent transport contributions to the surface integral vanish.
‘We conclude that they move scalar variance from one point in the flow to another.
‘We can rewrite the molecular diffusion term as

R A Y. ac? G
yax,ax,_ax, Vax, D yaxj ’ i

which is the negative divergence of the molecular flux of ¢Z, or molecular diffusion.
The second molecular term, being negative definite, represents the rate of molecular
destruction of ¢2. We will label it y.:

[l
Xe=2y5———. (5.12)
X

The factor 2 is not always used in its definition, which can be a source of confusion.
‘We can rewrite x. as

() (=
fe= VBXJ- dx;

= —2 (fluctuating molecular flux of ¢) - (fluctuating gradient of ¢), (5.13)

which has the same form as the mean-gradient production term, the scalar (dot)
product of flux and gradient.

In steady conditions the integral of Eq. (5.7) over the flow volume therefore
reduces to

= [ 2av 7—/2W£dV—/ dav. (5.14)
ar T Kt :

so it follows that
ac
—/ 2W—dv:f XedV > 0. (5.15)
v dx; v

Equation (5.14) says that in steady conditions the flow-integrated rates of production
and molecular destruction of ¢2 are in balance. Equation (5.15) is the consequence:
in steady conditions the flow-integrated rate of production is positive definite. The
eddy-diffusivity closure

@:—K?—C. K >0, (5.16)

ax;

which can be useful for simple estimates, satisfies this constraint by making the
local mean-gradient production term positive definite:

___dC ac aC
—2ie— =2K (—— ] = 0. (5.17)
dx; dx; 0x;
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The scalar variance budget, Eq. (5.7), can be very useful in applications. For
example, knowing only the mean concentration C of a diffusing hazardous species
can be insufficient, for C gives no information on locally and instantaneously large
values of ¢. In ¢2 we also have a measure of such fluctuations. One of the most
difficult challenges in modeling Eq. (5.7) is formulating closures that maintain the
positive-definite nature of ¢2.

5.3.2 Scaling guidelines

The following are guidelines for scaling terms in the evolution equations for covari-
ances of energy-containing-range variables. We’ll discuss the scaling of terms in
covariance equations for dissipative-range quantities in Chapter 14.

. Velocity fluctuations scale with u = ;) '/2; conserved scalar fluctuations scale with
s = (¢2)!/2; pressure fluctuations scale with p = pu?.

2. The correlation coefficients of fluctuating velocity components and conserved scalar
fluctuations are O(1)."

3. Spatial variations in mean quantities scale with £.

4. Mean scalar gradients and mean velocity gradients scale with s /€ and u /£, respectively.

5. Constants can be ignored.

6. Mean-advection and local-time-change terms can involve externally imposed scales L
and 7 not directly related to the turbulence scales ¢ and u.

7. Avoid attempting to scale a “mixed-scale” covariance, one involving a small-scale

(dissipative-range) property and a large-scale (variance-containing range) property, for
its correlation coefficient is not O(1).

An example’ of a “mixed-scale” covariance is d¢2/dx = 2cdc/dx. The left side
is the spatial derivative of a mean quantity, so its order is s>/£. The right side is a
mixed-scale covariance; ¢ ~ s is a large-scale property, while we shall see shortly
that dc/dx is a small-scale property. In this case we can rewrite it to determine its
order (Problem 5.17), but it is not always this simple.

The scales u and s in Guideline 1 are the simplest, most direct measures of the
fluctuation level of velocity and a conserved scalar in turbulent flow. Similarly, 3 is
the simplest scaling of spatial variations in that it associates the same length scale
with the energy-containing eddies and with variations in mean quantities. Guideline
4 incorporates the mixing-length notion that fluctuations are due to eddy motions
in the presence of mean gradients.

* O(1) is a mathematical term that in turbulence we can interpret as meaning “approaches a constant as Ry — oo
In general O(1) implies nothing about the magnitude of this constant. Schwartz’s inequality (Part 111) limits
comrelation coefficients to 1 in magnitude.

+ This is adapted from Tennckes and Lumley (1972).



5.3 Example: The scalar variance equation 95

Equation (5.15) indicates that the mean-gradient production and molecular
destruction terms in Eq. (5.7) are of the same order, which by the scaling
guidelines is

aC s stu
UjC— ~us— = —. 5.18
MIC(’)XJ m[ ( )
The turbulent transport term is also of this order.
The molecular diffusion term scales as

322 2 sftugy s2u y 1 s2u
~ys=— =) (Z) R K< —, 5.19
oy, T2 T e (o)~ (e <5 ©19)

s0 it is negligible.
With these scaling results the scalar-variance conservation equation reduces to

(retaining the time-change and mean-advection terms for now)

Bc? a2 ___aC oy

= U - 2me— -

ot dx;j ax; dx;

— e (5.20)

Its terms (except for time change and mean advection) are of order s%u/¢.
‘We have inferred through Eq. (5.15) that the molecular destruction term x, in
the scalar variance budget is of leading order, s%u/¢. Thus we can write
dc dc  s2u 52
=2y ~l = 5.21
Ye =2y 50 I} (5.2

which indicates that the time scale of the removal of ¢2 by molecular destruction
is €/u, the large-eddy turnover time. This says that if their production mechanism
were suddenly shut off the scalar fluctuations would disappear within a time of the
order of a large-eddy turnover time. It is difficult to imagine how this could happen
more quickly. This reflects the strongly dissipative nature of turbulence.

5.3.3 Quasi- di local I

As Guideline 6 indicates, the mean-advection and time-change terms in a turbu-
lence budget such as Eq. (5.20) can involve additional, externally imposed s
For example, conditions in the atmospheric boundary layer change in the stream-
wise direction due to variations in the surface conditions (variable temperature or
roughness, for example), and change in time due to evolving synoptic conditions
and the diurnal cycle. Thus, for mean advection we introduce a scale U of the mean
velocity and a scale L, of streamwise variations in 2,

cales.

Uge ™ U—, (5.22)
J
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that need not be directly related to u and £. Analogously, for the time-change term
we allow a scale 7, of time changes in ¢? that can differ from £/u:

a2 2
T ~ o (5.23)
.

The order of magnitude of the mean-advection term in Eq. (5.7) is then

. 52 Ue\ stu
mean advection ~ U — = —_— (5.24)
Ly ulLy) ¢

U is typically of the order of but larger than u. If so, and if L, > ¢, then the
parameter (U£/uL,) < 1 and mean advection is negligible, as in a homogeneous
flow. We call this local homogeneity. Similarly, the time-change term scales as

) 2 o s
time change ~ — = | — ) (5.25)
Te Te 4

If (¢/u)/t. < 1, meaning that the large-eddy turnover time £/u is much less than
the time scale 7, of the changing boundary conditions, then the time-change term
is negligible. It is as if the mean flow is steady; we call it quasi-steady.

As we shall show in Part II, in homogeneous terrain and away from the morn-
ing and evening transitions in the surface heat flux this can allow a quasi-steady,
locally homogeneous interpretation of the second-moment budgets. For Eq. (5.20)
this is

ac? oC 9w

Gy 0= e - T (5.26)

5.3.4 Interpreting the molecular destruction term

‘We can scale the derivative covariance in x., Eq. (5.12), through the power spectral
density that we introduced in Chapter 2. There we represented a real, statistically
homogeneous, zero-mean, one-dimensional random scalar function f(x: «) on an
interval 0 < x < L as a complex Fourier series. We'll express this as

N
faiay= 3" flnsa)e™. (5.27)

n=-N
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We also showed that

=i

[ [ o)

N
f(x,nf*(m =)

n=—N

Mz TMZ

$(n) Axc, (5.28)

—N

=
Il

with ¢ the power spectral density of f. From Eq. (5.27) the derivative of f is

N

= 2 ik s )™, (529

n=—N

daf

dx

so that the derivative variance is

? N _ _ N
(—) =Y ke S frk) =Y k7 bk (5.30)

dx
n=—N n=—N

In the limit of large N and L this becomes

2
(ﬂ) :/w k2 ¢k d. (5.31)
dx —x

In the three-dimensional case we showed that the variance of a conserved scalar
fluctuation ¢(x, «) is given by

_ oo
= / Ec(i) dx, (2.58)
0
where E.. is the three-dimensional spectrum for the scalar,
Ec(k) = // ¢ (K1, k2, k3) do. (2.57)
Kiki=k>

The corresponding expression for the derivative variance is

B e [™
€9 f «? Eo(k) dx. (532)
ox; Ox; 0

In the inertial range of wavenumbers (1/¢ < k < 1/n) itis found that E. (k) ~
=3/3 (Chapter 7). Thus, Eq. (2.58) confirms that the principal contributions to the



98 Conservation equations for covariances

scalar variance come from smaller wavenumbers (larger scales), those in the energy-
containing range. By contrast, Eq. (5.32) shows that the density of contributions to
the scalar derivative variance grows as « /3 in the inertial range, meaning that the
contributions to the scalar derivative variance come mainly from wavenumbers in
the dissipative range.

‘We’ll denote the intensity scale of the dissipative-range c-fluctuations as sq and
their length scale as 7, the Kolmogorov microscale. (We are assuming here that
y = v. We discuss the general case when y % v in Chapter 7.) Then . scales as

dc dc 53
xe=2y 2E0C 5 539
;0% 2
Solving for sq yields, using n = (v3/e)!/4,
12 174
Xe V.
sd v (5.34)

We saw earlier that y. ~ s2u/¢. With € ~ u? /£ this gives from (5.34)

1/4
. (ﬂ) ~ R4 (5.35)
Sd v

Since Ry is large, this confirms that sq < s, meaning that the dissipative eddies
of the scalar field are of low intensity. This is the same relation that connects the
velocity scales of the dissipative and energy-containing eddies, Eq. (1.35).
If we write Eq. (5.33) for x. as
.Ys Jg
?ly

Xe (5.36)

then since the 7-sized ¢ fluctuations have amplitude sy, we see that 7, ~ 52/y is the
time scale for their removal by molecular diffusion. The time required for molecular
diffusion through distance 7 should depend only on 7 and y, which indeed yield
a time of order 1 /y. We conclude that x. does represent the diffusive removal of
n-sized ¢ fluctuations.

5.3.5 Simple limiting cases

As we shall discuss in Part II, near the surface in a quasi-steady, locally homoge-
neous turbulent boundary layer the turbulent transport term in the variance budget
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(5.26) of a conserved scalar diffusing to or from the surface is observed to be neg-
ligible. In this case the budget reduces to a simple balance between mean-gradient
production and molecular destruction,

ac dc dc
2 = e = —2p = 2 <, (5:37)
2 ix; 0%
Thus here the global constraint of Eq. (5.15) becomes a local one that requires we
and 9C/dz to be of opposite sign.

In the steady flow downstream of a heated grid in a wind tunnel, the turbulent
transport of temperature variance is also negligible and the budget reduces to a
balance between streamwise mean advection and molecular destruction:

ac?
P (5.38)
X

This provides a way of inferring x. from the rate of change of ¢2 with downstream
distance, which can be simpler and more reliable than measuring it directly from
its definition (5.12) (Part I1T).

5.4 The scalar flux and Reynolds stress budgets
5.4.1 The cu; budget

The same derivation procedure, plus scaling arguments for the molecular terms
(Appendix), yields the turbulent scalar flux budget:

ocu; dcu;
/u, =-U; /‘u' (mean advection)
at dx;
aC
- u,-u,-a— (mean-gradient production)
Xj
oU;
47,»3—’ (tilting production) (5.39)
Xj

dcu;u,
— = (turbulent transport)

9
- = ( l) (pressure-gradient interaction)
p\ 0xi

Ju; dc
-+ v),LfL (molecular destruction).
dx;j 0x;
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Since a variance is positive, the sign of a production term in a variance budget such
as Eq. (5.7) is clear: when placed on the right side of the equation it is positive. But
this does not hold for fluxes, which can be of either sign.

The mean-gradient production term is a contraction of kinematic Reynolds stress
and the mean scalar gradient. The turbulent scalar flux so produced need not be
aligned with the gradient of C producing it. In the vertical (i = 3) flux budget in the
horizontally homogeneous surface layer, for example, this term is —13u39C/0x3,
and the flux and mean gradient are aligned. But in the horizontal (i = 1) budget
the term is —uu39C/dx3, which is the rate of production of horizontal scalar flux
by interaction of the turbulence with the vertical gradient of C.

The tilting production term changes the magnitude and direction of the scalar
flux through tilting by the mean velocity gradient. It is analogous to the stretching
and tilting term in Eq. (1.28) for vorticity. Each of these two production terms is of
order su?/¢.

The pressure-covariance term in Eq. (5.39) has long been considered difficult, if
not impossible, to measure reliably, and it was neglected in some early studies. The
other terms in the budget have been measured in field programs in the atmospheric
surface layer, allowing this pressure covariance to be inferred from their imbalance;
it is now known to be important (Subsection 5.5.3). It has also been measured
directly (Wilczak and Bedard, 2004).

As we explain in the Appendix, the molecular term in the scalar flux budget
(5.39) is conventionally neglected on the grounds of local isotropy so it reduces to

aC
9x;

dcu

_u S
ar Ty

In steady state this expresses a balance among, in order, mean advection; mean
production through the interaction of Reynolds stress and the mean scalar gradient,
and the interaction of scalar flux and mean velocity gradient; turbulent transport;
and destruction through pressure effects. Its leading terms are of order su?/(.

5.4.2 The ujuy budget

Using the same scaling and local-isotropy arguments to simplify the molecular
terms (Appendix), the budget of u;uy reduces to

Juiu ougiy
ik -U; itk (mean advection)
at ax;
AU; AUk . .
— g —— (mean-gradient production)

By Ty
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)
QUi (turbulent transport)
dx;
l —op c)
1{* +u, (pressure-gradient interaction)

2e
= T&;k (viscous dissipation). (5.41)

The interpretation of the terms here is analogous to that for the scalar flux budget.
The leading terms are of order u®/¢.

There was renewed interest in these equations in the late 1960s and early 1970s
because of their potential as turbulence models (Daly and Harlow, 1970; Donaldson,
1971). The form of the mean-gradient and tilting production terms in the scalar flux
equation (5.40), for example, suggests that the flux-gradient relation for scalars can
be more complicated than the usual eddy-diffusivity expression.

5.5 Applications

The conservation equations for turbulent fluxes were first studied observationally
in a comprehensive way in the 1968 Kansas experiment (Haugen ez al., 1971). The
full suite of instrumentation and the quasi-steady, locally homogeneous conditions
enabled analyses of the budgets of turbulence kinetic energy (TKE), Reynolds shear
stress, and temperature flux in the surface layer. We’ll focus here on their behavior
when buoyancy effects are negligible; we cover the general case in Part IT.

5.5.1 The TKE budget

Contracting i on k in Eq. (5.41) and dividing by 2 yields the equation for the evo-
lution of the mean kinetic energy per unit mass of the turbulence, more commonly
called the TKE budget:

1 (/] w; 19
Uil = — = Uil — Ul —— — = —— Ul
200 20y g 20y Y
19 Ju; du;
= Ly — o (5.42)
p ox; z’)\g dx;
The viscous-dissipation term is typically labeled e:
duj du;
e=v—rtt (5.43)

dxj dx;
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The mean shear can be rewritten

av; 1 (aU; U 1 /oU; dU;
= — —— | =Sij + Rij, 5.44
(B.V dx; ax; ax; i+ Rij ¢ )

2

;2
the sum of mean strain-rate and mean rotation-rate tensors. Since i;u; is symmetric,
its contraction with the antisymmetric tensor R;; vanishes (Problem 1.15) and the
shear-production term becomes

aU;
IA,IA,E

= Uil (S,', + R,J) = uu; Sij, (5.45)

the contraction of kinematic stress and strain-rate tensors.

The viscous dissipation term can be interpreted similarly. By definition it is the
average rate, per unit mass, of working against viscous stresses. Thus, it is the mean
value of the contraction of the instantaneous viscous stress tensor o;; (Chapter 1)
and the instantaneous strain-rate tensor s;;, divided by density. Using the notation
du;i/dx; = u; j, this is

sy _ Y

€= , =E(u,,,-+u,-,,-)(u,,,-+u,-

=v (u,v,-u,-vj +ui ju

= v (@ + W) j5) = v T, (5.46)
the term involving the second derivative of u;u; being negligible by our scaling
guidelines (Problem 5.13).

In a steady flow the right side of the TKE equation (5.42) sums to zero. The
mean advection, turbulent transport, and pressure transport terms are divergences;
if we integrate (5.42) over the entire flow volume, on the bounding surface of which
the velocity vanishes, these divergence terms integrate to zero. That means these
divergence terms only move TKE around in space. Then we have, using Eq. (5.45),

a i
0t Jyolume 2

dV:O:*/ uju; S,,dV*/ edV. (5.47)
volume volume

The first term on the right side of (5.47) represents the volume-integrated mean rate

of production of TKE through the interaction of the Reynolds stress and the mean

strain rate. The second term is the mean rate at which the volume-integrated TKE

is dissipated — irreversibly converted into internal energy through viscous forces.
Since € is positive definite, we can write Eq. (5.47) as

—/ W Sij dV:/ edv >0. (5.48)
volume

volume
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This is the analog of Eq. (5.15) for scalar variance. It says that a positive eddy
diffusivity K, defined such that u;u; —&;juxux /3 = — K S;;, satsifies this constraint
locally by making the integrand positive definite (Problem 5.21):

—/ wg Sij dV :/ KS;jSi; dV > 0. (5.49)
volume volume

The major contributions to the rate of dissipation of TKE come from motions at
the smallest spatial scales. In Chapter | we identified these dissipative velocity and
length scales as the Kolmogorov scales v and n:

1/4 v
v=we)* 5= (/) s €=Vl ~ V5. (5.50)
n?

In Chapter | we interpreted the dependence of v and 1 on € as meaning that a
turbulent flow adjusts the length and velocity scales of its smallest, viscous eddies
in order to dissipate TKE at the correct mean rate. We shall see in Chapter 6 that
this rate is set by the energy-containing turbulence, which establishes an “energy

cascade” to smaller eddies that terminates in viscous dissipation.

5.5.2 The mean-flow kinetic energy equation

Multiplying the mean-momentum equation (3.7) by U; and rearranging the terms
yields the equation for the mean-flow kinetic energy per unit mass, or the MKE
equation:

9 U;iU; 9 (UUU;  —— 9 UiU; Ui dP
- =——|—F5— +UVinjuj —v— - —
ar 2 dx; 2 axj 2 p ox;
aU; U,
—vaX;ﬁ-%—u,uj Sij. (5.51)

The first term on the right is a divergence of (in order) the flux of MKE by the
mean flow, the turbulent flux of joint kinetic energy (including U; under the overbar
facilitates that interpretation), and the molecular flux of MKE. The next term, the
rate of production of MKE by mean flow down the mean pressure gradient, can also
be written as a divergence of PU;. Next is the rate of viscous dissipation of MKE,
and the final term is the negative of the rate of production of TKE. The viscous
dissipation term is of order vuz/(’,z; the last is of order u"/l, a factor ul/v = R,
larger. Thus, we can neglect the viscous dissipation term in Eq. (5.51) except very
near solid boundaries.
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If we now integrate Eq. (5.51) over a volume the divergence terms on the right
become integrals over the bounding surface. In a homogeneous flow the first surface
integral vanishes and we have

F] UiU; 1 _

= v = 77/ PU, do +/ wi S dvV.  (5.52)

ot Jyoume 2 P Jsurace Volume
Equation (5.52) says that the time rate of change of volume-integrated MKE is due
to an imbalance between its rate of gain through mean pressure differences and its
rate of loss by working against turbulent stress in producing TKE (Problem 5.22).
The latter is ultimately balanced by the rate of gain of internal energy of the fluid
by viscous dissipation of TKE in the smallest eddies.

5.5.3 Insights into pressure covariances
5.5.3.1 Role in budgets of stress and scalar flux
In a steady, horizontally homogeneous boundary-layer flow the budgets (5.41) of

uw and (5.40) of cw reduce to balances of mean-gradient production, turbulent
transport, and pressure-gradient interaction:

Jww
ar
(5.53)
dew

“——0
at

Turbulent transport integrates to zero over the whole flow, so the steady, global
balance is between mean-gradient production and pressure destruction. This was
first confirmed observationally in the 1968 Kansas experiments with temperature
as the scalar; the pressure covariances were inferred from the imbalance of the
measured terms (Wyngaard er al., 1971). It has since been verified by direct mea-
surements of the pressure covariance (Wilczak and Bedard, 2004). Physically, this
pressure covariance can be interpreted as a rate of production of opposite-signed
flux (Question 5.12).

5.5.3.2 TKE budget

Equation (5.41) contains the component TKE equations for a horizontally homo-
geneous, quasi-steady boundary-layer flow. They are particularly revealing if we
rewrite the pressure covariance as

ug o O e
0{B)(miaxo, P paxu'

o =1,2,3, nosumon e, (5.54)
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using horizontal homogeneity to eliminate the first term on the right for o = 1
and 2. Then taking the x-axis along the mean-flow direction and assuming local
isotropy for the dissipative term (Part I1T), the component TKE equations are

10u? U lowu® 1 du e
0= - - —p= L 555
279t e T2 0z plax 3 59
02 wo? d €

L g 556
+-p 3 (5.56)
1 dw € .57

ppaz 3 :

The turbulent and pressure transport terms in Egs. (5.55)—(5.57) are observed
not to be large near the surface in the neutral case — i.e., in the absence of buoy-
ancy effects. Then the steady balances of the TKE components near the surface
reduce to

19u? U 1 du e

S 0= —mw p_ g 5.58
2 ot o 9z +,0an 3 ( )
1902 1" v €

T —0=—p- -2, 5.59
29t PLENIE) SE
19w? 1" dw €

S —0=—p— - 5.60
20 PLE IR (.60)

Incompressibility implies that the pressure covariances in Eqs. (5.58)—(5.60) sum
to zero,

T v w du

"ax pi)y P 9z ox
so we conclude that they represent intercomponent TKE transfer. Thus, we interpret
Eqs. (5.58)~(5.60) as follows: the sole TKE source is the rate of shear production
of u2/2; some of that production rate is balanced by the rate of dissipation in the
172/ 2 equation and the remainder is transferred by the pressure covariances at equal
rates to the other two TKE components.

=0, (5.61)

5.5.3.3 The role of turbulent pressure
Tsotropic turbulence statistics are independent of translation, rotation, and reflec-
tion of the coordinate axes (Part I1T). Thus scalar fluxes vanish under isotropy, for a
nonzero flux would imply a preferred direction and, hence, anisotropy. In the flux
budget (5.40) the pressure term, as the principal loss mechanism for scalar flux,
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acts to drive it toward isotropy. Similarly, in an isotropic turbulence field the com-
ponent velocity variances are equal. In Eqs. (5.59) and (5.60) pressure transfer is
the principal source of w? and v2, respectively, acting to drive them toward equality
with 2.

In constant-density flows the rms value o}, of pressure fluctuations is of the order
of pu?. In the atmospheric boundary layer with p ~ 1 kgm™> and u = I ms~" this
gives o = 1 newton m2,or 1073 atmospheres (10 microbars). These fluctuations
are far smaller than the hydrostatic pressure changes that drive atmospheric motions.

Bradshaw (1994) has described turbulent pressure fluctuations as one of the
“Great Unmeasurables,” because in disturbing the flow near it a pressure probe
generates spurious pressure fluctuations that can be as large as those being mea-
sured. It does appear, however, that in lower-atmospheric applications turbulent
pressure fluctuations can now be reliably measured with a special “quad disc pres-
sure port” (Nishiyama and Bedard, 1991; Wyngaard ez al., 1994). We’ll discuss this
more in Part IT.

5.6 From the covariance equations to turbulence models
5.6.1 Background

The covariance equations (5.7), (5.39), and (5.41) describe exactly the spatial and
temporal evolution of turbulent fluxes and other second moments. However, they
cannot be directly solved because their turbulent-transport, pressure-covariance,
and molecular-destruction terms are unknown. By the same technique one could
derive equations for these unknowns, but those equations would involve yet further
unknowns. This is a manifestation of the closure problem in turbulence.

Nonetheless these covariance equations provide important insights into turbulent
fluxes. For example, the presence of the mean-gradient production and tilting-
production terms in the scalar flux-conservation equation (5.39) suggests that the
turbulent scalar flux need not be aligned with the mean scalar gradient, contrary to
a common assumption.

Experience with these covariance equations has also shown (Launder, 1996)
that the sign of a covariance is usually the sign of its principal production
term. Thus if we write the conservation equation for a covariance C, say, in its
lowest-order form

aC
m = principal production term — principal destruction term, (5.62)

and approximate the principal destruction term as —C /T, with T a time scale, we

have ac c
—~P -, (5.63)
at T
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whose quasi-steady solutionis C ~ PT'. Using the analogy with monetary budgets,
Launder (1996) calls this the WET (Wealth = Earnings times Time) model. It has
useful diagnostic value (Problem 5.4).

Beginning in the late 1960s, when growth in the size and speed of computers
made it feasible to solve such sets of partial differential equations numerically, the
turbulence community has used approximate versions of these covariance equations
as “second-moment” turbulence models. We now have nearly 40 years’ experience
with such models in both engineering and geophysical flows.

5.6.2 History, status, and outlook

The use of second-moment turbulence models grew rapidly in the early 1970s. In
this period the modeling technique now called large-eddy simulation, or LES —
which as we’ll discuss in Chapter 6 is the time-dependent numerical calculation
of turbulent flow on a three-dimensional grid fine enough to resolve the energy-
containing eddies — also appeared (Deardorff, 1970). LES attracted great interest,
but because it is vastly more demanding of computer resources it was not initially
competitive with second-moment modeling.

In a review paper on turbulence Liepmann (1979) criticized much of this early

second-moment modeling:
Problems of technological importance are always approached by approximate methods, and
a large body of turbulence modeling has been established under prodding from industrial
users. The Reynolds-averaged equations are almost always applied in such work, and the
hierarchy of equations is closed by semi-empirical arguments which range from very simple
guesses ... to much more sophisticated hierarchies. . ..

I am convinced that much of this huge effort will be of passing interest only. Except
for rare critical appraisals such as the 1968 Stanford contest for computation of turbulent
boundary layers, much of this work is never subjected to any kind of critical or compar-
ative judgment. The only encouraging prospect is that current progress in understanding
turbulence will. ... guide these efforts to a more reliable discipline.

There were some early, in-depth assessments of the performance of second-
moment turbulence models, mainly in engineering but in geophysical applications
as well. The need was more pressing in engineering, and the requisite data were
much more accessible there. In time the salient features of these models became
evident. One is their lack of universality — their tendency to unreliability in flows
different from those used to develop them. In acknowledging this attribute Lumley
(1983) cautioned that one should not expect too much from these models, which he
termed “calibrated surrogates for turbulence.” He felt they should “work satisfac-
torily in situations not too far removed geometrically, or in parameter values, from
the benchmark situations used to calibrate them.” He went on to write:
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Many of the initial successes of the models...have been in flows...where details of
the models are irrelevant. Thus emboldened, the modelers have been over enthusiastic
in promoting their models. . . often without considering in depth the difficult questions that
arise. Cq , there is some disillusi with the models.. . . This reaction is prob-
ably justified, but it would be a shame if it resulted in a cessation of efforts to put a little
more physics and mathematics into the models.

By the mid-1980s LES was being widely used in research applications in both

geophysical and engineering flows. It showed a universality lacking in second-
moment turbulence models. A decade later, Bradshaw (1994) wrote:
...even if one makes generous estimates of required engineering accuracy and requires
predictions only of the Reynolds stresses, the likelihood is that a simplified model of tur-
bulence will be significantly less accurate, or significantly less widely applicable, than the
Navier-Stokes equations themselves — i.e., it will not be “universal™.. ..

Irrespective of the use to which a Reynolds-stress model will be put, lack of univer-
sality may interfere with its calibration. For example, it is customary to fix one of the
coefficients. . . so that the model reproduces the decay of grid turbulence accurately. This
involves the assumption that the model is valid for grid turbulence as well as in the flows for
which it is intended — presumably shear layers, which have a very different structure from
grid turbulence. . .. It is becoming more and more probable that really reliable turbulence
models are likely to be so long in development that large eddy simulations (from which, of
course, all required statistics can be derived) will arrive at their maturity first.

In a later meeting Bradshaw (1999) summarized:
Perhaps the most important defect of current engineering turbulence models.. . . is that their
non-universality (the boundaries of their range of acceptable engineering accuracy) cannot

be estimated at all usefully a priori.. . . very few codes output warning messages when the
model is leaving its region of proven reliability.

The 20 years spanned by these c saw Li s imism about
turbulence modeling, then Lumley’s appeal for broader understanding of its nature
and more patience with the model-development process, next Bradshaw’s tacit
acceptance that before turbulence models become adequately reliable they may
be replaced by LES, and finally Bradshaw’s doubts that we know enough about
turbulence-model reliability. The turn to LES is evident in geophysical applications,
where it has been used since the 1970s to generate surrogate “databases” for research
and more recently to evaluate turbulence models and parameterizations (Ayotte
et al., 1996).

As we shall see in Part II, because of their larger scales and smaller speeds
geophysical flows tend to be much more strongly influenced by buoyancy. Because
of the tendency of turbulence models to nonuniversality, those for geophysical
applications need their own development and assessment process. The geophysical
community has recently pointed to the need to recognize, accommodate, and foster
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“model parameterization science” to ensure continued progress in meteorological
model development (NRC, 2005).

Appendix
Scaling the molecular-diffusivity terms in the budgets
of scalar flux and Reynolds stress

The molecular-diffusivity terms in the scalar flux budget (5.39) involve one large-
scale and one small-scale quantity, and so by Guideline 7 we try to avoid scaling
them. Instead we rewrite them:

v =y @), — v (@) ; - yigge; »

(5.64)
Vet j; = v(@e), j; = v (@),

Vet -
The first terms on the right side of Eqs. (5.64) represent molecular diffusion. They
scale as suz/l (the order of the leading terms in Eq. (5.39)) times ery/v and
R"l, respectively, so they are negligible.
Velocity and scalar derivatives scale as
12 172
14,,_,~u/r;~(e/v)'/z~(z¢3/(u) / s ) / .

cj~sa/n~ (sPu/ty (5.65)

Thus the covariances in the second terms on the right side of Eqs. (5.64) scale as

CUjj<s (u3/lv)l/z = (.vzlt3/lu)l/z, uicj < (xzu3/ly)l/z.

(5.66)
the “<” indicating upper bounds since we are scaling covariances of large- and
small-scale quantities, which are not well correlated (Problem 5.17). Thus, the
second terms on the right side of Eqs. (5.64) scale as

ylewis) ; < su?/e (v /vy RV, v(wic ) ; < sub/e /' R7V2 (5.67)

Thus this pair of terms in Eqgs. (5.64) is also negligible at large R;.
‘We conclude that the molecular term in the budget of ir;¢ reduces to

yuic jj +veu; j; = —(y + v)u; = —Xuje- (5.68)
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We label it ;. because it has the form of a molecular destruction term. But under
local isotropy it vanishes (Part III), and the measurements of Mydlarski (2003)
confirm that; thus we shall neglect it.

Parallel arguments hold for the molecular terms in the stress budgets, so we
neglect them as well.

5.1

52

53

54

55

5.6

5.7

58

5.9

5.10

5.11

5.12

5.13

5.14

Questions on key concepts

Explain the physical meaning of the turbulent-flux conservation equations.
‘Why are they needed? In what applications are they used?

How can the equations give indications of whether a given second moment
is zero or nonzero?

How can the equations give indications that energy-containing-range fluctu-
ating variables have an O (1) correlation coefficient, as scaling guideline 2
indicates?

Explain scaling guideline 4 physically.

Explain the physical meaning of a “mixed-scale” covariance. Why is it
difficult to scale?

Explain physically why a spatial derivative of a covariance of turbulent vari-
ables scales differently than a covariance of a spatial derivative of turbulent
variables. What is their ratio?

Explain physically why the time-change and mean-advection terms in a
second-moment budget can involve external scales. Explain how this can
lead to a quasi-steady, locally homogeneous state. Give an example.

Which term in the velocity-velocity and velocity-scalar second-moment
equations do you find most difficult to interpret physically? Explain.
Interpret physically each term in the conservation equation for fluctuation
c. Which term can be interpreted as a rigorous statement of mixing-length
ideas? Explain.

Discuss the range of scales involved in a variance conservation equation.
Discuss how the sign of a covariance can be diagnosed from its conservation
equation.

Discuss how the conservation equation for the flux of a conserved scalar can
reduce to an eddy-diffusivity model. Show that the vertical flux equation
is consistent with a scalar eddy diffusivity, but the horizontal flux equation
shows it to be a second-order tensor.

Explain why pressure fluctuations (scaling guideline 1, Subsection 5.3.2)
do not scale with pUu, which is much larger than pu?. (Hint: consider a
Galilean transformation of the coordinate system.)

Explain why the pressure covariance term in the turbulent flux budget can
be interpreted as a rate of production of opposite-signed flux.
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5.10

5.11
5.12

Problems 111
Problems

Derive_and interpret the flow-integrated budget of full scalar variance
C2 4

Derive, scale, and interpret the conservation equation for the covariance of
two conserved scalars. Is there a complication if their molecular diffusivities
differ? (Hint: use the form in Eq. (5.64).)

Explain how you would derive a conservation equation for €.

One cannot mount w and ¢ sensors at the same point. This raises the ques-
tion: when measuring the scalar flux wc in the surface layer, is it better to
mount the ¢ sensor just above the w sensor, or vice-versa?’ To answer the
question, derive a rate equation for the difference of the displaced covari-
ances, w(z)c(z —d) —w(z — d)c(z), where d is the sensor separa
vertical. Assume that you are in the “constant flux” layer where wc is inde-
pendent of z and assume that each of these displaced covariances is smaller
in magnitude than we. Use the WET model.

Derive the fluctuating vorticity equation.

Use the result of Problem 5.5 to derive the conservation equation for the
variance of fluctuating vorticity. Scale it; what are the two leading terms?
Derive the conservation equation for mean helicity, the mean of the dot
product of fluctuating vorticity and fluctuating velocity.

Write the TKE balance for grid turbulence — the flow downstream of a
turbulence-producing grid in a wind tunnel. Assume homogeneity in the
normal plane.

Write the conservation equation for horizontal scalar flux in a horizontally
homogeneous boundary layer. It has been found that its turbulent trans-
port and molecular terms are negligible. What then are its production and
destruction terms? Can you explain why this budget provides a good test of
a fluctuating pressure sensor (Wilczak and Bedard, 2004)?

Explain why the second term in the first group on the right side of (5.51) was
interpreted as “the turbulent flux of joint kinetic energy.”

Interpret the pressure transport term in Eq. (5.42) physically.

Show that the pressure covariance in the scalar flux budget (5.53) can be
scaled as the product of a kinematic pressure gradient of order u?/¢ and a
scalar fluctua
Work out Eq. (5.46), showing that the second-derivative term can be
neglected as claimed.

Derive and scale the conservation equation for scalar-gradient variance. What
are its two leading terms?

ion in the

on of order s.

* This problem is based on the paper by Kristensen er al. (1997).
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Explain the claim that the tilting production term in Eq. (5.39) represents
changes in the magnitude and direction of the flux through its interaction
with the mean velocity gradient.

Using €~u’/¢, write the Kolmogorov microscale as an order-of-
magnitude expression in v, u, and £.

Using the scaling of dc¢2/dx, find the dependence of the correlation
coefficient of ¢ and d¢/dx on R;. Explain the dependence physically.

The horizontal turbulent heat flux pc,uf has been found to be typically
as large or larger than the vertical one. Why do we seldom (if ever) hear
about it?

Derive the conservation equation for the covariance of the fluctuating gra-
dient of a conserved scalar and fluctuating vorticity. Can you identify its
production term(s)? Destruction term(s)?

Evaluate the TKE equation (5.42) on the stagnation streamline just upstream
of a body of revolution. Can you interpret the terms?

Explain why in the development leading to Eq. (5.49) the eddy diffusivity
K was written for the deviatoric stress u;u; — 28;;uux/3. (Hint: consider
the trace, the form under contraction of the indices.)

Consider Eq. (5.51) for steady flow in a pipe. Integrate the equation over the
region between two cross sections. Show that all but one of the divergence
terms integrates to zero. Interpret your result.

Explain physically why the rate of molecular destruction of scalar flux
vanishes, as argued in the Appendix.

The dependent variable w(x, 7) in a nonlinear system is governed on the
interval 0 < x < L by

ow a

+ w Bt a)+ d
—t+w— =, a
ar "o 4

)
“w
ox2’

w(0,1)=w(L,1)=0, y aconstant.

B is a zero-mean, random, stochastic, forcing function.

(a) For a given realization sketch an example of w(x) for fixed ¢ and w(r)
for fixed x.

(b) Ensemble average the equation. Express the second term on the left side
as a gradient. Write the steady equation. Integrate it once, using the
boundary conditions.

(c) Derive the equation for w2, writing its advection term as a gradient and its
molecular term as the sum of destruction and diffusion terms. Interpret its
steady form. Integrate it from x = 0 to x = L, using the given boundary
conditions, and interpret that.

(d) Use the equation and your inferences to sketch the profiles of w and w?
fromOto L.
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6

Large-eddy dynamics, the energy cascade,
and large-eddy simulation

6.1 Introduction

As we have seen, the huge range of spatial scales in large- R, turbulent flows makes
it impossible to solve their equations of motion numerically. In applications we
use ensemble- or space-averaged equations that have a drastically reduced range
of scales. In Chapter 3 we saw that this averaging produces new terms involving
turbulent fluxes, and in Chapter 5 we discussed the evolution equations for the
fluxes produced by ensemble averaging.

In this chapter we discuss the space-averaged equations further, present the evo-
lution equations for their fluxes, and discuss the modeling of these fluxes. This
modeling is of two broad types depending on the spatial scale A of the averaging
relative to the size € of the energy-containing eddies. In what we shall call “coarse
resolution” applications A >> ¢; in “fine resolution” ones A < £.

The first numerical solutions of the averaged equations in meteorology appear
to be those of Charney e al. (1950). The domain was a limited area of the earth’s
surface with 15 x 18 grid squares each 736 km on a side, with only one level in
the vertical. The study of Phillips (1955, 1956) soon followed. Its spatial resolution
was similarly coarse, but it had two grid levels in the vertical. By the 1970s general
circulation models were being used fairly widely, and “mesoscale” or “limited-
area” models were being used in regional domains. Computer size and speed had
grown substantially since the 1950s, but these newer models were still in the coarse-
resolution category.

The first successful high-resolution application was Deardorff’s (1970a) study of
turbulent channel flow. He used 6720 uniform grid elements (24 in the streamwise
direction, 14 in the lateral, 20 in the vertical), and Lilly’s (1967) specification for
the effects of the unresolvable (now called subfilter-scale) turbulence. His results
generally agreed well with measurements, and also revealed aspects of eddy struc-
ture that had not been measured. The calculation attracted strong interest in the
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engineering fluids community, from which came its present and remarkably precise
name “large-eddy simulation” or LES." It is the principal type of fine-resolution,
space-averaged modeling used today.

In this chapter we shall derive and discuss the space-averaged equations of motion
and explore their dynamics in the LES limit. We’ll also do a “thought problem™
in equilibrium homogeneous turbulence that sheds light on the energy cascade in
turbulence.

6.2 More on space averaging
6.21 A di ional, I l
Perhaps the simplest space-averaging operator is the local average defined in Eq.

(3.29). In its one-dimensional form it averages a function f (x, ) over an x-interval
of length A to produce a smoothed version:

1

frxtA) =

A

AJ2
/ foo+x dx'. 6.1)
—A/2

This local average is sometimes called a running mean. We use the notation
introduced in Chapter 3, denoting the smoothed variable by a superscript r, for
resolvable.

In Chapter 2 we represented a real, homogeneous function f(x) as a complex,
infinite Fourier series. Here we’ll use the finite form

N
f@ =Y fuae™. 6.2)

n=-=N

In the averaging defined by Eq. (6.1) the contributions to the sum in Eq. (6.2) from
Fourier components having wavelength small compared to A (those withk, A > 1)
are strongly attenuated, since they have many cycles over the averaging interval.
Those of wavelength large compared to A (those with k, A < 1) are minimally
affected, since they are nearly constant over the averaging interval.

‘We can quantify these smoothing properties of the running-mean operator, Eq.
(6.1), by using the Fourier representation (6.2) in the averaging expression (6.1)
and integrating:

N

. 1 x+A /2 . e ,
frx) = Z/X?A/z n;N flkewye™ " dx

¥ According to Parviz Moin (personal communication), the late Bill Reynolds of Stanford University coined the
name large-eddy simulation.
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N N .
; LA ) = SinGnA/2) 2 ik
_":ZNf(k,,) (kaw ¢ dx)_"ZN iy e (63

If we write this as

N N
=Y fleae™ = 3" fue)T e, (64)
n=—N n=—N
we see that the amplitude transfer function T (k,) for the running-mean operator is

STn) _ sin (kA /2)
foe) — Gaa/D)
which is plotted in Figure 6.1. Since sinx/x — 1 asx — 0, the averaging min-
imally affects the Fourier coefficients of wavelength large compared to A (those
with k, A < 1). The attenuation begins at k, A ~ 1 and is severe for k, A > 1.

T (k) = (6.5)

6.2.2 The generalization to spatial filtering

‘We introduced in Chapter 3 a more general representation of space averaging (or
spatial filtering, as it is often called in the LES literature). In one dimension this
generalizes the local average of Eq. (6.1) to

fro = / Gx —x) f(xydx', (6.6)

with G called the filter function. This integral is called the convolution of
fand G.

bl-

1 1
0 A2 0 2r an 6 8r 10w
KA

0 x 1 1 1

Figure 6.1 The filter function, Eq. (6.9), and transfer function, Eq. (6.5), of a
one-dimensional running-mean filter.
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Equation (6.6) is a physical-space representation of filtering. With Eqs. (6.2) and
(6.4) we can also view it from wavenumber space:

N N
f@ =3 fwe . ff@ =" feT ke (67
n=—N n=—N
G and T comprise a Fourier transform pair,
1 0 Co A
G(x) = —f T () di,  T(k) = / NG (x) dx. (6.8)
27 J oo o0
For the one-dimensional running-mean operator of Eq. (6.1), G is
1 A A
G(I):Z: x| S?: G(x)=0, [|x] >3 6.9)

which is plotted in Figure 6.1. This is the Fourier transform of 7" given in Eq. (6.5)
(Problem 6.12).

6.2.3 The wave-cutoff filter
If we filter f(x) a second time it follows from Eq. (6.7) that

N
U@ = Y T fae ™, (6.10)

n=—N

so the amplitude transfer function is 72. If we filter n times the amplitude transfer
function is 7". We saw in Chapter 2 that subsequent applications of the ensemble-
averaging operator have no effect, which prompts the question: Is there a spatial
filter with this property?

For subsequent applications of a filter to have no effect it is necessary that T (k) x
T(k)--- x T(k) = T(k), which means that 7 can have only the values 0 and
1. This is the wave-cutoff filter. One that passes Fourier components of smaller
wavenumbers and rejects those of larger wavenumbers (the low-pass form) is

T(k)=1, K < Ke; T(k)=0, K > K¢, (6.11)
with ¢ the cutoff wavenumber. From Eq. (6.8) its filter function is (Problem 6.9)

1o 1 ke
—f e T (k)dk = —j e "N di
21 J oo 2 J .

sinkex (K,-) sinkex

G(x)
(6.12)

X

T/ Kex
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Figure 6.2 The flter function, £q. (6.12), and transfer function, Eq. (6.11), of a
ional, low-pass, wave-cutoff filter.

T and G for a one-di ional, low-pass toff filter are plotted in
Figure 6.2.
From Eq. (6.6) low-pass wave-cutoff filtering gives in physical space

sin[ke(x — x

£ :/x G(x—x’)f(x’)dx’:/m A rehar. 613
—00 oo (X —x')

Figure 6.2 shows that this filter function G is negative in some regions. This
is required in order that the filter have a sharp cutoff in the wavenumber
domain.

The high-pass wave-cutoff filter rejects Fourier components of smaller wave-
number and passes those of larger wavenumbers:

Tk)=0, k=<K TUW =1 K>k (6.14)

6.2.4 The Gaussian filter

Both the running-mean filter, Figure 6.1, and the wave-cutoff filter, Figure 6.2, have
negative values in physical or wavenumber space. One that does not is the Gaussian
filter,

|
=——2c 27, .15
G(x) L (6.15)

Its transfer function is also Gaussian (Problem 6.25).
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6.3 A “thought problem”: equilibrium homogeneous turbulence

A simple thought problem will reveal some important concepts in kinetic energy
transfer in turbulence and make clear the principles that underlie LES.

Imagine a large “box” of fluid kept in turbulent motion by a body force per unit
mass 3 (X, 1) thatis stochastic in space and time, is homogeneous and stationary, and
has zero mean. The turbulence is homogeneous, stationary, and the mean velocity
vanishes everywhere: it; (X, 1) = U; (X, 1) +u; (X, 1) = u;(x, t). The governing fluid
equations are

1
wip 4+ (uinj) j = *;P,r +vuijj+ Bi. uii =0. (6.16)

For compactness we shall use the comma notation for differentiation.
In this flow the TKE equation is the stationary, homogeneous form of Eq. (5.42)
with an added forcing term:

10
5o Wilti

20t

Biui —e =0. (6.17)
The mean rate of TKE input through the forcing, ju;, is balanced by the mean rate
of viscous dissipation of TKE.

6.3.1 The filtered equations
Now we write the velocity field u; in Eqs. (6.16) as the sum of r and s parts

ui(X, 1) = uj(x, 1) + uj (X, 1),
with the r denoting the part of the field that passes through a spatial filter:

ul(x,1) = / // G(x — xu;(x', 1) dx| dx} dx}. (6.18)

The eddies removed by the filter are denoted with a superscipt s, for subfilter-scale.
As with ensemble averaging, we require that the filter:

1. commute with temporal and spatial differentiation;

2. remove fluctuations of scale much less than the filter cutoff scale A;

3. leave variations of scale much greater than A unchanged;

4. beawave-cutofffilter—one that produces rand s with no Fourier

in common.
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To verify that the filtering operation (6.18) meets the first requirement we take
the partial derivative of Eq. (6.18) with respect to time:

uf Soui(x 1) qui\"
P 7/G(x x) Br dx 7(6”) . (6.19)
In an unbounded domain filtering commutes with spatial differentiation as well
(Problem 6.2).

To meet the second requirement we choose the filter scale A to be much less than
the scale £ of the large eddies so that the filter does not affect them significantly. We
also choose A to be much greater than the dissipative eddy scale 7 so it removes
the eddies that are impossible to resolve numerically at large R;. The filter-scale
requirement is then £ >> A > n, which requires that £/n ~ R‘S/4 be sufficiently
large.

Satisfying the third requirement means, in particular, that filtering a constant C
leaves the constant unchanged. This implies that

~
C’:C://[ Glx—x)) Cdx| dx}dx,
.

oo
:C/// G(x—x')dx| dx}dx},
%0

o
/[/ G(x—x)dx|dxydxy =1, (6.21)
0

which poses a requirement on G.
Using this filter on the equations of motion (6.16) yields

(6.20)

so that

1
uj, + wiu)’; = —;p,‘,- +vuf+ B, ui; =0 (6.22)

We take the stochastic forcing f; to be of a spatial scale large enough so that it
is resolved perfectly by the filter; i.e., ff = f;. In the energy-containing range of
the filtered motion, where the eddy velocity and length scales are u and €, viscous
effects are negligible because R is large. At the smaller resolvable scales we can
use the result of Chapter 2, Subsection 2.5.4, that eddies of scale r have a velocity
scale u(r) ~ u(r/€) 173 This implies that the ratio of the inertial and viscous terms
for these eddies is u(r)r/v ~ (r/l)4/3Rl, which is smallest when r ~ A, the cutoff
scale. If (A/€)*/3 is 1072 and R, exceeds 10, say, then even at the cutoff scale
the viscous term in Eq. (6.22) is negligible. We neglect it, taking as our large-eddy
equations

1
up, + (i)’ = —;pfi +Bi,  wup;=0. (6.23)
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If we now write the velocity as a Fourier series in three dimensions, as in
Chapter 2,
wix, 1) =y ik, 0™, (6.24)
«

then u;u; is (suppressing the dependence on #)

witg = Y (0™ Y ;0™ = 33 iy ()i () IV (6.25)
K X P

Equation (6.25) says that the wavenumber vectors of the Fourier components of the
product u;u; are the sums of the wavenumber vectors of the Fourier components of
u; and u;. The Fourier components of the filtered product (u;u;)" have wavenumbers
of magnitude less than k.,

(i) =Y 3 i (0 (ke OV e | < e (6.26)
=

3

But Fourier components of the velocity field having wavenumbers k and k' of
magnitude larger than k. contribute to (u;u;)" (Figure 6.3). We can see this by
writing (u;u;)" as

(ujup)" = [(uj +u) wf +u)]" = @iup)" + @) + @u))" + @iu)’. (6.27)

The last three terms in (6.27) involve u‘? and, hence, involve Fourier components
of the velocity field having wavenumbers beyond the cutoff (Figure 6.3).

s u;s s
(;rumyr \
. w;T ;"
uj (i ugs) o e
up (55

s
uj

Figure 6.3 An illustration in 1, k2 space of the three types of interactions of
Fourier components of the velocity field that according to Eq. (6.27) contribute to
the resolvable-scale product (u;u;)". Resolvable (r) wavenumbers lie within the
circles; subfilter-scale (s) sli side. The left panel shows wavenum-
ber vectors of Fourier comp of uf and u}, respectively. By Eq. (6.26) their
sum, which lies within the circle, is the wavenumber of a Fourier component of
the filtered product (uju;)". Here the product of two r modes produces another r
mode, as in the first term on the far rhs of Eq. (6.27). The second panel illustrates
the second and third terms in (6.27), where the product of an r mode and an s mode
produces an r mode. The third panel illustrates the final term, where the product
of two s modes produces an r mode.
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6.3.2 TKE budgets for the resolvable and subfilter-scale motions
6.3.2.1 The decomposition of TKE
The decomposition u; = uj + u; implies that TKE has three components,

T b +ud)(ul +ud ufuf
witi w = # (TKE of resolvable-scale motion)

2 2

+ ujui (joint TKE)

+ i2“. (TKE of subfilter-scale motion). (6.28)

The cross term uju; vanishes with a wave-cutoff filter because the resolvable
and subfilter-scale fields have no Fourier modes in common and, hence, are
uncorrelated. This is a mathematical property of the Fourier representation of
homogeneous fields that is directly related to the property (discussed in Chapter 2,
Section 2.5.1) that Fourier coefficients of different wavenumbers are uncorrelated.
‘We make this current property plausible in Appendix 6.1. Thus, the wave-cutoff
filter yields u;u; = ujuj + uju;, neatly decomposing the TKE into what we shall
call the resolvable-scale TKE and the subfilter-scale TKE.

6.3.2.2 The resolvable-scale TKE budget

Multiplying the filtered Navier-Stokes equation (6.23) by u} and ensemble
averaging yields

1 — P
E(lt}u{),, = 7;[{’,14{ + Biu — u{(u,u])fj. (6.29)

Using the property u} ; = 0 the pressure covariance here can be rewritten as (p"u}) i,
which vanishes by homogeneity. Thus, the resolvable-scale TKE budget of our
equilibrium, homogeneous turbulence is simply

1 — [
E(u;uf)v, = piu; — u;(u,»uj)fl. =0. (6.30)

Comparing Eq. (6.30) with the TKE equation (6.17) for the full motion shows
that the term uf(u,vu,-)fl. plays the same role for resolvable-scale TKE that viscous
dissipation plays for TKE.

As the filter scale A — 0, the resolvable-scale velocity approaches its unfil-
tered counterpart (uj — u;) and the rate-of-loss term in Eq. (6.30) vanishes by
homogeneity:

_ —  —(wuu)
), i) = —
- lﬂ(”:“/),j = —u;(uiuj) j = 2

=0. (6.31)
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In this limit the viscous term in the u} equation of motion (6.23) is no longer
negligible. The term it produces in the resolvable TKE budget (6.30) converges to
—e and Eqgs. (6.17) and (6.30) become identical.

6.3.2.3 The subfilter-scale TKE budget

Subtracting Eq. (6.22) for u] from Eq. (6.16) for u; yields the equation for u}:

. 1 .
ui, + (u,u,)f,» = —;p_s, + uu;?.”». (6.32)

Multiplying by u;, ensemble averaging, and rewriting the viscous term yields the
subfilter-scale TKE budget:

1 ——— _ v —— R
E(ufuf)., = ﬂt;‘(u,’u,)f, + E(u;‘uf)_,, - vuf‘,ufd. (6.33)

By using u,? =u; — u{ we can write the final term, molecular destruction, as

ut

vu RTINS

TuL; = vl i g — 2vu,-vjuf_j + v, (6.34)
The first term on the right is €. The second and third terms have had the most
dissipative eddies filtered out of one and both of their factors, respectively. As a

result these terms are quite small at large Ry, so we neglect them and write

(6.35)

This allows us to neglect the molecular diffusion term in Eq. (6.33) (Problem 6.15).
Equation (6.33) then becomes

11— —
E(u;‘uj)., = —u;(uiu,

This is the simplified subfilter-scale TKE budget. The first term on the right side
must be a source term that balances viscous dissipation.
Let’s summarize the TKE budgets for our equilibrium, homogeneous, large-R,
turbulence:
1 — -
Resolvable-scale TKE: E(u,‘u,‘)., = Biuj — uf(u,uj)fj =0, (6.37)
1 — -
Subfilter-scale TKE: E(ufufJJ = 7u:(u,u,)fj —e=0, (6.38)

1 .
TKE: (@), = Fiui — e = 0. (6.17)
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Since a wave-cutoff filter partitions a second moment into its rr and ss parts, the
terms in the resolvable-scale TKE budget (6.30) and the subfilter-scale TKE budget
(6.36) sum to those terms in the full TKE budget (6.17). The summed third-moment
term vanishes by homogeneity,

—up (i)’ = uiu)’; = =g — up) (i)' — (i — up) (uing)?

S 1
= —uiCuiu))’; = wi(uiu))%; = —ui(uuy).j = =5 @), j = 0,

639

s0 it does not appear in the TKE budget (6.17). In Eq. (6.39) we have also used the
property that r and s quantities are uncorrelated.

The resolvable-scale TKE budget (6.30) lacks a viscous dissipation term, so its
u,f(u,u,-)f/ term must represent an equal rate of energy loss that balances its pro-
duction term. Similarly, since the forcing term does not appear in the subfilter-scale
TKE budget, its u} (u; u,)fj term must represent an equal rate of input that balances
the loss to viscous dissipation. No evidence of these mechanisms survives when
Egs. (6.30) and (6.36) are added, for the two terms sum to zero in this homoge-
neous flow. We conclude that the third-moment terms in the resolvable-scale TKE
budget (6.30) and the subfilter-scale TKE budget (6.36) are equal in magnitude but
opposite in sign and represent interscale transfer, the mean rate of transfer of TKE
from resolvable to subfilter scales. We explore it in more detail in Appendix 6.2.

6.3.3 Completing the resolvable and subfilter-scale TKE budgets

‘We can now rewrite and relabel the TKE budgets (6.30) and (6.36) in our thought
problem, using the results of Appendix 6.2:

Resolvable-scale TKE budget:

% (W), =Bl — 1 =0. (6.40)
Subfilter-scale TKE budget:
%(W)J:lﬁzo. (6.41)
Here [ is the mean rate of interscale transfer given by (Appendix 6.2)

1= ujujsj; — ujussi;, (6.42)

with s;; the turbulent strain-rate tensor

uijtuji

3 (6.43)

Sij =
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Each of two terms contributing to / is a contraction of a kinematic stress tensor
and a strain-rate tensor. This is a familiar form: we saw it in the shear-production
term of the TKE budget, Eq. (5.42), where it represents the mean rate of loss of
kinetic energy of the mean flow by transfer to the turbulence. We saw it also in the
viscous dissipation term of the TKE budget (Problem 1.7), where it represents the
mean rate of loss of TKE through conversion into internal energy. Guided by those
examples, and seeing its role in Eq. (6.40), we interpret I as the net mean rate of
loss of resolvable-scale TKE due to two effects: the working of the subfilter-scale

stresses against the resolvable-scale strain rate (*MFM;S,Y,),

resolvable-scale stresses against the subfilter-scale strain rate (u,’ufs’ )

and the working of the
i

6.3.4 The flow of turbulence kinetic energy from larger scales to smaller

By adding them we could summarize our TKE budgets (6.40) and (6.41) in a single
equation:

% (Mfu:)" 4 % (u,?u,’f).l - %(W),, =Bl —e. (6.44)
But this does not reveal the subtlety of the full set. The TKE of the large-scale
turbulence field is kept in balance not by viscous dissipation, as the summary
equation (6.44) might suggest, but by its mean rate of TKE transfer to the subfilter
scales. In steady turbulence these subfilter scales, in turn, dissipate TKE at the same
mean rate per unit mass.

A large-R; turbulent velocity field has a wide range of eddies that are small
compared to ¢ but large compared to 7. These eddies contain negligible TKE,
carry negligible flux, contribute negligibly to TKE production, and do negligible
viscous dissipation. But they are an essential link between the energy-containing and
dissipative eddy ranges. They receive their energy by transfer from the resolvable
eddies and in turn transfer energy to subfilter eddies. This range of intermediate
eddies, called the inertial subrange, has a mean rate of transfer of kinetic energy
per unit mass through it that is independent of scale and numerically equal to €. We
call this spectral energy transfer.

6.3.5 The flow of scalar variance from larger scales to smaller

Imagine our forced, equilibrium, homogeneous turbulence advecting a conserved
scalar having a stochastic, homogeneous, stationary source term S(x, ) chosen such
that the scalar field is homogeneous and steady (Problem 6.13). If S is confined
to the larger scales and passes perfectly through the filter, the resolved part of the
scalar follows

o)ty =yl + 8. (6.45)
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Multiplying by ¢, ensemble averaging, scaling, and rearranging as we did with
the TKE budgets gives the equation for the evolution of the variance of ¢
dcTct

at

=28c" — 1. =0. (6.46)
I is the mean rate of interscale transfer of squared scalar (Appendix 6.2),
v ey
1, 72L"ujcvl- 2““/‘,/" (6.47)

The mean-gradient production and molecular destruction terms of the scalar vari-
ance budget, Eq. (5.7), are the product of a scalar flux and a scalar gradient. /.. has
this form as well.

The same process gives the equation for the evolution of ¢5¢®:

o~y =0. (6.48)

The interpretation here is analogous to that for TKE: the variance of the large-scale
part of the scalar is kept in equilibrium by the balance between the mean rate of
production by the forcing term and the mean rate of loss by transfer to smaller
scales. The variance in those smaller scales is kept in equilibrium as well by the
balance between the mean rate of transfer from the larger scales and the mean rate
of molecular destruction. Again the mean rate of spectral transfer of variance — the
cascade rate — is the magnitude of the rate of molecular destruction of variance,
here x.

6.4 Application to flows k in two d

‘We saw in Chapter 5 that the fluctuating velocity satisfies
1
ui + Ujui j +u;U j + (u,-u/ - u,u,-)_l = *Ep,i + v jj. (6.49)

‘We’ll use this equation in a boundary layer over a homogeneous surface. We choose
x1 to be the mean-flow direction and assume that the inhomogeneity is confined to
the x3 or z (vertical) direction, so we have
Ui = Ui(x3) di1,
Ui.j =U1338i18;3,
(wiuj),j = (ujuz) 3,
u, £ =u(x3), £(x3).

(6.50)
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Filtering Eq. (6.49) in the horizontal plane and using the constraints (6.50) gives,
assuming that the filter passes the mean fields perfectly,

__ 1
uf o+ U]y +uiU13851 + (wiw)'; — Giiies) 3 = *;p.r,v, (6.51)

the filtered viscous term being negligible. Multiplying Eq. (6.51) by u], ensemble
averaging, and using u; ; = 0 yields

1 — utut _ 1 [
3 (u}u,')J _— ( 2) - U~ (p'ug)j ~ G . (652)

The first term on the right side vanishes through horizontal homogeneity. From
Appendix 6.2 we can write the last term on the right as

1
- (u,-u/)fjuf =—1- 3 (u{u‘;u;) .o (u,'u?ug) . (6.53)

Combining Egs. (6.52) and (6.53) then gives the resolvable-scale TKE budget:

3 (70), = ~nai = (7) -1 () - (7)o
The first four terms on the right represent the mean rates of shear production,
pressure transport, interscale transfer, and turbulent transport. The fifth is a variant
of turbulent transport resulting from the r-s decomposition. The interscale transfer
term here is that derived in Appendix 6.2.

The corresponding equation for u; is

. . 1 .
ui, + Ui +u3Us 381 + (wing)*, = 7;[7? +vuj ;. (6.55)

s
o
Multiplying by u}, ensemble averaging, and substituting from Appendix 6.2 gives
the subfilter-scale TKE budget:

) . (ulfu?u'a) ,TE

(6.56)

The interpretation of the first five terms on the right side is the same as in the
resolvable-scale budget (6.54); the last term is viscous dissipation.

‘When the resolvable and subfilter-scale TKE equations (6.54) and (6.56) are
added the interscale transfer terms disappear, the two pressure-transport terms sum
to one, the four turbulent-transport terms also sum to one, and the familiar TKE
budget emerges (Problem 6.17):

1 1 ___ 1
5("1”1‘).1 =-Uizumuz — ;(puz).:c - i(wmm).z —€. (6.57)
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6.5 The physical mechanisms of interscale transfer

Interscale transfer plays a key role in the balances (6.40), (6.41) for TKE and (6.46),
(6.48) for scalar variance in our “thought problem” involving three-dimensional,
homogeneous turbulence. The interscale-transfer terms in these equations are third
moments (mean values of triple products) that involve both r and s components. We
showed in Chapter 2 that second moments can be represented as a sum of contribu-
tions from different wavenumbers; we’ll now extend that analysis to third moments.

We’ll begin with a ol ional example, an ble of one-dimensional,
homogeneous, random functions a(x; @), b(x; @), and c(x; ) that we represent
through complex Fourier series. We write a as

N
avi) = Y alks a)e™, (6.58)
k=—N

and similarly for b and c. Then abc is

(k)b (oer) ey )e! (5 TRmx (6.59)

ﬁ‘

M=
M=
M=

Since by homogeneity abc does not depend on x, in the terms that contribute to
the sum in Eq. (6.59) the exponential must be I, which happens if and only if
Kk + K + K, = 0. It follows that the only nonzero contributions to abc come
from wavenumbers that satisfy «,, = —(kx + k7). Such groups of three Fourier
components whose wavenumbers sum to zero are called triads. Therefore we can
write Eq. (6.59) as

N N
abe= Y Y atwbeé(—w, — i) (6.60)

k=—NI=—N

The result (6.60) extends to three dimensions, and thus to the expression (6.42) for
the rate of interscale transfer in three-dimensional homogeneous turbulence:
St

— TUSS — 0
lfu,»ujs,] uiugs;;

N N
=20 D) ()5 () -
k=—NI=—N
K+ K 4K, =0, K +K), +K =0, (6.61)

where x;, for example, is a wavenumber vector that lies in the resolved domain.
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Equation (6.61) implies that the interscale transfer of energy requires organization
in the turbulent velocity field. Casual observation of turbulence — in a smoke plume,
for example — might not suggest organization if we see only tangled, swirling
eddies. But their swirling motions mark them as rotational, and their stretching
and amplification by the larger, straining motions in which they are embedded
causes transfer of kinetic energy to smaller scales — what we have called interscale
transfer — and it is dynamically essential to turbulence.

6.6 Large-eddy simulation
6.6.1 The concept

The goal of the computational technique called large-eddy simulation, or LES, is
to compute the energy- and variance-containing parts of the turbulent velocity and
conserved scalar fields, i.e., their resolvable parts ﬁ:(x, 1) and ¢"(x, 7). LES starts
from the governing equations for velocity and a conserved scalar, which in our
constant-density case are

- . 1 . -

i+ ity j = —=pi + vV, i =0,

4 (6.62)
&y + (i), ;= y V.

Applying a spatial filter with cutoff scale n < A < £ to these equations yields the
governing equations for the resolvable fields,

- BEAT
i, + (@)} = —

1 . .
> o &+ @ty =0, (6.63)

the filtered molecular-diffusion terms being negligible.

As we have seen, the nonlinear term in each of these filtered equations (6.63)
involves Fourier components of wavenumbers beyond the cutoff, and so it is
unknown (Problem 6.27). It is conventional to rewrite these filtered nonlinear terms
by adding and subtracting the product of the filtered variables, as in Eq. (3.40). One
such form of the filtered equation set is

i, + (ﬂf'ﬁ;')_/ = f%ﬁ,‘, + % % = 5} — Gigiy)",

at (E'ﬁ,’-)J +13.5=0, fi= @) =& (6.64)

This set contains the new unknowns 7;; and f;, the “Reynolds fluxes” produced by
the spatial filtering. Today they are often called subfilter-scale fluxes.

We can deduce something about these subfilter-scale fluxes by using the
ensemble-mean-plus-fluctuating decomposition in their definitions (6.64) and
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assuming the ensemble means pass perfectly through the spatial filter (Problem

T
= Wi+ u) (U + )" = [(Ui + ) (U + up)]" = ] — ()’
e (6.65)
5 = [(€+ W +up] = (€ + ) (WU +u)* = (cu))" = "u.
With the further decomposition u; = u} +uj, ¢ = c¢' + ¢* these become
s r
% = (u,'u;) - (u}u; +ujuj + ufuj) s
(6.66)
. o) R ST 55\
fi=— cuj ) +(cuj +cuy +cug)
Equation (6.66) shows that 7;;/p and f; depend only on the filtered turbulence

fields, but beyond that the expressions are not easy to interpret. But two aspects
are evident:

. Because the of the Fourier of a product involve the sum of
the wavenumbers of the Fourier components of each term in the product, multiplication
of uj by u; and ¢" by u;, generates spectral content at wavenumbers of magnitude up
10 2k, with k¢ the filter-cutoff wavenumber. Thus the first term of each of (6.66) has
Fourier P of i from k¢ to 2.

The second term of each of (6.66) involves filtered products of the r and s fields; each of
these can be nonzero. Interactions of this type are sketched in the second and third panels
of Figure 6.3. The subfilter-scale variables in the last term in this group can involve large,

y ul al

N

An alternative form of the filtered equation set (6.64) is

o o\ T
u,,+(u,u) -t =
g i)

o (”.)' @ity
- = - i .
o » il lj

(6.67)
r T

a4 (F) + 17, =0. § =Gy - (i)
In this case the expressions for the Reynolds fluxes have only the resolved-scale
term in Eq. (6.66):

%ij £8 syt 1 s\
7 = - ("r”i + uju; + u,-uj) R
(6.68)
r
5= (c'uj +ctuj + csu;) .

Both 7;, r,’; and fj, f,* are called subfilter-scale fluxes because they involve
subfilter-scale fields. From their definition (6.68) ‘[[j- and f/* are resolved quantities,
however. This illustrates the difficulty of naming such variables.



132 Large-eddy dynamics, energy cascade

In LES the quantity ﬁ:ﬁ/’ or (ﬁ,’ﬁlf)‘ is calculated as the solution of the filtered
equations (6.64) or (6.67) proceeds. If the filter scale A is much less than the turbu-
lence scale £, these can contain virtually all of the turbulent flux. This can give LES
a strong advantage over computational approaches that model the turbulent flux.

The subfilter-scale fluxes in LES are important, even in cases where they are much
smaller than the resolved fluxes, because they are intimately involved in interscale
transfer (Problem 6.16). Thus, before the set (6.64) or (6.67) can be solved its
subfilter-scale fluxes must be represented through a subfilter-scale model.

6.6.2 Conservation equations for subfilter-scale quantities
One can derive the conservation equations for the subfilter-scale fluxes from their
definitions in Eq. (6.64) or (6.67). We’ll work with (6.64) and assume the Reynolds
number of the motion at the cutoff scale is large enough that the molecular diffusion
terms are negligible.

6.6.2.1 Stress

It is convenient to work with the modified equation of motion
- o pr 2
iy, + (i), = — (% + 56) + r,l B

2
where €} = I — (@il)" + Jebiy: 2 = @il) — ;. (6.69)

We use the superscript d because rl is a deviatoric kmemalu. stress tensor, the
— (u;it;)" and its
isotropic form —2e6;; /3; e is the subfilter-scale TKE. This devmlorlc representation
facilitates the modeling of subfilter-scale stress.

The basis of the derivation is the property

E] _omp_om\" 0 it
o [ 7“{“,]*(ul%+uj—') 5l =t (670)

difference between the kinematic subfilter-scale stress tensor i;

in which one then uses the evolution equation for i;. The result for T,‘j. as defined
in Eq. (6.69), is (Lilly, 1967; Hatlee and Wyngaard, 2007)

LTI T P
i g = g | " = G — )" )+ 2

- 57' ((ﬂfﬂk)r — 20} @ity — it} (g,z)’ 2 (57)252)]
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Qe [ 00 ged 1 4 T
=5 = | the + T — =8ijtasy | — | =5
+ 3% [:Laxk + oy T 3% KISkl p*u +

19 S oar srar S oar srar 2 Sosrsroar
e (Jyk [(ujP) —u;p ] + 8 [ p)y —afpt] - 55.’,' [ p)" — i p ])
(6.71)

The terms on the left side represent local time change and advection by the resolved
velocity. The first term on the right is a divergence, so it integrates to zero over
the flow; this is a transport term. The second and third terms on the right represent
interactions between TS‘ and the resolved strain rate. The first of this pair, a gradient
production term, produces T,dj that is aligned with this strain rate. The second of
this pair is a rilting production term that reorients 15. The fourth and fifth terms are
pressure destruction, and the sixth term is pressure transport.

6.6.2.2 TKE
Lilly (1967) also derived the equation for the evolution of e = (i;it;)" — (11,'11,') /2,
the TKE of the subfilter-scale motion. It reads
Gigitiia))" i (itgit;)*
2 2

+ﬁ§ﬁ§ﬂ{,+w—k—p) —e.
p )

de _ de

ot — = — i (i)
at Kaxp ! !

(6.72)

On the left are local time change and advection; on the right are shear production,
a pair of transport terms, and viscous dissipation.
6.6.2.3 Scalar flux

The conservation equation for the subfilter-scale scalar flux f;, which appears in
Eq. (6.64), is (Wyngaard, 2004; Hatlee and Wyngaard, 2007)

ofi | . 3fi

RCAR A

ot 7 9x;

£l .
tor ((Gitty)* — @ity — & iy — Gy )" + 235 )
J
1o it aE L[ 0E\
1O (Gor — ey = _p 0t g 0 (59
+ oo ((poy —p'é) =~ Frollf v + Al P
Rij = (i)' — . (6.73)

i

The interpretation of the terms here is analogous to that for deviatoric stress: on
the left side are local time change, advection by the resolved velocity, turbulent
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transport, and pressure transport; on the right are tilting production, gradient pro-
duction, and pressure destruction. The gradient production term is interesting in
that it produces a scalar flux that need not be in the direction of the gradient; we
can call this a “tensor diffusivity” term (Problem 6.29).

6.6.3 Modeling subfilter-scale fluxes

As with any turbulence moment equations, Eqs. (6.71)-(6.73) involve further
unknowns and cannot be solved directly. But they can provide useful insight into
modeling the subfilter-scale fluxes.

Lilly’s (1967) “first-order theory” for Eq. (6.71) in effect assumes a quasi-steady,
locally homogeneous state in which the rates of gradient production and pressure
destruction of r,.‘} are in balance. If we write this as’

d
2e T
Ta= T% (6.74)

(6.75)

Lilly suggested that the Smagorinsky (1963) model for eddy viscosity K be used,

_ (kA)’D
-5

with A the grid-mesh spacing (interpreted today as the filter cutoff scale) and k
a constant. By requiring that the spectrum of the resolved motion near the cutoff
follow the Kolmogorov inertial subrange form (Chapter 7), Lilly showed that k is
related to the inertial subrange velocity spectral constant (now generally known as
the Kolmogorov constant o =~ 1.5) by

D? =55t

K HEN (6.76)

k=~ 0232734 ~0.17. (6.77)

Lilly (1967) also sketched out a “second-order theory” for Eq. (6.71). It includes
time-change and advection but again not the tilting-production terms, so it continues
to make the subgrid deviatoric stress r,d/ proportional to the resolved strain-rate
tensor E{/. Whether his neglect of tilting production here or in the first-order theory
that gave Eq. (6.75) was intentional is not clear from his paper.

7 The “WET” model (Chapter 5) used later in second-order closure has this spirit.
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The first application of Lilly’s ideas appears to be Deardorff’s (1970a) numeri-
cal study of turbulent channel flow. He used 6720 grid points (24 x 14 x 20) and
the eddy-viscosity closure of Eq. (6.75), with the eddy viscosity K specified as in
Eq. (6.76). He found it necessary to reduce the constant k in Eq. (6.76) from its
predicted value of 0.17 to 0.10, due in part to the relatively coarse resolution. He
next turned to the convective boundary layer (Deardorff, 1970b), using more grid
points (16000) and the same subgrid model but with some refinements. Here he
used k = 0.21, double his original value and closer to the prediction of Eq. (6.77).In
subsequent papers Deardorff (1974a, 1974b) used modeled versions of the SFS con-
servation equations (6.71) and (6.73) rather than eddy-diffusivity approximations,
but at the expense of a 2.5-fold increase in computation time.

More recent applications of LES have almost exclusively used eddy-diffusivity
closures, Eq. (6.75) for the deviatoric SFS stress and its counterpart for SFS
scalar flux,

fi=—Keo—. (6.78)
i
The eddy diffusivities K and K. are typically taken as
K=Cue'?A,  Kc.=Cee'?A, (6.79)

with C,, and C, constants. The subfilter-scale TKE, e, is typically obtained from
a modeled version of its conservation equation (6.72). Lilly (1967) showed that
C,, can be related to the constant for the inertial subrange of the velocity spectrum
(Chapter 7). Schumann et al. (1980) and Moeng and Wyngaard (1988) showed that
when the filter scale lies in the inertial range the constants are related by

C

G _B (6.80)

C. «
with B and « the inertial range three-dimensional spectral constants for the scalar
and for velocity, respectively.

6.6.4 Measuring subfilter-scale fluxes

Subfilter-scale fluxes can be measured through the “array technique” (Tong et al.,
1998). As discussed in more detail in Chapter 16, here the signals from a horizon-
tal array of anemometers are filtered in the lateral direction and in time (through
Taylor’s hypothesis the latter is a surrogate for streamwise filtering) to obtain
resolved and subfilter-scale variables. The first such experiment, called HATS
(Horizontal Array Turbulence Study), was carried out in 2000 near Kettleman City,
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California (Horst er al., 2004). It produced the first substantial exposition of
measured statistics of the subfilter-scale motion (Sullivan er al., 2003).
Hatlee and Wyngaard (2007) have discussed the rate-equation SFS models

- - d
uj T Tij
St = | T+ Tie = — = TtSke | — = 6.81
a3 r e 3 KR T 68D

- (6.82)

Each of these retains the pair of production terms on the rhs of the SFS flux
conservation equations (6.71) and (6.73) and models the pressure destruction term.

Their tests of these models with the HATS data are summarized in Figures 6.4
and 6.5. In each case the simple rate-equation model is a clear improvement over
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Figure 6.4 Modeled (ordinate) and observed (abscissa) SFS deviatoric kine-
matic normal stresses (units m?> s~2) in the HATS experiment. The left panel
uses the Smagorinsky model, Egs. (6.75)~(6.77); the right panel uses the simple
rate-equation model (6.81). From Hatlee and Wyngaard (2007).
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Figure 6.5 Modeled (ordinate) and observed (abscissa) temperature fluxes (units
K ms~!) in HATS. The left panel uses the eddy-diffusivity SFS model (6.78) and
(6.79); the right panel uses the simple rate-equation model (6.82). From Hatlee
and Wyngaard (2007).
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the standard eddy-diffusivity model. The diagonal components of SFS deviatoric
stress, Figure 6.4, are maintained largely by the tilting term in Eq. (6.81), which
the standard eddy-diffusivity closure neglects. The differences between the pre-
dictions of 73 are less dramatic. Similarly, the standard eddy-diffusivity model
fails for SFS horizontal scalar flux because it neglects its production mechanism,
the tilting and tensor-diffusivity terms in the SFS flux conservation equation (6.82).
Chen et al. (2009) have presented a formalism for testing SFS models that is based
on the pdf evolution equation (Chapter 13).

6.6.5 Sensitivity to flux modeling

As we saw in Chapter 5, one must model all the flux in the ensemble-averaged
equations. But one need model only the unresolved flux in the space-averaged
equations. When the filter scale (grid resolution) lies in the inertial subrange, as is
ideal in LES, only a small fraction of the flux is unresolved. We cannot neglect this
unresolved flux; it is essential for the transfer of energy and scalar variance out of
the resolved scales (Problem 6.16). If the model for this unresolved flux represents
this mean rate of transfer well, which Lilly (1967) showed can be accomplished
by adjusting its proportionality constant, the parent model can appear to perform
well even if the SFS model represents the unresolved flux poorly. As Chen et al.
(2009) show, statistical analyses based on pdf evolution equations (Chapter 13) can
be required to expose SFS model deficiencies.

6.6.6 The effective Reynolds number

The effective Reynolds number of the filtered Navier—Stokes equation (6.64) with
an eddy-viscosity closure is of order UL /K, where K is a representative eddy vis-
cosity. If this Reynolds number is large enough the resolved flow will be turbulent.
If it is even larger the flow can at least appear to enter the Re-independent range.
One can show that this requires A < ¢ (Problem 6.22). Thi
in many engineering and atmospheric boundary layer applications, but is difficult
in simulations of severe convective storms (Bryan ez al., 2003) and has yet to be
achieved for a hurricane.

eems to be achievable

Appendix 6.1
TKE decomposition

Given an ensemble of realizations of a real, homogeneous, one-dimensional, zero-
mean random function u; (x; &) on an interval 0 < x < L, as in Chapter 2, we can
approximate any realization of ; through a Fourier series:
N
wixe) =y i e, (6.83)
n=-N
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with k, = 2mn/L. Since u; is random its Fourier coefficients are different in each
realization.

Letus apply a wave-cutoff filter to u;, with the cutoff wavenumber set at 27 N/ L,
with Ne < N. Fourier coefficients of wavenumber less than or equal to 2w N./L
are passed without change; those of wavenumber greater than 27 N./L are made
zero. Then we can write the resolvable and subfilter-scale parts of f as

N Ne
W) = 3 il )T e ™ =Y itk )™,

n=—N n=—Ne
W) =ui—uf = ik e (6.84)

In|>Ne
N N
= Z i (e @)™ + Z i (s e
i n=Net 1

Then the covariance uju is

s = Z Z it () (o) + Z Z it ()it (o) = 0,

n=-Ne m= 1 Ne m=Ne+1
(6.85)

because the wave-cutoff filter ensures that the r and s components have no Fourier
modes in common so there are no contributions to the sum. This holds in three
spatial dimensions, so the wave-cutoff filter yields w;u; = uju} + uju;, neatly
separating the TKE into resolvable- and subfilter-scale u)mp(menls.

Appendix 6.2
Interscale transfer

In our homogeneous turbulence “thought problem” of Section 6.3 we deduced that
the resolvable-TKE budget (6.30) contains a term —uY(u'uj)fi and the subfilter-
TKE budget (6.36) contains an analogous term —u; (u; uj) . We deduced that these
represent “interscale transfer” — transfer of energy, w1lh0ul loss, from the r scales
to the s scales.

This term appears also in the horizontally homogeneous boundary-layer problem
in Section 6.4. In that problem we applied the filter in the horizontal plane, rather
than in three dimensions. For that reason we would like to analyze this term without
requiring three-dimensional homogeneity.
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Since our wave-cutoff filter makes r and s quantities uncorrelated, for the term
in question in Eq. (6.30) we can write

— W) =~ ; — @)1 =~y ;

= —ujl(uj + u’)(u + u’)] i= —u’[u’u’ + u’u' + u’u° +u uj] j

T — [ o s
wpugu ;= u uju,] WU = GGG (6.86)

The corresponding result for the subfilter-scale TKE budget (6.36) is

S’
— ui(uiu;

T — W — B — S
URUUG ;= RGN — WU - — UGG (6.87)

‘We expect interscale-transfer terms, like the shear production and viscous dissi-
pation terms in the TKE budget (5.42), to have the form of a stress tensor contracted
with a strain-rate tensor. Equations (6.86) and (6.87) contain velocity gradients, not
strain rates, but we can express a velocity gradient as a sum of strain-rate and
rotation-rate tensors s;; and ryj:

Ui j JZruJJ 4 Uij—Uji
sij and r;j are symmetric and antisymmetric, respectively. Since a stress ten-
sor is symmetric, its contraction with r;; vanishes. Thus, on the right side of
Eq. (6.87), for example, we can replace u,?u;u T with u’u; v'j

‘We now rewrite (6.86) and (6.87) as the sum of interscale-transfer and turbulent-
transport terms, using some guidelines. The interscale-transfer terms must contain
both r and s elements, because they occur in both equations, and they must sum to
zero. Keeping the terms in the same order and indicating with brackets terms that
we have broken into two parts, we rewrite Eqs. (6.86) and (6.87) as

uij = = sij +7ij- (6.88)

~ ) = )], — 5
W;s{,} (6.89)
Gy = - [(u w0, 7m] ”(m
W) . (6.90)
Grouping like parts gives
7W—7W+W77(u wfup),j — W), ;. (6.91)
—u§ i)Y, = ufusy — uSuss; — E(W)._, — (fuud) ). (6.92)
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In each of (6.91) and (6.92) the first pair of terms has the form required for
interscale transfer, a contraction of stress and strain-rate tensors. They are equal
in magnitude but of opposite signs, also as required. We designate these as the
interscale-transfer terms and label them as —/ and 7, respectively:

I = sy, — uSussy. (6.93)

As we shall discuss in Chapter 7, interscale transfer of energy exists in both two-
and three-dimensional turbulence, but their physical isms differ.

Noting that u’u’u' + u:u,uj = ufu,’(u; + u}') = ujujuj, the second pairs sum to
turbulent transport, as required:

- 7(u ul u,) j (u,u,uJ)J ,ufu,),, (u,ulu/) j

I 1
=-3 (u,'u,‘uj + 2ujuiuj + uju uj) =73 (“’“’“’),i‘ (6.94)

Thus, —u{(u,-u,)fj and —uf(ulu/)_sj, Egs. (6.91) and (6.92), are each the sum
of an interscale-transfer term and a turbulent-transport term. In the fully homoge-
neous problem of Section 6.3 the turbulent-transfer terms vanish. In the horizontally
homogeneous boundary layer problem of Section 6.4 there is turbulent transport in
the inhomogeneous vertical direction.

The analogous procedure with the conserved scalar conservation equation yields
the expression for the rate of interscale transfer of scalar variance:

I = 2c"ucS, u L L= 2cs uj (6.95)

Here the interscale transfer mechanisms are the same in two- and three-dimensional
turbulence (Chapter 7).

Questions on key concepts

6.1  Explain why the space average, unlike the ensemble average, does not
eliminate randomness.

6.2 Explain why a spatial filter cannot be sharp in both physical and wavenumber
space, as is reflected in Figures 6.1 and 6.2.

6.3 The running-mean and wave-cutoff filters, Figures 6.1 and 6.2, are positive
definite in one space but not in the other. What filter is positive in both spaces?

6.4 Explain physically why wave-cutoff filtering makes the r and s parts of a
filtered variable uncorrelated.

6.5  Explain the relationship between Eqs. (6.71) and (5.39), (5.41) which
concern two forms of the Reynolds stress tensor.
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6.1

6.12

6.1

6.2

6.3

6.4

6.5
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Explain physically why molecular diffusion terms are absent in the filtered
Navier-Stokes and scalar conservation equations. What takes over their
important role in the variance budgets?

Explain why ensemble-averaged equations have no terms involving deriva-
tives in a homogeneous direction, but the space-averaged equations do. Why
is this important?

In what limit should the conservation equations for subfilter-scale fluxes,
Egs. (6.71) and (6.73), become their ensemble-averaged counterparts from
Chapter 57

Outline and explain the concepts underlying LES. Contrast it to second-
moment modeling.

Explain why LES is considered to be an inherently more reliable form of
turbulence modeling than that based on the second-moment equations of
Chapter 5.

Compare the computational requirements for LES and second-moment mod-
eling in the same problem — a horizontally homogeneous boundary layer, for
example. What can you conclude from this?

In view of your result in Question 6.11, discuss how LES might be used to
improve second-moment modeling. In what applications might this approach
be useful?

Explain the advantages of placing the LES cutoff scale in the inertial
subrange.

Problems

Prove that the running-mean filter in one dimension has the filter function

given in Eq. (6.9).
Show that for the filter (6.1)
du\" du’

<3x) T oox
i.e., that it commutes with spatial differentiation.
Prove that the wave-cutoff filter in one dimension satisfies the constraint
(6.21).
Derive and interpret the equations for the variance of the resolvable and
subfilter-scale parts of a conserved scalar. Discuss the variance budget in the
inertial subrange of spatial scales.

Discuss the difference between A, the scale of the spatial filter, and Ag,
the mesh size of the spatial grid on which the filtered equations are solved
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6.6

6.7

6.9
6.10

6.11

6.12

6.13

6.14

6.15
6.16

6.17
6.18

6.19

6.20

6.21

6.22

Large-eddy dynamics, energy cascade

numerically. Interpret the cases Ay < A and Ay > A. How would you
choose Ag?

George Crunch found a three-dimensional, time-dependent numerical model
on the Web but doesn’t understand it fully. George can see that the model
uses an eddy diffusivity to close the equations, but there is no indication
whether the model deals with an ensemble mean or a spatial average. How
should he be able to tell by examining the eddy diffusivity?

Explain the ideas underlying LES.

Assume that the subgrid-scale stress tensor in the resolvable-scale velocity
equation (6.60) is modeled like the Newtonian viscous stress tensor but with
constant “eddy” viscosity. Show that this model does give a qualitatively
correct rate of interscale energy transfer. How can it be made quantitatively
correct?

Carry out the integral in Eq. (6.12).

Derive the conservation equation for the evolution of the mean-squared gra-
dient of a conserved scalar and identify the two leading terms. Which is the
principal source? Principal sink?

Show that ensemble averaging commutes with spatial filtering.

Show that G and T for a running-mean filter, Eqs. (6.9) and (6.5), are a
Fourier transform pair.

Prove that the scalar field in Subsection 6.3.5 can be homogeneous and
steady, as claimed.

Explain where the scale of the filter in LES would ideally be placed
relative to £.

Show that we can neglect the molecular diffusion term in Eq. (6.33).

There is no viscous dissipation in LES. Why? Use the momentum equation
in Eq. (6.64) and a decomposition of its variables into ensemble-mean and
fluctuating parts to derive a TKE equation for LES. What takes the place of
the viscous dissipation term? Explain.

Show that Eq. (6.57) results from adding Eqs. (6.54) and (6.56).

Osborne Reynolds used spatial averages. Do the “Reynolds averaging
rules” apply to them? Do they apply in any limit? Discuss.

Explain why high effective Reynolds numbers can easily be attained in LES
of the atmospheric boundary layer but can be difficult to attain for severe
storms.

If you wanted ensemble-mean statistics from LES of homogeneous
boundary-layer flows, how would you produce them? Explain.

How would you achieve randomness in LES? (Hint: revisit our definition of
randomness, Chapter 1.)

Show that reaching the Re-independent range with LES requires A < £.
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6.23 In Eq. (6.65) we assumed that ensemble means pass perfectly through the
filter. Is that a reasonable assumption? Explain.

6.24  Explain the intermediate steps in Eq. (6.39).

6.25 Show that the transfer function of the Gaussian filter, Eq. (6.15), is also
Gaussian.

6.26 Derive Eq. (6.52).

6.27 Explain why we say that the filtered product (i;i;)" in the set (6.63) is
unknown. Show that if we approximate it as ﬁfﬁj‘ then the set could be
solved numerically. Show that its kinetic-energy equation would lose its
sink term, however, and so could not give steady solutions.

6.28 Interpret the limit of Eq. (6.56) as the filter scale decreases within the inertial
subrange.

6.29 Discuss the nature of the gradient production term in the SFS flux conser-
vation equation (6.73). Why does the SFS scalar flux it produces need not
be in the direction of the resolved gradient? Why could we call it a “tensor
diffusivity” term?
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7

Kolmogorov scaling, its extensions,
and two-dimensional turbulence

7.1 The inertial subrange
As we saw in Chapter 6, turbulent flows of large R, have a wide range of eddies
smaller than ¢ and larger than 7. Being dominated by inertial forces, these eddies
lie in the inertial subrange.

Eddy sizes in the mid regions of a typical daytime atmospheric boundary layer
range from roughly 1000 m to 1 mm, which is six decades. Eddies in the central
three decades, from 3 cm to 30 m, say, contribute negligibly to TKE, fluxes, and
viscous dissipation and might be taken as the inertial subrange. Turbulent flows in
pipes, channels, and jets generally have much smaller R; than geophysical flows
but can have an identifiable, if shorter, inertial subrange.

7.1.1 Energetics
In Chapter 6 we decomposed the velocity fields in a horizontally homogeneous,
equilibrium boundary layer into resolvable and subfilter-scale parts and derived the
balance equations for their mean kinetic energy per unit mass, TKE,; and TKEs,
respectively. When the scale A that separates rand s eddies is such that £ > A > 7,
these TKE equations say
sum of rates of mean advection, production, turbulent transport,
and pressure transport of TKE,
= rate of loss of TKE, by transfer to subfilter scales, (7.1)
rate of gain of TKE; by transfer from resolvable scales
= rate of loss of TKE, through viscous dissipation = €. (7.2)

Thus, the TKE balance within the inertial subrange is simply

rate of gain of TKE by transfer from larger scales

= rate of loss of TKE by transfer to smaller scales = €. (7.3)

145
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The scalar-variance budget in the inertial subrange is analogous:

rate of gain of scalar variance by transfer from larger scales

= rate of loss of scalar variance by transfer to smaller scales = .. (7.4)

The balances (7.3) and (7.4) are the foundation of Kolmogorov’s scaling arguments
for the inertial subrange of the energy spectrum and their extension by Obukhov
(1949) and Corrsin (1951) to the scalar spectrum.

7.1.2 The velocity spectrum

In Chapter 2 we introduced the three-dimensional velocity spectrum E (x), which
has the property

T S
LIS / E(x) di. 2.63)

2 o
Kolmogorov (1941) hypothesized that the only scaling parameters for its mcmal

subrange are the energy cascade rate, €, and ber, «. If so, on d
grounds it has the form

E(x) = ae?3c ™3, (7.5)

with & now known as the Kolmogorov constant. This prediction was first confirmed
in the large-R, flow in a tidal channel (Grant er al., 1962). Kolmogorov further
hypothesized that the scales of the smallest, dissipative eddies depend only on €
and vy if so, they must be

3\ 14
velocity scale v = (ve)!4,  length scale 5 = (‘L) . (1.34)
€

In his book on G.I. Taylor, Batchelor (1996) gives some historical background
on these developments by Kolmogorov:

when I arrived in Cambridge in April 1945 to work for a PhD on turbulence under his
supervision ... I cast about for new ideas, and in the course of searching the literature came
across two brief papers published in the literature in the USSR in 1941 in which Kolmogorov
put forward the idea of statistical equilibrium of the small-scale components of turbulent
motions and which had miraculously made their way safely to a Cambridge library. I was
excited by them, and told G.I. what I had found.

Alittle later, during the summer of 1945, ... German atomic scientists W. Heisenberg and
C. F. von Weizsacker described to G.I. some new ideas on ... the transfer of energy from
large to small-scale components, and ... it was evident to G.I. and me that they had points
in common with Kolmogorov’s theory. was later noticed that in 1945 the distinguished
physical chemist L. Onsager at Yale University had published an abstractin which essentially
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the same idea of statistical equilibrium of the small-scale components was put forward
independently.”

On looking back at this incident I recall that G.I. did not draw attention ... to the closeness
of both Kolmogorov’s theory and these ideas of Heisenberg and von Weisacker to some of
his own much earlier work. ... The important idea that he [Taylor] appears to have missed
was that the statistical quasi-equilibrium of the small-scale motions depends on such a small
number of parameters, namely two, the rate of energy dissipation and the fluid viscosity,
that dimensional arguments alone yield explicit results.

Kolmogorov’s hypotheses might now appear as straightforward or unremarkable,
but they were a profound advance in our conceptualization of turbulence dynamics.

7.1.3 The extent of the inertial subrange

‘We saw in Section 2.5 that u(r), the velocity scale of eddies of size r, is
u(r) ~ (en'’. (7.6)

The eddy Reynolds number Re(r) = u(r)r/v is then

1/3 4/3
Re(r) ~ (”)% ~ (%) . an

where we have used the definition (1.34) of the Kolmogorov microscale 7.
One expects that the inertial subrange ends at eddy scale reng ~ 1/keng Where
Re(r) decreases to a minimum value Rep;p. If so, then from (7.7) we have

Tend | (Remin)*: kena 0 ~ (Remin)~>/*  (velocity spectrum).  (7.8)
n

If Repip is in the range 10-100, from Eq. (7.8) that would correspond to eddy scales
Fend = 61301 and keng 7 == 0.03-0.2, which is consistent with observations.

7.1.4 The scalar spectrum

The spectral physics of a conserved scalar (Chapter 6) is broadly like that of velocity:
large-scale turbulence acting on a mean scalar gradient generates scalar fluctuations;
distortion of these fluctuations by turbulence “cascades” scalar variance to smaller
scales; the smoothing effects of molecular diffusion bring the cascade to an end in
the smallest scales.

Obukhov (1949) and Corrsin (1951) extended Kolmogorov’s scaling arguments
to a conserved scalar, assuming that in the inertial range its spectral density E. (k)

* Eyink and Sreenivasan (2006) have written at length on Onsager’s original and deep contributions to turbulence.
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depends on the scalar variance cascade rate, which is equal to the molecular destruc-
tion rate x.; wavenumber k; and the energy cascade rate, which is equal to the
viscous dissipation rate €. On dimensional grounds it follows that

Ee = Bxee” Pk, (19)

with B a constant. Equivalently, for eddy scales r in the inertial range the scalar
intensity c(r) is hypothesized to depend only on x., €, and r, so that

e(r) ~ %P0 13, (7.10)

which is the counterpart of Eq. (2.66) for u(r).
Turbulent advection and diffusion effects on a conserved scalar eddy of size r
are in the ratio’
turbulent advection c(ryu(r)/r  u(r)r

= = = Co . 7.11
molecular diffusion ye(r)/r? Yy o(r) ( )

When y is the thermal diffusivity the dimensionless group u(r)r/y is an eddy
Péclet number. When y is the diffusivity of any conserved scalar we’ll define it as
the eddy Corrsin number.* It is for scalar eddies what the eddy Reynolds number
Re(r) is for velocity eddies. In analogy with Re, we’ll also define Co, = uf/y as
the turbulence Corrsin number.

As we did for the eddy Reynolds number in Eq. (7.7), we can write the eddy
Corrsin number, Eq. (7.11), as

P u(ryr ( r )4/3
o(r) ~ —— ~ | — s (7.12)
Y Toc

with 70c = (y3/€)"/* a microscale made from the scalar diffusivity y. Introduced
independently by Obukhov (1949) and Corrsin (1951), it is called the Obukhov—
Corrsin scale.

7.1.5 The scalar spectrum beyond the inertial subrange

When y is a mass diffusivity the ratio v/y is called the Schmidt number Sc; when
it is the thermal diffusivity it is called the Prandtl number Pr. This ratio can range
from very small values to very large. Yueng e al. (2002) indicate that in diverse
applications Sc can range from 10 to thousands; likewise, Pr ranges from very
¥ This is a scaling approach used by Corrsin (1951).

i Stanley Corrsin (1920-1986), an engineering professor at Johns Hopkins University, was a well-known
turbulence rescarcher (Lumley and Davis, 2003).
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small values in mercury to very large values in organic fluids. We’ll consider next
the behavior of the scalar spectrum beyond the inertial subrange in the limits of
very small and very large values of v/y, and then also briefly discuss the velocity
spectrum beyond the inertial subrange.

7.1.5.1 The inertial-diffusive subrange: v/y < 1
Here molecular diffusion begins to act on the scalar field at wavenumbers at which
the velocity field is still effectively inviscid. The rate of destruction of scalar
fluctuations by this diffusion causes the scalar variance cascade rate to decrease
with increasing «, attenuating the scalar spectrum at wavenumbers in the iner-
tial subrange of the velocity field. If we assume that Copin, the eddy Corrsin
number at the end of the scalar inertial subrange, equals Repin, then from (7.12)

we have
Tend

Noc
Corrsin (1964) assumed that in the initial part of this subrange the scalar spectrum
continues to behave as in the inertial range, Eq. (7.9), but with a wavenumber-
dependent scalar cascade rate T (k):

~ (Re,-m,1)3/4 (scalar spectrum). (7.13)

Eo~ T(k)e P8, (7.14)

The rate of decrease of 7'(k) due to smoothing of the scalar field by the molecular
diffusivity is given by
dT 5
= C2ykPE (k). (7.15)
dk

Corrsin (1964) found the solution of the system (7.14) and (7.15) to be

3 s 3
T(k) = xeexp |:7Eﬁ(’(770c)4/3j|~ Ee = Bxee P 5/3exp[—5,3(;<%c)4/3],

(7.16)
E. behaves like the Obukhov—Corrsin form (7.9) at the beginning of the inertial
range, but the diminishing spectral cascade rate causes it to fall off exponentially
from that beginning at the Obukhov—Corrsin wavenumber 1/nc.

7.1.5.2 The viscous-convective subrange: v/y > 1
Here the large kinematic viscosity v begins to smooth the turbulent velocity field
at scales much larger (wavenumbers much smaller) than those at which the small
molecular diffusivity y impacts the scalar field. In the range between the viscous
cutoff of the velocity spectrum but well short of the diffusive cutoff of the scalar
spectrum, the scalar field is deformed by (¢/v)'/?, the mean strain rate of the
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Figure 7.1 The three-dimensional scalar spectrum calculated through direct
numerical simulation at four values of the Schmidt number Sc. It is dimensional;
the units are scalar variance/wavenumber. O, Sc = 1/8; V, Sc =1; o, Sc = 4; @,
Sc = 64. The data for curves O and ¥ were generated with 256 grid points;
o and ® used 2048°. Curve O shows evidence of the exponential falloff in the
inertial-diffusive range, Eq. (7.16), predicted by Corrsin (1964). Curve ® shows
the k= viscous-convective range of Eq. (7.17) predicted by Batchelor (1959).
Data courtesy D. Donzis and P. K. Yeung; see Donzis (2007).

much larger, but viscous, eddies, but is not affected by its own molecular diffusiv-
ity. Batchelor (1959) hypothesized that here E. = E.(k, X, (e/v)‘/z). Then on
dimensional grounds this yields

Ec~ xele/m)y V2!, (7.17)

which is observed in experiments (Gibson and Schwartz, 1963), and in direct
numerical simulations (Figure 7.1).

Batchelor (1959) hypothesized that in this limit the diffusive cutoff scale in the
scalar spectrum, now known as the Batchelor microscale g, is determined by y
and the strain rate (e/v)'/z. This yields

12 12
m=1 e~ (Em) 0B amw
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7.1.5.3 The velocity spectrum

As wavenumber increases and the local eddy Reynolds number Re(r) decreases, the

three-dimensional velocity spectrum also falls away from its inertial-range form.

This departure is observed to occur in the range 0.01 < kn < 0.1. There are

analytical models for the spectrum in this range, e.g.. that of Pao (1965), who used

spectral-transfer arguments like those of Corrsin (1964) to find

3
E =ae' P BPexp [75a(m)4/3] . (7.19)

7.1.6 Results from direct numerical simulations

The numerical calculation of turbulent flow directly from the Navier-Stokes equa-
tions, which today is called direct numerical simulation, or DNS, has advanced
steadily since the first trials of Orszag and Patterson (1972) with 32% ~ 3 x 10*
numerical grid points. Today DNS uses as many as 4096 ~ 6 x 10'0 grid
points.

Figure 7.1 shows scalar spectra from DNS runs that produced stationary, homo-
geneous turbulence of large enough Reynolds number to evidence an inertial
subrange. The Schmidt numbers range from 1/8 to 64. The spectrum for S¢ =
1/8 shows a falloff that is consistent with Corrsin’s inertial-diffusive range, Eq.
(7.16). That for S¢c = 64 shows Batchelor’s k ~! viscous-convective subrange,
Eq. (7.17).

7.2 Applications of inertial-range scaling

The Kolmogorov—Obukhov—Corrsin hypothesis that the governing parameters for
scalar turbulence in the scale range ¢ >> r >> n reduce to r and the cascade rates €
and y, has application to a wide range of problems.

7.2.1 Atmospheric diffusion

Batchelor (1950) was one of the first to apply the Kolmogorov (1941) hypotheses to
atmospheric diffusion. He identified two types of problems: diffusion from a fixed,
continuous source, and diffusion of a discrete cloud (today called a puff) of effluent.
The first is the “Taylor problem” we discussed in Chapter 4; the Kolmogorov (1941)
hypotheses are not applicable to it (Problem 7.23).

The second problem can be summarized as follows. An effluent puff released in
homogeneous turbulence is distorted as it is moved about. How does the ensemble-
mean puff diameter D vary with time in the period when £ >> D > n?
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Eddies much larger than the puff move it bodily without distorting it; eddies
much smaller than the puff only wrinkle it. Eddies of the puff size D distort it,
strengthening its concentration gradients, increasing its effective surface area and
greatly enhancing molecular diffusion of the effluent; they dominate the ensemble-
mean puff growth. Their velocity scale is u(D), so we write

dd—? ~u(D) ~ (De)'/3. (7.20)

It follows that at times large enough that the initial puff size is not important, D
behaves as (Batchelor, 1950)
D~ e'2P2, (7.21)

which has been observed (Gifford, 1957)."

7.2.2 Structure-function parameters

The structure functions of a velocity component and a conserved scalar are

Su=liatx. ) —tisx+1.0], S =[éx0—éx+r0l’. (122

By its nature a structure function involves only the turbulent component of a homo-
geneous field, the mean being removed by the subtraction. The Russian school has
long used structure functions in theoretical developments in turbulence and in elec-
tromagnetic and acoustic wave propagation through turbulence. For separations
r = |r|in the inertial range of scales the dominant contributions to S, and S. come
from turbulent eddies of scale r = |r|, so that

Su = Sule,r) = C13r3 = Cor??
(7.23)
Se = Se(te» €, 1) = Caxee 3r?3 = Cor?

with C| and C constants that can be determined formally from the difference
operator and the spectra (Chapter 15). C,2 and C 2 are called the structure-function
parameters for velocity and scalar, respectively; in the case of velocity there is
some dependence of the structure-function parameter on the relative orientations
of the velocity and the separation vector r (Part I1I).

1 Sawford (2001) says that excep for the cited analysis of Gifford.there are no comvincing demonstrations of the
behavior predicted by Eq. (7.21). He feels thisis due of making
under the conditions required by the theory.
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If we carry this to third order we have

W 1) — i (x+1,0] = Cyer, (7.24)

with C3 a constant that again depends on the relative orientations of the velocity and
r. For the special case where they are parallel we have “Kolmogorov’s four-fifths
law” with C3 = 4/5. It is an exact result for isotropic turbulence (Frisch, 1995;
Hill, 1997).

7.2.3 Subfilter-scale modeling

Eddy-diffusivity models are often used to represent the subfilter-scale fluxes TS
and f; in LES (Chapter 6). Standard models are

(7.25)

with K ~ K. ~ ugA, ug being the velocity scale of the subfilter-scale eddies
and A the filter cutoff scale. If A lies in the inertial subrange, u; = u(A) =
(Ae€)'/3. Hence, these eddy diffusivities are of order u(A)A ~ A*3e!/3. The
effective Reynolds number of LES with eddy-diffusivity closure is hence (¢£/A)*/3
(Problem 7.8).

7.3 The dissipative range

An isotropic field is one whose statistics are invariant to translation, reflection, and
rotation of the coordinate axes.” Since its production mechanisms are anisotropic
(Chapter 5) naturally occurring turbulence cannot be isotropic, but isotropic com-
putational turbulence can be generated (Yeung e al., 2002). In introducing his
hypothesis of local isotropy, or isotropy confined to the dissipative-range scales,
Kolmogorov (1941) wrote:

...we think it rather likely that in an arbitrary turbulent flow with a sufficiently large
Reynolds number (R,) the hypothesis of local isotropy is realized with good approxima-
tion in sufficiently small domains ... not lying near the boundary of the flow or its other
singularities ...

Kolmogorov (1941) proposed two further similarity hypotheses for turbulence
statistics in the dissipative range at large R;. The firstis that they are determined only
by € and v. If so, the statistics of the fine-scale velocity field in large-R; turbulence,
when made dimensionless with the length and velocity scales 7 and v, are the same

* We discuss the tensor implications of isotropy in Chapter 14,
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in all turbulent flows. His second hypothesis is that for spatial scales in the inertial
subrange, statistics depend only on € and not on v. Batchelor (1960) named these
hypotheses the universal equilibrium theory.

7.3.1 Local isotropy

Kolmogorov’s hypothesis of local isotropy has in the past been considered to be
generally consistent with observations, but the more recent, persistent evidence
of anisotropy in the fine structure of turbulent scalar fields has caused a shift of
opinion. The most often cited evidence is the nonzero skewness of the streamwise
derivative of fluctuating temperature 6  in shear flows (Problem 7.20),

(7.26)

A typical 6(t) signal measured with a fine-wire temperature sensor is shown
in Figure 7.3. Its streamwise derivative is typically found through “Taylor’s
hypothesis” (Taylor, 1938) in the form

6,~-Ub,, (7.27)

with U the mean streamwise velocity. With adequate bandwidth 6, and, with
Eq. (7.27), its streamwise derivative 6 , are easily measured. Since as we saw
in Chapter 5 their principal contributions come from eddies beyond the inertial
subrange, derivative re candidates for the local-isotropy assumption.

One such is (6,¢)3, which changes sign under reversal of the x-direction and,
hence, must vanish in a locally isotropic field. But according to Warhaft (2000),
measurements in the laboratory and the atmosphere show that flows with mean
shear and a mean temperature gradient have temperature-derivative skewness of
magnitude =~ 1.

Figure 7.2 shows a turbulent temperature signal measured in a heated jet. Its
“ramp-cliff” structure, which has been observed in many other flows, shows domi-
nant, one-signed contributions to the temperature derivative, the sign being dictated
by the imposed large-scale temperature gradient. This suggests a direct connec-
tion between the statistics of very large and very small structures in the scalar
field.

This evidence of local anisotropy startled the turbulence community. In a turbu-
lent flow the eddy size range £/n ~ R?/A can be very large; it was plausible that
eddies of such disparate scales are only weakly connected through the long cascades
of energy and scalar variance and do not directly interact. Thus the notion of local

ati:
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50 ms /
/

Figure 7.2 A time series of temperature measured in a heated jet showing
“ramp-cliff” structure. From Warhaft (2000). Reprinted, with permission,
from Annual Review of Fluid Mechanics, 32, ©2000 by Annual Reviews,
www . annualreviews.org.

isotropy at very large R; was also plausible. But as measurements revealed instan-
taneous details of scalar fine structure — e.g., Figure 7.2 — it became clear that the
largest and smallest eddies in a turbulent flow can directly and persistently interact.
Kang and Meneveau (2001), for example, have found that in moderate Reynolds
number (R; = 350) laboratory turbulence local anisotropy is more pronounced in
the scalar field than in the velocity field.

Given the inherent anisotropy of the energy-containing range, Kolmogorov’s
(1941) local isotropy is an asymptotic, large- R, hypothesis. At the modest R, val-
ues typical of laboratory turbulence some local anisotropy is to be expected, and
the skewness of a temperature derivative, say, is precisely zero there only as a con-
sequence of flow symmetry. Consider, for example, the turbulent wake behind a
long cylinder in crossflow, with x the streamwise direction and y along the cylinder
axis. Here, by symmetry, statistics are invariant to a reversal of the y-direction, and
so the skewness of 6 is zero. Local isotropy would imply that the skewness of 6
approaches zero at large R;. But Sreenivasan (1991) pointed out that it shows little
evidence of this asymptotic behavior, and he concluded:

Experiments suggest that local isotropy is not a natural concept for scalars in shear flows,
except perhaps at such extreme Reynolds numbers that are of no practical relevance on Earth.

Warhaft (2000) has written:

We surmise that had we not been imbued with the Kolmogorov phenomenology, .. a fun-
damentally anisotropic scalar field would seem natural. We would expect that, as the large
eddies act on the scalar gradient, large discontinuities might occur. It is the very strong
attraction to universality that has diverted our attention.

‘We’ll consider local isotropy in more detail in Chapter 14.
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7.3.2 Structure of the dissipative regions

The “spiky” appearance of turbulent velocity and scalar derivative signals,
Figure 7.3, indicates that their amplitudes alternate between zero and very large
values. As discussed in Part III, one measure of the “spikiness” of a signal is its
flatness factor F. For turbulent velocity or scalar signals F is typically near the
Gaussian value of 3, but F for their derivative tends to be larger. Early laboratory
measurements at low R; showed that for a given derivative F did appear to approach
the Ri-independence predicted by Kolmogorov’s universal equilibrium hypothesis
(Batchelor, 1960).

By the late 1960s measurements at much larger R; made it evident that the
flatness factors of velocity and temperature derivatives increase continuously with
Ry. A physical interpretation is that unlike the energy-containing eddies, dissipative
eddies are not uniformly distributed in space at a given time; instead they tend to be
concentrated in spatially localized, transient “bursts” in a way that becomes more
prominent as Ry increases. This was named dissipation intermittency.

<

Au/ot
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1 1 1 ]
0 0.1 0.2 0.3 0.4
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Figure 7.3 Measured fluctuating signals of (from top) streamwise velocity, tem-
perature, and their time derivatives in a laboratory turbulent flow with a transverse
mean temperature gradient. Through Taylor’s hypothesis the time derivative is
interpreted as proportional to the streamwise derivative. From Warhaft (2000).
Reprinted, with permission, from Annual Review of Fluid Mechanics, 32, ©2000
by Annual Reviews, www . annualreviews . org.
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u

Figure 7.4 The Tennekes (1968) model of the dissipative regions in turbulence.

Based on the Batchelor and Townsend (1949) study, Corrsin (1962) hypoth-
esized that at large enough R, a turbulence field “has a binary character, with
relatively large regions of nearly potential flow with negligible fine structure, and
rela[ively small regions of intense fine structure where the viscous dissipation
occurs.” Corrsin suggested that these dissipative regions were thin sheets and made
asimple model of the resulting intermittency statistics. Tennekes (1968) argued that
Corrsin’s model was internally inconsistent and suggested instead that the regions
of dissipative activity (Figure 7.4) are tubes of diameter » and length %, the Taylor
microscale (Section 1.9); he hypothesized there was of order one of these tubes per
volume 3.

Current thinking on dissipative structure includes sheets distributed in more
complex ways, sheets with wrinkles of many length scales, and a mixture of
such sheets and tubes. Here we’ll pursue the implications of Tennekes’ tube
model because it allows some simple but illuminating estimates of fine-structure
statistics.

We begin with the relation € ~ /¢ ~ vu®/3.%, which implies that £/1 ~

Rll/z ~ R;.. The volume fraction occupied by the dissipative regions is therefore
2 2 2
A -
volume fraction ~ % ~ :7 ~ ZTR‘ ~ R, /2 R;], (7.28)

using Eq. (1.35). The model predicts that the dissipative regions occupy a decreasing
volume fraction of the turbulent fluid as Ry increases.

The model also predicts that the velocity derivative signal grows in spikiness as
Ry increases. The highest-amplitude velocity derivatives are predicted to be of order
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Figure 7.5 Observations of the skewness and flatness factors of the streamwise
velocity derivative in a variety of turbulent flows as a function of R;. The lines
are the prediction of Eq. (7.43), —Syu/ox ~ (Fauyae)*®, that is based on the
revised Kolmogorov hypothesis. From Sreenivasan and Antonia, 1997. Reprinted,
with permission, from Annual Review of Fluid Mechanics, 29, ©1997 by Annual
Reviews, v .annualrevi rg.

du/dx ~ u/n, so the predicted mean value of the fourth power of the derivative is
of order

o\t ut ut 2 ut
— ] ~ — x volume fraction ~ — x . - (7.29)
ax e a2
By the definition of the Taylor microscale % the derivative variance is (du/dx)* ~
u? /32, so the flatness factor of the velocity derivative goes as

2 12
~ R/~ R;. (7.30)

Observations in a wide variety of flows (Figure 7.5) indicate that while Fy, /5, does
increase with Ry, this simple model considerably overpredicts that rate of increase.
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The line in Figure 7.5 is Fyujax ~ Rl”‘I7 ~ RA”’M, the exponent being one-third
of that predicted by Eq. (7.30).

7.4 Revised Kolmogorov scaling

Moffatt (2002) has described the “sense of frustration” that afflicted G. K. Batchelor
and many others working in turbulence in the early 1960s:

These frustrations came to the surface at the now legendary meeting held in Marseille (1961)
to mark the opening of the former Institut de Méchanique Statistique de la Turbulence. This
meeting, for which Batchelor was a key organizer, turned out to be a most remarkable
event. Kolmogorov was there, together with Obukhov, Yaglom, and Millionshchikov...;
von Karman and G.1I. Taylor were both there — the great father figures of prewar research
on turbulence — and the place was humming with all the current stars of the subject — Stan
Corrsin, John Lumley, Philip Saffman, Les Kovasznay, Bob Kraichnan, Ian Proudman, and
George Batchelor himself, among many others.

One of the highlights ... was when Bob Stewart presented ... the first convincing mea-
surements to show several decades of a k ~3/3 spectrum and to provide convincing support
for Kolmogorov’s theory.... But then, Kolmogorov gave his lecture, which I recall was in
the sort of French that was as incomprehensible to the French themselves as to the other
participants. However, the gist was clear: He said that ... Landau had pointed out to him a
defect in the theory .... Kolmogorov showed that the exponent (—5/3) should be changed
slightly and that higher-order statistical quantities would be more strongly affected ...

1 still see the 1961 Marseille meeting as a watershed for research in turbulence. The
very foundations of the subject were shaken by Kolmogorov’s presentation; and the new
approaches ... were of such mathematical complexity that it was really difficult to retain
that essential link between mathematical description and physical understanding, which is
so essential for real progress.

Given that Batchelor was already frustrated by the mathematical intractability of turbu-
lence, it was perhaps the explicit revelation that all was not well with Kolmogorov’s theory
that finally led him to abandon turbulence in favor of other fields.”

Kolmogorov (1962) replaced the ensemble mean dissipation rate € in his 1941
hypotheses with a locally averaged dissipation rate €, defined as the average of the
instantaneous, local dissipation rate € over a sphere of radius r:

3
(X, 1) = 73/ &(x+h, 1) dh. (7.31)
4mrs Jinj<r
The local dissipation rate € is defined as
v [ du; Suj) (Bu,- au/>
— (2T —1), 7.32
2 (6)5,’ + Ax; ax; + ax; 732

" Coincidentally, shortly after the Marseille meeting D. Lilly submitted a paper (Lilly, 1962) that was prescient
in advocating and demonstrating the use of numerical simulation in turbulence research (Wyngaard, 2004).

m~
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so its ensemble average is €. If the averaging scale r is small compared to £, so
that any spatial inhomogeneity has a negligible effect, the ensemble average of the
locally averaged dissipation rate ¢, is also €.

Obukhov (1962) discussed the application of this newer scaling hypothesis. The

velocity scale of eddies of spatial scale r, which was originally taken as (er)'/3,
now depends on €, and so needs a different symbol:
e, (r) = ()3, ¢ fixed. (7.33)

A new notion here is conditional scaling. That is, u., (r) = (&) s hypothe-
sized to be the velocity scale for the subset of measurements with the specified
€, value. Similarity expressions made from u,, (r) must then undergo a final
averaging over all values of €,. This causes the predictions of the original and
revised Kolmogorov hypotheses to differ; for a similarity expression f (e, r), say,
f(er.r) # f(&.r) = f(e, r).Onlyif fislinear in €., which is not often the case,
does f(e,r) = f(&,r).

The original Kolmogorov hypothesis holds that velocity derivative moments scale
with € and v so that, for example,

du\® e du\® e\ au\*  rey?
My L ()~ (7) () ~ (7) . (7.34)
dx v dx v dx v
The skewness and flatness factor of the velocity derivative were thus originally
predicted to be constants,

o G
(i) (@)

which is not observed (Figure 7.5). Under the revised hypothesis these moments

Soufox = = constant, Fyy g = = constant, (7.35)

become
p — 3/2 P
alz,wi’:i %Bwé"/_ ﬂ4 (7.36)
dx v v Ax v ax
so this skewness and flatness factor are predicted to be
32 -
€ €
Sousox = é'ﬁ Foupox = :; (7.37)

Asdiscussed in Part 11, variables that have high intermittency (such as derivatives
of turbulent velocity and temperature at large R;) are observed to have probability
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densities that are more “peaked” near the origin and have broader “tails” than the
Gaussian. Squaring such a variable makes it positive definite while maintaining
its intermittent character, and presumably the locally averaged dissipation rate €,
behaves this way. A useful model of such a variable is the “log normal,” a random
variable whose logarithm has a Gaussian or “normal” probability density. Thus
Obukhov (1962) wrote

e =¢pe’, Ine =Iney+v. (7.38)

Here € is the geometrical mean dissipation rate and v is a Gaussian random
variable with zero mean and variance o2, For this simple intermittency model
the mean value of the locally averaged dissipation rate raised to a power p,

say, is

— . Po?
=€l er=¢le. (7.39)
Equation (7.39) then implies
2 2
_ 2 32 % - 2
G =ce?, 6,3/2260/ v, 2=e . (7.40)
The corresponding moments of € are
_ 32 32 2
e=g=¢e 53/2:@)3/2:60/284. 62:(6)2:636”.

(7.41)
These demonstrate that €7 # €* if @ # 1. Thus, with Obukhov’s log-normal
model for the locally averaged dissipation rate the predictions (7.37) of the revised
hypothesis become

% 2
352 20

e e
Soujox ~ —z €T, Foujox ~ —=
Pl

: (7.42)

so that
Sousox ~ (Faugox)*/8, (7.43)
which agrees well with the observations (Figure 7.5).
Kolmogorov (1962) suggested that 0'2, the variance of Ine,, Eq. (7.38),
behaves as
o2 = Ax, t)+mln€. (7.44)

where A(x, 1) depends on the large-scale structure of the flow and 11 is a universal
constant. This predicts that the intensity of the dissipation fluctuations increases
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as r, the scale of the averaging volume decreases; this has been supported by
measurements in a wide variety of flows. From Eq. (7.44) we have

u
= e 1 /T /DM (£> ' . (7.45)
r

If, for example, r ~ 4, the Taylor microscale, then

£ un
SR, (7.46)
A v
and Eq. (7.45) becomes
B
e” ~ R (7.47)

Thus, the predictions of Eq. (7.42) become, for r ~ A,
3u1/8
Sougax ~ RS Fougpe ~ R (7.48)

The observations (Figure 7.5) imply that ;1 ~ 1/3, somewhat greater than the
consensus measured value of ~ 0.25 (Sreenivasan and Kailasnath, 1993). This area
has attracted much attention and more sophisticated models have been proposed
(Sreenivasan and Antonia, 1997).

Tennekes and Woods (1973) argued that since collisions of cloud droplets are
fostered by high values of shear, the intermittency of fine structure in large-R;
cloud turbulence should significantly enhance the efficiency of turbulent coales-
cence. Shaw er al. (1998) discussed the resulting preferential concentration of
cloud droplets, which causes intermittency in the supersaturation field (Shaw,
2000).

Shaw (2003) sketched a mechanism for this preferential concentration.” The
turbulent velocity and number density n of droplets are governed by

dv; 1 ( )+ an n an Av;
e - v) g, — A vi— = —n—,
dr o s e T T,

(7.49)

with 74 the droplet inertial time scale resulting from Stokes’ solution and v; the
droplet velocity. A negative droplet velocity divergence on the rhs of the second of
Eq. (7.49) indicates local congregation of droplets.

For small 74 we can write the solution of the first of (7.49) as
du; ou;
m +uj

v =u; + 148 — Td ( 3)(‘) +0(d), (7.50)
'

¥ The author is grateful to Raymond Shaw for this tailored discussion of this mechanism,
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so to leading order the droplet velocity divergence is
v _ du; du;

KK
P -~y e =7 (sijsij — rijrij) - (7.51)

J

where we have used u; j = sij + rij, the sum of strain- and rotation-rate tensors,
Eq. (2.73). Equation (7.51) says that strong local vorticity causes positive cloud
droplet divergence; weak local vorticity causes negative divergence, droplet con-
gregation, and therefore higher droplet collision rates. The variance of this droplet
velocity divergence is

BBy _ By By Dy Dk (1)2 ok ©
ax; dx; K 9xj 0x; 0x Oxk afou/ox )\ G oo \7)
(7.52)
where we have expressed the contracted derivative tensor in terms of Fy/y.. As Fig-
ure 7.5 indicates, that flatness factor increases with the turbulence Reynolds number
and so is very much larger in cumulus clouds than in laboratory experiments, say.

7.5 Two-dimensional turbulence

Two-dimensional turbulence, flow confined to a plane, has been used as a model
for the largest scales of motion in the atmosphere. As we shall see it shares features
with three-dimensional turbulence and is much more accessible computationally.

7.5.1 Vorticity and conserved scalars

‘We’ll consider motion in an x, y plane: ii; = [ﬁ(x, Y1), 0(x, y, 1), 0] . Vorticity
can have only a component normal to the plane: @; = [O, 0, @3(x, y, t)]4 As a
result the vortex-stretching term in the vorticity equation (1.28) is identically zero
and the equation reads

Doy by diy

7.53
Dr o Mox 53

which is identical to Eq. (1.31) for a conserved scalar. The absence of a vortex-
stretching term in Eq. (7.53) makes the velocity field in two-dimensional turbulence
differ in some striking ways from that in three-dimensional turbulence (Tennekes,
1978).
The gradient g; = ¢ ; of a conserved scalar ¢ satisfies
Dgi
Dt

=giy+ ;g j=—iji8j +v&jj- (7.54)
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The first term on the right side can amplify and tilt the gradient of a conserved scalar
in both two- and three-dimensional flow. Satellite photos reveal large-scale, quasi-
two-dimensional turbulent water vapor fields that because of this stretching and
tilting process can look very much like the familiar three-dimensional ones. Because
in two-dimensional flow the single component of vorticity w3 is a conserved scalar,
its gradient @3 ; satisfies Eq. (3.22).

The absence of vortex stretching in two-dimensional turbulence means there is
no downscale energy cascade, but there is a cascade of scalar variance. Vertical
vorticity, being a scalar, participates in this cascade. The distortion of the vorticity
field generates spatial structure in vorticity that extends to the dissipative scales,
with an intervening inertial range having a cascade of vorticity variance rather than
kinetic energy.

7.5.2 Interscale transfer of enstrophy

If we represent vorticity in two-dimensional turbulence, a scalar, as the sum of
ensemble-mean and fluctuating parts, @3 = Q + w, the equation for fluctuating
vorticity o is
dw

§+Q.1uj + o, Ui+ o juj —ojij =vo jj. (7.55)
Multiplying by w, ensemble averaging, rewriting the molecular term, and neglect-
ing viscous diffusion gives the evolution equation for one-half the mean-square
fluctuating vorticity, or enstrophy:"

lap‘FU @ +ie Q)+ ye ;@]

S - ujw = —Vw

2090 0 T\2) T 2 ) !
J

N

(7.56)

This is identical to Eq. (5.7) for scalar variance. A displacement in the presence
of a mean vorticity gradient 2 ; generates a vorticity fluctuation, so we recognize
ujw 2 j as a mean-gradient production term. The mean advection and turbulent
transport terms, being divergences, simply move vorticity variance around on the
plane. We conclude that the steady, global, physical-space balance of enstrophy
implied by Eq. (7.56) is

rate of production of enstrophy through mean vorticity gradient

= rate of destruction of enstrophy through viscosity. (7.57)

According to Frisch (1995), this term is due to C. Leith.
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Let us now assess the spatial scales at which the molecular destruction of enstro-
phy occurs. We again denote by u and ¢ the scales of the energy-containing velocity
fluctuations. Let us scale the fluctuating vorticity as w, the mean vorticity gradient
as w/¢, and the fluctuating vorticity gradient as w/A,, with the magnitude of the
length scale A> to be determined. Our scaling estimates for the leading terms in
Eq. (7.56) are

2 2
— wu (2}
Q jujo ~ —, Vo= Yo~ V5,
¢ 3
so that equating the two yields
2 2
s 172 _
o Y. 2 (L) ~R; 172 (7.58)
€ 23 14 ut

‘When the turbulence Reynolds number R, is large it follows from (7.58) that there
is a large scale range between € and A, as in three-dimensional turbulence.

As with the Taylor microscale and viscous dissipation in three-dimensional tur-
bulence, we must be cautious in interpreting 2> as the spatial scale of the eddies in
which the molecular destruction of enstrophy occurs. Rather, /1, is an estimate
of the vorticity gradients. Since the rms vorticity in the dissipative eddies
than o, their length scale is less than 5.

7.5.3 Inertial-range cascades and scaling

Equation (7.58) implies that large- R, two-dimensional turbulence has a large range
of eddy scales r such that £ >> r > %,. These eddies contain little enstrophy and
do little molecular destruction of it. Interpreted for enstrophy in this inertial range
in two-dimensional turbulence, the scalar variance budget, Eq. (7.4), indicates that
the enstrophy cascade rate is independent of wavenumber and numerically equal
to X, the mean rate of molecular destruction of enstrophy. If W (k) is the vorticity

spectrum,
oo
/ W (k)dk = 2, (7.59)
0
then the Kolmogorov (1941) ideas imply that in this inertial subrange
=Wk, xo) ~ k2 (7.60)

as pointed out by Kraichnan (1967) and Batchelor (1969). Since the vorticity spec-
trum is 2 times the energy spectrum E (), it follows that the inertial-range energy
spectrum is

E(k) ~ xg/k?. (7.61)
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If E, is the spectral density of a conserved scalar (other than vorticity) in two-
dimensional turbulence, then the corresponding Kolmogorov hypothesis for its
inertial subrange is E. = Ec(k, X¢, Xo)- Then on dimensional grounds it follows
that

Ee~ xe xy Pl 7.62)
which is a generalization of Eq. (7.60).

For the eddy velocity and scalar intensity scales u(r) and c(r) in the inertial

range of two-dimensional turbulence we write

u(r) = ur, xo) ~ rx3 er) = el xo xe) ~ % Pxp V0 (1.63)

The r-dependencies of these two-dimensional scales and the three-dimensional
ones, Egs. (2.66) and (7.10), are strikingly different. In two dimensions the velocity
scale u(r) decreases much faster (~r as opposed to rl/3) with decreasing st
The difference is manifested in the x ~5/3 energy spectrum in three-dimensional
turbulence but its much steeper « > falloff in two dimensions.

le.

7.5.4 Forward and inverse cascades

McWilliams (2006) and Vallis (2006) discuss the properties of two-dimensional
turbulence driven by forcing over a narrow range of eddy scales. They show that the
energy- and enstrophy-conservation arguments applicable during the early, inviscid
stages imply there is a downscale, or forward (toward smaller scales) cascade of
enstrophy and an upscale, or inverse cascade of energy. Numerical experiments
confirm this picture, showing forward and inverse cascades emanating from the
wavenumber ky of the forcing. Thus the energy spectrum behaves as

EG)~ PP k< Ew) ~ 3 ks (164)

From Eqs. (6.93) and (6.95) the energy and scalar variance cascade rates € and
Xc can be written
e=1= M:M;A‘f, - ufu?x,’,< Xo=1c= Zc‘uj'cfj - 20514,‘0_']. (7.65)
Since it involves contractions of scalar flux and scalar gradient, /. has the same
nature in two- and three-dimensional turbulence. But as a contraction of a stress
and a strain rate / is quite different in the two. In three dimensions 7 has two types
of terms, four involving interactions entirely in the horizontal plane and five that
involve vertical velocity; the latter group is presumably related to vortex stretching.
In two dimensions only the first four can act, and so presumably the mechanisms
involved in interscale transfer of kinetic energy are different in the two cases.
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Figure 7.6 Spectra of horizontal velocity components and temperature in the upper
atmosphere. From Nastrom and Gage (1985).

7.5.5 Atmospheric observations

Perhaps the most complete observations of velocity spectra above the boundary
layer are those reported by Nastrom and Gage (1985). Their results, which are
based on measurements made during more than 6000 commercial aircraft flights,
are summarized in Figure 7.6. At the smaller wavenumbers the spectra fall as k —
for perhaps a half-decade, and at larger wavenumbers they show an extended « ~>/3
range. According to Vallis (2006) the —3 range may be associated with a forward
enstrophy cascade, but the origin of the « ~/3 range at smaller scales is not clear.
But Gage (1979) has hypothesized that two-dimensional turbulence can exhibit a
/3 range due to an inverse energy cascade, and Gage and Nastrom (1986) state
that it seems reasonable to assume that “breaking waves” are an important part of
its small-scale energy source. Lilly (1989) shows that turbulence closure models
indicate that such forward enstrophy and inverse energy cascades can coexist in
two-dimensional turbulence with energy sources at both large and small scales.



168

7.1

72

7.4

75

7.6

7.7

78

7.9

7.10

7.11

7.12

7.13

7.14

7.1

Kolmogorov scaling and 2-D turbulence
Questions on key concepts

(Unless stated otherwise these refer to three-dimensional turbulence.)
What is the inertial subrange? What is required in order that a turbulent flow
have one? Describe its basic physics.

Discuss the energetics of the inertial subrange in turbulence. What determines
the eddy scale at which it begins? Ends?

Explain why the viscous dissipation rate is independent of the value of the
fluid viscosity.

Explain where, how, and why the scalar spectrum departs from the velocity
spectrum when the Prandtl or Schmidt number # 1.

Explain how temperature and velocity signals differ qualitatively from their
derivative signals. How does this difference evolve as Ry increases?

What is dissipation intermittency? In what types of problems might it be
important?

How does the observed behavior of turbulent fine structure violate Kol-
mogorov’s universal equilibrium hypothesis?

Give an example of a proc in the lower atmosphere that might be
strongly impacted by dissipation intermittency.

Discuss the analogy between the inertial ranges of two- and three-
dimensional turbulence.

Explain the analogy between the vorticity variance budget in 2-D turbulence
and the scalar variance budget in 3-D turbulence.

Turbulence was studied for many years before Kolmogorov proposed his
unifying hypotheses for its small-scale structure. Why do you think it took
so long for these hypotheses to emerge? What was the key to his discovery?
Explain the physical essence of the Kolmogorov—Obukhov revision of the
Kolmogorov (1941) ideas. Can you argue physically that it is plausible that
local fine structure scales with local rather than global parameters? Can you
think of problems in other fields where this would seem to be the case?
Explain qualitatively the difference between the finest-scale structure of low-
Ry laboratory turbulence and that in a cumulus cloud, and how it can impact
droplet physics in the two flows.

Explain how the Kolmogorov ideas of the global dynamics of 3-D turbulence
apply to 2-D turbulence. How and why do they differ in detail?

Problems

Explain why for separations r in the inertial range of scales the dominant
contributions to structure functions come from eddies of scale r.
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On what should the Kolmogorov microscales for 2-D turbulence depend?

Develop expressions for them. Determine the Reynolds number they define.

Use the microscales to evaluate the relative magnitude of the viscous

dissipation term in the TKE budget.

An n-th order velocity structure function is [u(x + r) — u(x)]" where u is a

velocity component. Assume » = |r| is in the inertial subrange of scales.

(a) How is it expected to behave under the original Kolmogorov hypothesis?

(b) How is it expected to behave under the revised Kolmogorov hypothesis?

(c) Using the Obukhov model for dissipation fluctuations, compare the two
predictions. How does the difference depend on n?

Assume that Taylor’s hypothesis is valid for an eddy whose turnover time is

large compared to the time required to advect the eddy past the probe. Justify

this assumption. Then use it to develop a criterion for the validity of Taylor’s

hypothesis for eddies of scale r. Interpret your result.

The inertial-range scaling result (7.63) has been interpreted for vorticity as

follows: vorticity is a conserved scalar in two-dimensional flow, so vorti-

city fluctuations should move to smaller scales without change in intensity.

Comment on this interpretation. What does the argument imply about scalar

fluctuations in three-dimensional turbulence? Is that interpretation correct?

Is the notion of preferred shapes for dissipative regions in turbulence in

conflict with local isotropy? Discuss.

Using an intermittency model as needed, discuss how local, instantaneous

values of velocity derviatives in large-R; turbulence can differ from those

predicted by the Kolmogorov (1941) hypothesis.

Using the results of Section 7.2.3, show that the effective Reynolds number

of LES with eddy-diffusivity closure is of order (¢/A)*?3 .

A commercial “e meter” determines € from the mean-squared difference of

wind speed measured at two points in space. Explain the concept.

Explain physically the feedback mechanism (Section 7.1.2) that adjusts the

dissipative eddy scales in turbulent flow.

Explain physically why and how the cutoff scale of the inertial subrange

of the scalar spectrum in a given turbulent flow changes as the molecular

diffusivity of the scalar changes.

Interpret the Corrsin spectrum, Eq. (7.14), physically. Can you explain why

it is sometimes called the “leaky pipe” model?

Show that Corrsin’s expression (7.16) is a solution of the system (7.14) and

(7.15).

Interpret physically the meaning of the negative exponent of € in Eq. (7.23)

for the temperature structure—function parameter.

Show that R’~ ~ R;.
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Let it be a random variable with standard deviation o and let u = ii /0. Use
the identities (u? — u)? > Oand (u? + u)? > 0toshow that | S| < (F+1)/2,
with F and S the flatness factor and skewness of u and ii.

Show how the inertial-range spectral forms, Eqs. (7.5) and (7.9), follow from
their underlying assumptions on dimensional grounds.

Derive the fluctuating vorticity equation. Use it to derive a vorticity-
variance budget. Following the development of the TKE budget in
Chapter 5, show that the leading terms in the budget are the rate of produc-
tion through vortex stretching and the rate of destruction through viscous
dissipation.

Show from Eq. (7.65) that the nature of /. is the same in two- and
three-dimensional turbulence, but that / differs. What is the nature of the
differences in 1?7

The vector wavenumbers of the Fourier components contributing to a third
moment add to zero (Chapter 6, Section 6.5). Demonstrate that this constraint
allows (360/dx1)3 to have contributions from the energy-containing range.
Then use the scaling implied by the observation that the skewness of 96 /9.x|
is ~1 to show that its principal contributions have all three wavenumbers in
the dissipative range, however.

We showed in Eq. (5.35) that s /sq ~ R(I /4, where s and sg are the scalar inten-
sity scales in the variance-containing and dissipative ranges, respectively. We
assumed there that y ~ v. Show that in the general case this generalizes to
s/sq~ CU‘I/4.

Explain physically the predicted faster-than-linear growth of a puff in the
inertial range of scales, Eq. (7.21).

Explain why the Kolmogorov (1941) hypotheses are applicable to puff dis-
persion but not to the “Taylor problem,” diffusion from a continuous point
source (Chapter 4).
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Part 11

Turbulence in the atmospheric boundary layer






8

The equations of atmospheric turbulence

8.1 Introduction

‘We shall begin by deriving the governing equations for a dry atmosphere. In the
shallow-fluid limit they become those traditionally used for laboratory turbulence
with heat transfer and buoyancy. We then generalize to moist air (dry air and water
vapor) and to cloud air (dry air, water vapor, and water droplets).

Density variations impact turbulence in the lower atmosphere in two ways. First,
the decrease of density with height (about 10% in the first kilometer) makes us
rethink some of our intuitive notions about turbulent mixing. Second, we’ll see that
the density fluctuations produced by the surface heat transfer can make daytime
and nighttime turbulence as different as night and day.

8.2 The governing equations for a dry atmosphere
8.2.1 An isentropic, hydrostatic base state

Most of the vertical decrease of temperature, pressure, and density in the lower
atmosphere can be described through the hydrostatics of an ideal gas. We begin'
with a motionless, adiabatic base state, denoted with a subscript zero, and write the
ideal gas law for a dry atmosphere as
po = poRaTo. ®.1)
with Ry the gas constant for dry air. In Section 8.3 we generalize (8.1) to include
water vapor and liquid water. The base-state variables depend only on height
(x30r2).
In Part I we used a modified pressure whose vertical gradient includes the gravity
term in the equation of motion. Because we are now allowing density to vary we
shall return to the traditional pressure. The vertical component of the momentum

‘This development is an adaptation and extension of that of Lumley and Panofsky (1964),
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equation (1.19), written for our motionless base state and with x3 positive upward
so that the gravity vector g; = (0,0, —g), is

d
G P08 =0. 82)

We use the ordinary derivative because x3 is the only independent variable in the
base state.

Since we have three base-state variables, pressure, temperature, and density, we
need a third equation. We add the equation for specific entropy (entropy per unit
mass) s of air, Ds Dh | bp

T—=""_-"F (8.3)
Dt Dt p Dt
with i = ¢, T the specific enthalpy and c,, the specific heat per unit mass at constant
pressure. Here we use the substantial derivative D /Dt (Chapter 1) because we shall
use frictionless, adiabatic virtual displacements of fluid parcels to determine the z-
dependence of the base state. For such constant-entropy or i pic displ
we write Eq. (8.3) as

Dso Dhy 1 Dpg

To—— =0, sothat — = . 8.4
"Dr SO T T % i @4
This implies that the base-state profiles are related by
dh, 14,
o _ 2o (8.5)
dxs  podx;
With g = ¢, Tp and the vertical equation of motion (8.2), (8.5) yields
dT g
fho__8 (8.6)
dxz cp

the equation for the adiabatic temperature profile. The decrease in Ty is almost
exactly 1 K per 100 m height. From the set (8.1), (8.2), and (8.6) the profiles of pg
and pg can also be calculated (Problem 8.2).

8.2.2 Flow-induced deviations from the base state: mass conservation

As in Part T we denote properties of the moving, turbulent atmosphere with tildes.
We represent them as the sum of the base-state variables plus small deviations,
denoted with primes, about the base state:

P=p@+ &0 T=T@+T'x0: p=po&)+px1). 87)

The deviations also have tildes because they have both a mean and a fluctuating
part.
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We require that the deviations be small so we can linearize about the base state.
Thus, the representation (8.7) is fundamentally different from the decomposition
in Part I of turbulence fields into ensemble-mean and fluctuating parts, where the
fluctuations need not be small.

‘We express the density deviation in terms of deviations of temperature and
pressure through a linear Taylor series expansion about the base state,

~r P 9
p'=p(T,p)~—

(8.8)

Pressure fluctuations in turbulence are observed to be of order pu?. If the pressure
deviation is of this order as well, then its contribution to 4’ is of order ypou’/c?,
where y = ¢,/c, and c is the speed of sound (y RyT)'/2. Thus, by this argument
the contribution of the pressure deviation to Eq. (8.8) is proportional to the square
of the Mach number of the turbulence, which is very small. Thus we neglect it and
write Eq. (8.8) as
~ PO =,
5 7?0T i (8.9)
Equation (1.17) for mass conservation can be written

95 dpii D i

= =0. 8.10,
o oy ey @10
For sufficiently small density deviations this becomes
_ dpo dit;
— — =0, 8.11
0 +ro o (8.11)
and the velocity divergence is
b _Edpo @ 1 1dp 12
ax; podxy  H, H, podxs

H, is a scale height for density. The ideal gas law then yields (Problem 8.3)

RyTq
Hp: dUV’
8

(8.13)

which is on the order of 10 km.
Presumably we can take the velocity divergence as zero if it is very small
compared to «/¢. From Eq. (8.12) this requires

2« % (8.14)
A
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If in a turbulent boundary layer we have i3 ~ u, which is the case in horizontally
homogeneous conditions, then the velocity divergence is negligible if ¢ < H,.
Since ¢ is of the order of the boundary-layer depth, in order to treat the velocity
field as divergence-free the boundary-layer depth must be small compared to the
density scale height H,. We’ll see that this is often but not always the case.

In neglecting the vertical variation of py we are making the Boussinesq approx-
imation. It allows the zero velocity divergence assumption, but we shall be on
the lookout for its side effects. As discussed by Vallis (2006), the anelastic
approximation allows pp to depend on z and is used in deep convection.

8.2.3 Dynamics and thermodynamics
The equation of motion in an atmosphere with variable density is

iy o, l Bp - 2
o + it Fys =—=— + 8i — 26k Qi +vV7i;. (8.15)

The third term on the right side, which involves the cross product of the earth’s
rotation vector €; and the fluid velocity vector, is called the Coriolis term. It enters
because our coordinate system rotates with the earth and is therefore not an inertial
system. In a flow of velocity scale U and length scale L, the dominant terms in
Eq. (8.15) are of order U?/L. The Coriolis term is therefore important when QU ~
U?/L, where Q@ = ;| ~ 10~* s~ This is typically the case in atmospheric flows
but not in engineering flows.

In a variable-density flow the kinematic viscosity v is variable as well. Variations
in v influence the velocity and length scales of the dissipative eddies, but not the
dissipation rate itself (Problem 8.4).

‘We linearize the pressure gradient in the deviations about the base state:

1ap _ 1 (tipu+ p)
poxi  po+p \ox oy

(8.16)
Lapo  1ap" 5 dpo
T opodxi podxi  pgoxi
Using (8.2) and (8.9) then yields
19p 1ap. 7 195 g -
ol s - = gl sy gy - — 2 1 S sy, 817)
pax; Po 0 £0 podxi Ty
Using (8.17) the equation of motion (8.15) becomes
o i, Top
i 00 1 OF — e Qi + —T 53 + vV 2. (8.18)

at / dx; /}0 ax;
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The equation now has a buoyancy term, the second from the last on the right side.

The earth’s surface can be warmer than the air above (as over land on clear days,
due to surface absorption of solar radiation) or cooler (as on clear nights, through
surface emission). The surface temperature of a body of water also typically differs
from that of the air somewhat above. This causes heat transfer between the surface
and the air, which in turn causes the air temperature profile near the surface to
differ from Ty (z). If an air parcel at height z is warmer than Ty(z), its temperature
deviation 7" is positive and according to Eq. (8.18) it feels an upward buoyancy
force — and so “warm air rises.” If a parcel is cooler than its local Tp, T'is negative
and it feels a downward buoyancy force. A parcel with 7/ = 0 is neutrally buoyant.

Itis convenient to use a temperature variable that is constant during isentropic dis-
placements in the atmosphere, like ordinary temperature in laboratory-scale flows.
For this purpose the potential temperature 6 is defined through the specific entropy
equation (8.3) rewritten with the ideal gas law,

Ds _<p DT Ry Dp _ < D6

e AP (8.19)
Dt T Dt p Dt 6 Dt
Thus 6 is conserved in an isentropic displacement:
Ds ¢, DO
b Bt 8.20
Dt 6 Dt ( )
The solution of Eq. (8.19) is
Ry
0@1) =Clp] T, (8.21)

with C a constant.

Scaling arguments indicate that the dominant pressure changes along a parcel
trajectory in the turbulent lower atmosphere are caused by vertical displacements in
the background vertical pressure gradient, rather than turbulent pressure fluctuations
(Problem 8.23). Thus we follow the convention of interpreting the independent
variable in Eq. (8.21) as z, disl:mce from the surface, rather than time, and we

R
choose the constant C as [p(0)] 7 . This gives

g
L (0)]‘” (8.22)

0(2) =T(2) [7
p(2)
In this convention the potential temperature at a height z is the temperature that a
parcel originating there would have after it traveled isentropically to the surface.
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Turbulent motion in the atmosphere involves both viscous dissipation at rate €
and heat transfer at rate Q, so the entropy equation for turbulent dry air is

Di ¢, DI _

Ds _ D0 _ 8.23
Di~ § Dt @23

| ™
1

The local, instantaneous rate of dissipation per unit mass is

v [ di; 8121) <31}1 z’)ﬁj)
-7 4. 7.32
2 (8)(]‘ * ax; dx; * Ax; ( )

While viscous dissipation is always important in the TKE equation, it is important
in Eq. (8.23) only at flow speeds much higher than we typically find in the lower
atmosphere (Problem 8.5); we neglect it. Thus with the heat transfer expressed as
the divergence of the heat fluxes due to conduction and radiation,

(8.24)
with k the thermal conductivity, Eq. (8.23) becomes
D6 6 Ds 2T oR;
o2 k4 . (8.25)
Dt cp Dt pepT Ax; 0x; ax;
We can write this as
DI 6 . 0
e S L (8.26)
Dt T pepT 0x;

with @ = k/pc,, the thermal diffusivity.

According to the solution (8.21) the factor § /7 multiplying the conduction term
in (8.26) is proportional to 13‘75. Beyond the energy-containing range the turbulent
pressure spectrum falls faster than the velocity and temperature spectra (Chapter 7),
so that at the small spatial scales where conduction is important the factor 6/ 7" varies
negligibly in space. Thus, we can take it inside the V2 operator:

2. 0\ - -
?VZT .~ v2<?> T =v?%, (8.27)
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and the potential temperature conservation equation (8.26) becomes

Do bs 0 OR;
v - — L (8.28)
Dt pe,T 0xi

If we define a base state and a deviation for potential temperature, 0= 6y + 0,
then from (8.22) we can write

JI 3 &
O+ = (Ty+ 7 [@]"’ ~ (Ty+ 1) [p”(o)]‘” . (829
p@) Po(z)

The base states and the deviations are then related by
O] 20N
0 =T [L} Lod=T [’f ] " (8.30)
p(2) (@)

Equation (8.30) indicates that the deviations of temperature and of potential
temperature, and therefore their vertical gradients, differ in general.

8.2.4 Scalar-constituent conservation

The density g, of an advected constituent that has no sources or sinks (i.e., is
mass-conserving) and diffuses molecularly within the fluid follows

e, Dpelli Ppe
— = . 1.29
o Yo ox; (129
‘We can rewrite this as 5
Dpe _ it %6,
=—pe— s 8.31
Dt pe dx; v dx; 0x; ( )
and using Eq. (8.12) to express the velocity divergence yields
Dp. ii 925,
Pe_ 5l 4, b (8.32)
Dt H, dx; 0x;

This says that only in the limit of large density scale height is the density of an
advected, mass-conserving constituent conserved. In general it tends to decrease
in upward motion and increase in downward motion because of the adiabatic
expansion and compression, respectively, accompanying these motions. For that
reason turbulent mixing cannot produce vertically uniform mean density of a
mass-conserving trace constituent.
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However, the mixing ratio ¢ = fp/p is a conserved variable satisfying
(Problem 8.6) ) N
be _oe gd¢ vy b 0T (8.33)
Dt ot ox; P dx; dx; dx; dx;
As a conserved scalar, ¢ can become uniformly mixed in the vertical even if g¢
cannot be (Problem 8.1).

8.2.5 The dry-air equation set

Our dry-air dynamics, thermodynamics, and conserved-constituent equation set is

dity y g 00 _LOP Qi + 2055 + vv? (8.34)
—_— = €, i, = vVai,;, )
g Yox T pgaw RTRRT gm o i
dit;
=0, 1.18
o (1.18)
-0 AR
v - —— (8.35)
pe,T 0xi
9 _ o 9%
. . (8.36)

FTR TR T

Here 6’ and j are the deviations of potential temperature and pressure from the
adlabauc, motionless, dry backgmund state 6y and po(z). According to (8.30)
T /To = 4 /6o, so we have used gG /60 as the buoyancy term in (8.34).

8.3 Accounting for water vapor, liquid water, and phase change

The clear atmosphere is a mixture of dry air and water vapor, which we shall
call moist air. Cloud air contains liquid water as well. Water is a key player in
atmospheric dynamics and thermodynamics, and we’ll now broaden our treatment
to include it.

8.3.1 The effects of water vapor

The gas constant R of a mixture having mass My of dry air and mass M, of water
vapor is (Problem 8.21)
MgR MRy
R = MaRat+ MyRy 837
Mg + My

with Rq and Ry the gas constants of dry air and water vapor:

=R*/mg,  Ry=R*/m,. (8.38)
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R* is the universal gas constant and mg and m, are the molecular weights of dry
air and water vapor. By introducing the specific humidity q, defined as
My Py

=~ 8.39
a Myg+M, p @39

we can write Eq. (8.37) as
mq
R=(—-q)Ra+qRy=(—-q)Ra+gq (m—) Rg=(1+0.61g)Rq. (8.40)
v

Thus in turbulent air containing water vapor the gas constant R has turbulent
fluctuations and the air-density deviation 5’ = '(T') of Section 8.2 becomes p’ =
p'(T, R).If we again linearize about a dry base state, R = Rq+ R’, from Eq. (8.40)
we have R = 0.61g Rg and we can write

o

7"-/
o= =~ 06lg, (8.41)

which quantifies how both warmer air and moister air are buoyant.

Instead of carrying two contributions to buoyancy in moist air, as in Eq. (8.41),
we can write the gas law for moist air in terms of the gas constant for dry air, using
Eq. (8.40):

p=pRT = pR4T(1+0.61¢q). (8.42)

Then if we define a virtual temperature T, for moist air as
Ty =T(140.61q), (8.43)
the gas law (8.42) for moist air is
p = pRaTy. (8.44)

Physically, 7y is the temperature of dry air having the same pressure and density as
moist air at temperature 7".

It is also traditional to generalize the definition of potential temperature,
Eq. (8.21), to virtual potential temperature:

R I3

0)]e 0)]

Oy(2) = Tv(2) [&] =10 +0.61q) [&] " =0a +0.61g). (845)
P() P(2)

It is a conserved variable (Problem 8.16). Thus, in moist air we simply use the

deviation of virtual potential temperature, rather than potential temperature, as the
buoyancy variable in the equation of motion (8.34).
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8.3.2 The extension to cloud air
The density pg of cloud air is

Mg+ My + M

=pd+py+ o1 (8.46)
volume

Pel =

Rewriting in terms of the density of moist air gives
Pl
Pd+ Py = Pl = P = Pl (l *;) =pa(l—q), (8.47)
cl

where g; = pi/pq is the specific liquid water content. Solving for the cloud air
density yields
d +
pa=2El PP ®48)
(I=q)  RTv(I—q)  RqTva

with Ty the virtual temperature of cloud air,

Tt =Ty (1 —q) = T (1+0.61g — ). (8.49)

neglecting the higher-order term. Like T, T\ uses the gas constant for dry air in
its equation of state:
P = paRaTva (8.50)

The extension to potential temperature is

Oei(2) = Ov(1 — q1) =~ 0(1 +0.61g — q1). 8.51)

8.3.3 A conserved temperature in cloud air

We saw that the application of entropy conservation in dry air leads straightfor-
wardly to the concept of potential temperature, which is conserved in isentropic
(reversible and adiabatic) processes. But as Bohren and Albrecht (1998) lament, its
application to cloud air is much more complicated:

[Accounting for entropy conservation in cloud air] is tedious and you are almost certain to
make errors along the way. We derived the lapse rate for a saturated parcel several times,
each time obtaining different results. Indeed, you are likely to find expressions similar but
not identical to ours. Nevertheless, we think that what follows is correct.

‘We shall summarize the Bohren—Albrecht result.

A saturated cloud parcel, of uniform temperature 7', contains mass My of dry
air, whose partial pressure, gas constant, and specific heat at constant pressure are
Pds R, cpa. The total water (vapor plus liquid) mixing ratio of the cloud parcel is
wy; the specific heat of its liquid water is ¢y, its water vapor mixing ratio is the



8.4 The averaged equations for moist air 185

saturation value, wy; and the latent heat of vaporization is £y. The statement of total
entropy conservation, Eq. (6.113) of Bohren and Albrecht (1998), is

D D S
1 DS 1 DT RyDpy | L <lyw,) 8.52)

——— =Wiewt+pd mT T
Mg r = et ad T = o Yo Ut

With the weighted specific heat w; ¢y, + ¢pq written simply as ¢, this is

1 DS c,, DT  Rq Dpg Cywg < DOq4 D [tyws
Di B Dt

Md Dr T Dt pa Dt T 64 Dt T
(8.53)
with 6y the “dry-air” potential temperature
Ry
0)7 e
04(2) = Tu(2) [’J"( )] ' (8.54)
Ppa(2)
The equivalent potential temperature 0, is defined through Eq. (8.53):
1 DS _ < D6y E Zu{)s _ iD(ic' (8.55)
My Dt 04 Dt DI\ T 6. Dt

It is conserved in isentropic processes in cloud air, including processes with
condensation and evaporation. It follows that 6, is (Betts, 1973)

A
Lo, 0)\ ¢ Cyws

e = Hdexp( V'LT) -7 ("d—()) " exp (V—“”) (8.56)
cp Pd cpT

Physically, 6. is approximately the potential temperature a cloud parcel would have
if it were moved upwards, reversibly and adiabatically, to a level where the pressure
is low enough to allow all its water vapor to condense.

8.4 The averaged equations for moist air
‘We’ll discuss the averaged equations for moist air, considering first the general case
where the average can be over space or over an ensemble of realizations. We’ll show
that the averaging produces some new Reynolds terms involving thermodynamic
properties. Then we’ll generalize the ensemble-averaged Reynolds-flux equations
in Chapter 5 to include buoyancy and Coriolis effects.




186 The equations of atmospheric turbulence
8.4.1 The general case

The momentum, continuity, thermodynamics, and vapor-conservation equations
are

105
— af, e Qi + 9—0 831 + V2, (857)
(1.18)
_ 6 9R
—— =aV? - _ (8.35)
poc,T 9%;
9 , 594 9%

o Mox; T Vox ox 8.36)
Here the mixing ratio for water vapor, § = py/p, also called the specific humid-
ity, is the conserved water-vapor variable. po and 6y are the background density
and potential temperature profiles, p’ is the deviation in pressure from its back-
ground profile py, and é‘j is the deviation in virtual potential temperature from its
background value 6y:

6 =6y — 6 = 6(1 +0.613) — bp. (8.58)

RJ is the radiative heat flux; « is the thermal diffusivity of moist air.

In atmospheric applications these equations have too large a range of scales to
be solved numerically. Thus before attempting numerical solutions we reduce the
scale range by averaging the equations. Denoting the average, ensemble or space,
with an overbar, this gives the set

G 0 L0, Qiig + Loy + L0 (8.59)
o gom_ 1 ki L 9%n .
ar podx; | HRSGHET G N
=@ ity — ity
—o (8.60)
90 90 of 1 (4R
A 0 Ky 8.61)
at ax; dxj  pocy \T dx;
L] af, — ==
L A T 862)
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The averaged virtual potential temperature deviation is
0, =6 +0.61 63 — 6. (8.63)

These equations have the Reynolds terms we met in Part I: a kinematic Reynolds
stress 7;; in Eq. (8.59) and Reynolds fluxes of scalars, fyj and qu. in Egs. (8.61)
and (8.62). The averaging also produces a covariance of radiative flux divergence
and 6/T in Eq. (8.61), but scaling arguments indicate it is quite small and we
have neglected it (Problem 8.19). In addition, Eq. (8.63) has a Reynolds term, as
does the averaged form of Eq. (8.56) for the conserved temperature in cloud air.
Traditionally such “thermodynamic” Reynolds terms have been neglected with little
or no discussion, but Larson e al. (2001) have shown how this can bias numerical
model results.

8.4.2 The ensemble-averaged equations

We now write the dependent variables in our equation set as the sum of ensemble-
mean and fluctuating parts, generalizing the water vapor mixing ratio § to a
conserved scalar ¢:

i =Uitu.  p'=P+p  6,=0,+0

0 R . = (8.64)
= =R+, ¢c=C+oc, 0=0+0.
poc,T 9xi
The mean equations are then
aU; aU; [ 10P g
f — i = — —— — 26U + —0), 83, 8.65
o T o, +axju,u, oo ikl 1<+90 v 83i (8.65)
U,
—L —0. (8.66)
Ax;
90 90 90u;
W+ ‘37,-+ an +R=0, (8.67)
aC 9C  ocu;
= hu—= 8.68
at + ax; ax; ¢ )

‘We have dropped the molecular diffusion terms because they are very small except
at the lower surface.
The fluctuating equations are derived by the process outlined in Part I. That for the
fluctuating thermodynamic variable does need special mention, however. It reads
36 96 90 96

90 2
Ui— — — —ui— = voe. 8.69
3 + s +u’8x; +u; o u,aX[ r+a (8.69)
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The leading terms here are of order s/7;, where s is the intensity scale of # and
7 ~ £/u is the turbulence time scale. The fluctuating radiative term is of order r/z;,
with 7; a radiative time scale. Following Townsend (1958) we assume that 7, > 1,
so the fluctuating radiative term in Eq. (8.69) can be neglected.

The equation for the components of the kinematic Reynolds-stress tensor is

Auiuy duiuy
+U; =
at oy
U U
- u,uk,—' — ujtt; Ik (mean-gradient production)
dx; dx;

duu;
— —— (turbulent transport)
dx;

! op op I )
— — | ur— +u;— | (pressure-gradient interaction)
po \ Oxi dxk

— 26 jm QjUmtty — 2€xjmQjumit; (Coriolis)
+ (;i (6yurds; + Oyuidz)  (buoyant production)
0
2e . N
- ?S;k (viscous dissipation). (8.70)

The equation for the flux of a conserved scalar is

g, b _
at ’ ax;
aC aU; . .
—ujutj— — cuj— (mean-gradient production)
ax; ax;
dcu;u;
- (turbulent transport)
dx;

1 9
- (?—p (pressure-gradient interaction)
po \ 0xi

— 2¢;jxQjurc (Coriolis)

- QEE 83 (buoyant production). (8.71)
0

The equation for conserved-scalar variance is

(time derivative following the mean motion)
X
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__aC . .
=— 214]0; (mean-gradient production)
Xj
ac2u;
ax;

dc dc
— 2;/—6—r (molecular destruction). (8.72)
dxj dx;

(turbulent transport)

In each of these second-moment budgets we have used the large Reynolds
number, locally isotropic form of the molecular destruction term (Part I1T).

Questions on key concepts

8.1  Explain physically why warm air rises.

8.2 Explain how 6 is defined through entropy conservation, and how that allows
it to be constant on trajectories on which both pressure and temperature vary.

8.3 Explain a scale height, such as that for density, physically.

8.4 Explain the meaning of a conserved variable.

8.5  Explain why neither the density of air nor the density of an advected
constituent is conserved in the atmosphere, but their ratio is conserved.

8.6 Show that 7y is the temperature of dry air having the same pressure and
density as moist air at temperature 7"

8.7  Explain how the concept of conserved temperature is extended to include
phase change.

8.8 Explain what is meant by “thermodynamic” Reynolds terms and why they
appear.

Problems

8.1  Explain why it appears on physical grounds that a necessary condition for
the uniform mixing of a quantity of constituent added to a turbulent flow
(e.g., cream into coffee) is that the constituent be conserved.

8.2 Calculate py(z) and po(z).

8.3 Derive the expression in Eq. (8.13) for the scale height for density.

8.4 Explain why the variation of ki ic viscosity with p e should
have no effect on the dissipation rate in turbulent flow with temperature
variations.

8.5  Compare the viscous dissipation term in Eq. (8.23) to the temperature term
in the equation. Use the scaling € ~ w?/t, DT /Dt ~ Ou/t. Is the dis-
sipation term likely to be important in the boundary layer? In a supercell
thunderstorm? In a hurricane?



190

8.6
8.7

8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

8.16

8.17

8.18

8.19

The equations of atmospheric turbulence

Show that mixing ratio is a conserved variable.

Explain physically why the scalar-flux conservation equation applied to
potential temperature indicates a tendency for a negative (downward) tem-
perature flux in an isothermal planetary boundary layer, and zero flux in the
presence of the adiabatic temperature gradient.

Relate a mixing-ratio fluctuation to fluctuations in temperature and species
density. When and how can this expression be simplified?

Derive the conservation equation for the covariance of fluctuations of water
vapor mixing ratio and potential temperature. What sign is the covariance
over an evaporating surface that is warmer than the air? Over an evaporating
surface that is cooler than the air? Near the top of a convective boundary
layer that is capped by air of higher potential temperature and lower mixing
ratio?

Discuss the role of the buoyancy term in the TKE equation when the vertical
component of the temperature flux is negative. Under what physical situ-
ations does this occur? In which component energy equation is its impact
felt directly? Do you expect its impact to be felt indirectly by the other
components? By what mechanism?

Assuming that at atmospheric pressure the density of water depends only on
temperature, carry out a density expansion like Eq. (8.8) but for water. What
is the resulting form of the buoyancy term for water? Does warmer water
tend to rise or sink?

Can eddy-diffusion models apply to both conserved and nonconserved scalar
variables? Discuss.

Show that the Coriolis term in the TKE equation vanishes but that Coriolis
effects can transfer energy among velocity components.

Show that the Coriolis term does not affect the magnitude of the flux of a
conserved scalar but can affect its direction.

Show that 6, as defined by Eq. (8.56), does satisfy entropy conservation in
cloud air as expressed by Eq. (8.55).

Show that virtual potential temperature is a conserved variable.
Dynamically induced pressure fluctuations in turbulence have an rms value
of the order of pu?. Calculate the vertical distance over which the background
pressure in the atmospheric boundary layer changes by pu® if u = 1 ms~'.
Average Eq. (8.56) for equivalent potential temperature. Can one express 6 in
terms of average properties? Using a two-term expansion of the exponential,
try to estimate the Reynolds terms it produces when averaged. Could they
be important?

Confirm by scaling arguments that the neglected radiative covariance in Eq.
(8.61) is negligible.
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8.20 Evaluate the Reynolds term in Eq. (8.63). Could it be important?

8.21 Prove Eq. (8.37) by using the equation of state for each constituent.

8.22 Use the equation of state and the hydrostatic relation to find an expression
for p(z) in an adiabatic atmosphere.

8.23 Use scaling arguments to show that the dominant pressure changes along
a parcel trajectory in the turbulent lower atmosphere are caused by verti-
cal displacements in the background vertical pressure gradient, rather than
turbulent pressure fluctuations.
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9

The atmospheric boundary layer

9.1 Overview

A body in a moving fluid has a boundary layer on its surface (Figure 9.1). Near the
leading edge this boundary layer is laminar; it becomes turbulent at a downstream
distance Xy where the local Reynolds number Unoxyran /v exceeds about 5 x 10°.
This turbulent boundary layer can be seen with flow-visualization techniques (Van
Dyke, 1982).

In the early 1970s the acoustic sounding technique pioneered by McAllister er al.
(1969) and Little (1969) made the atmospheric boundary layer (ABL) visible as
well (Figure 9.2). Its instantaneous top (Figure 2.2) can be even thinner than we
can easily measure.” Neff ez al. (2008) discuss the use of the acoustic sounder in
the quasi-steady stable ABL at the South Pole.

The ABL has several important features:

+ Itis a region of continuous turbulence, instantaneously bounded by a thin, sharp top, the
convoluted, ever-changing interface between the turbulent motion and the stably stratified,
nonturbulent flow above. As a free-stream boundary (Figure 2.1) of a turbulent flow, its
local, instantaneous thickness could be of the order of the Kolmogorov microscale n
(Corrsin and Kistler, 1955; Corrsin, 1972).

* Averaging produces a much thicker interfacial layer at the ABL top; in it the mean poten-
tial temperature increases smoothly with height, the mean-wind components transition to
their free-stream values, and the turbulence level decreases to near zero. Its thickness can
be as much as 20-50% of the mean depth of the boundary layer.

* Mean flow in the steady, horizontally homogeneous ABL, the result of a mean balance
among turbulent stress divergence, pressure gradient, and Coriolis forces, can vary from
nearly parallel to the isobars (constant-pressure lines) to nearly perpendicular to them.

* Acoustic sounding provided many meteorologists their first evidence of this sharp instantaneous ABL top, but
D. Lenschow (personal communication) believes that many airborne meteorologists had already been made
aware of it by the abrupt changes in temperature and turbulence level as they crossed it.

193
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Figure 9.1 A laminar boundary layer on a flat plate in a uniform flow. Its thickness
8(x) is defined as the distance above the surface where the streamwise velocity
reaches a specified fraction of the free-stream velocity Uso.

Height (m)

o ELHR PR EACHY VI 14l S {1 Kl i Ll
1400 1000
«—— Time (MST)

Figure 9.2 An acoustic sounder record from a convective ABL. The ABL is about
200 m deep until 1100 MST, grows to about 400 m at 1230, falls to 200 m at 1330,
and grows to 400 m again at 1400. Photo courtesy W. D. Neff. From Wyngaard
(1988).

The first could be hed when the stress-divergence term is small (as in a deep
convective ABL over a smooth surface, Chapter 11) and the mean horizontal momentum
balance (8.65), in vector form, nears the nonturbulent flow limit

1
0=—-—Vp-2Qxu. 9.1)
PO
Since the Coriolis term is perpendicular to u, the dot product of Eq. (9.1) with u is
simply
1
——Vp-u=0, 9.2)
Po

so that u is parallel to the isobars, as shown in Figure 9.3. The second bound is approached
in turbulent flow when the Coriolis term is small (as with an inversion at height z; such
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R <PB<P<H B <B<P<P

Figure 9.3 Left: Steady, horizontally homogeneous, nonturbulent flow (shown for
the northern hemisphere) is parallel to the isobars. Right: With turbulence the mean
flow has a cross-isobaric angle «.

that fz;/u, < 1 (Csanady, 1974)). This limit (Problem 9.14) is “channel flow” —i.e.,
flow down the mean pressure gradient.
The cross-isobaric angle enters ABL mean-flow energetics as follows. In steady, hori-

zontally homogeneous conditions the mean horizontal momentum equation (8.65) in the
ABL is
duju, 19pP .
0=-" - 2 2yl i=1,2. 9.3)
ax; po dx;

This expresses a mean balance among turbulent stress divergence, pressure-gradient, and
Coriolis forces in the horizontal plane. Multiplying this equation by U; and rewriting the
first term yields the steady budget of U;U;/2, the mean-horizontal-flow kinetic energy
per unit mass (MKE):

aU; U; aP
- - = 94
o Ox;

Tt -+

The first term on the right, a transport term, integrates to zero over the ABL (Problem
9.13). The second term appears with the opposite sign in the TKE budget (Chapter 5);
it represents the mean rate of exchange of kinetic energy between the mean horizontal
flow and the turbulence. The final term is the mean rate of production of MKE by mean
horizontal flow down the mean pressure gradient. Maintaining the mean ABL flow against
its rate of loss of kinetic energy to the turbulence requires this final term to be nonzero.
This in turn requires a nonzero cross-isobaric angle o (Figure 9.3).

In the stable ABL (i.e., one with 9® /dz positive, Chapter 12) both buoyant production
and viscous dissipation are loss rates of TKE, Eq. (8.70), so the turbulence must extract
kinetic energy from the mean flow in order to survive. As a result its cross-isobaric angle
tends to be larger, typically on the order of 45 degrees near the surface; the adjustment to
geostrophic flow occurs over the depth of the stable ABL. In contrast, most of the TKE
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production in the convective ABL (9® /dz negative, Chapter 11) is from buoyancy: its
cross-isobaric angle thus tends to be smaller and its much more diffusive turbulence shifts
much of this adjustment to the interfacial layer.
In the ABL the Coriolis terms in the turbulence second-moment budgets (8.70), (8.71)
tend to be small compared to the leading terms (Problem 9.17); thus we’ll neglect
them.
The mean depth /2 of the ABL can range from tens of meters to a few kilometers. In
clear weather over land / typically has a diurnal cycle driven by the surface energy
budget. After sunrise i increases with time as surface heating drives buoyant convection;
h typically reaches a maximum in mid to late afternoon. On a clear night a much shallower,
stably stratified boundary layer develops at the surface in response to the surface cooling
through emitted radiation; the turbulence in what was the convective boundary aloft decays
(Chapter 12). The local, instantaneous, stable ABL top is the interface between turbulent
and nonturbulent air. This nocturnal ABL can be complicated by breaking gravity waves
that generate their own turbulence.
Buoyancy effects make the convective and stable ABLs strikingly different. The neutral
(zero virtual temperature flux, mean virtual potential temperature constant with height)
ABL is rare because small virtual temperature differences in the ABL can cause large
buoyancy effects. Numerical simulations suggest that (given enough time, measured
in units of 1/f) an equilibrium neutral ABL can establish its own depth that scales
with u,/f, where u, = J/[surface stress|/p. However, below this height in the atmo-
sphere there is often an inversion that establishes the ABL depth by extinguishing the
turbulence.
In clear weather over land the mean wind speed in the surface layer can have a diurnal
cycle of substantial amplitude, with higher speeds in unstable, daytime conditions and
lower speeds in the stable conditions at night.
The Reynolds number R; of ABL turbulence is far larger than that of laboratory or com-
fonal turbulence. By 1d ber similarity (Chapter 2) the energy-containing
structure of the ABL is believed not to be substantially different from that of a lower-
Ry version, so laboratory simulation, also called fluid modeling, can be an effective
tool for studying the large-eddy structure of the ABL. But the difference in R causes
the fine structure of ABL turbulence to differ strongly from that of laboratory flows
(Chapter 7).
The large time scales and high fluctuation levels of ABL turbulence can cause the
required averaging times (Chapter 2) for ABL statistics to exceed the times over which
the ABL can be considered quasi-steady. This tends to make the scatter in ABL turbulence
measurements larger than in engincering flows.
The near-surface portion of the ABL, the surface layer, is the best understood, in part
because measurements are easiest to make there. But also its structure and dynamics
are dominated by local interactions with the surface, which minimizes the influence of
horizontal inhomogeneity and nonstationarity.

We shall elaborate on these points in detail in this and the following chapters.
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9.2 The surface energy balance

Both the convective and stably stratified ABLs owe their distinctive structural prop-
erties to stability effects linked to the surface energy balance. That energy balance,
a first-law statement for a thin slab of the earth’s surface (Figure 9.4), reads:
al
i Ci+ Ry + Cp, 9.5)
I = internal energy of the slab,
Cy = net rate of energy input by conduction through air,
R, = net rate of energy input by radiation,
Cp, = net rate of energy input by conduction through soil.

For a dry surface I is proportional to the depth-averaged temperature of the
slab, so for a very thin slab Eq. (9.5) in effect determines the surface temperature.
With the near-surface air temperature and wind speed this determines the rate of
surface heat transfer, Ci. As in turbulent pipe flow, Chapter I, this is carried by
conduction caused by the temperature gradient at the surface. The turbulent air
above minimizes the thickness of the surface sublayer and thereby minimizes the
temperature difference across it that is required to support Cy (Problem 9.18).

If the surface is warmer than the air above, C; is directed upward, making
the near-surface air unstably stratified. If the surface is cooler than the air it is
downward and the stratification is stable. Figure 9.5 shows the diurnal behavior of
the surface heat flux measured over a dry prairie in the 1968 Kansas experiments.

In general the contributions of water substance need to be included in Eq. (9.5)
and the vertical flux of virtual temperature (Chapter 10) determines the stability
state of the overlying air. An evaporating surface has a positive (upward) flux of
water vapor mixing ratio; this can cause the flux of virtual temperature to be positive
even if the surface is cooler than the air.

R,
L

Nt shortwave Nel]nngm Net air heat
(solar) radiation (terrestrial) radiation ~ conduction (C; )

1 Surface element 1

Net soil heat
conduction (Cp)

Figure 9.4 A schematic of the surface energy balance, Eq. (9.5).
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Figure 9.5 The time variation of the surface temperature flux observed in the
Kansas experiment. The scatter in these one-hour averages is due to the day-to-

day variations during the three weeks of midsummer observations. From Wyngaard
(1973).

Because of its key role in determining the surface flux of virtual temperature,
which in turn determines the stability state, the surface energy balance is one of the
most important influences on the atmospheric boundary layer. Numerical models
for weather forecasting include a detailed treatment of it.

The neutral state of zero heat flux throughout the ABL is relatively rare (it
is sometimes said it exists only in the literature). Under overcast conditions the
surface and air temperatures can be very nearly equal so that the surface heat flux
is negligible and z; /L ~ 0. But if there is an overlying inversion within the first
kilometer or two of the atmosphere, entrainment from below can diffuse this capping
inversion down into the boundary layer. Thus the vertical temperature flux vanishes
at the surface but is negative aloft, causing most of the ABL to be stably stratified.

The most likely place to find a neutral planetary boundary layer might be the
upper ocean. The state of boundary-layer observations in the ocean substantially
lags that in the atmosphere, however, because the ocean is a much more challenging
research environment.

9.3 Buoyancy effects

One of the important attributes of atmospheric turbulence is its strong sensitivity
to buoyancy forces. We’ll explain this first through simple scaling arguments, and
then discuss the two limiting stability states.
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9.3.1 The sensitivity of turbulence to buoyancy
The vertical component of our Navier—Stokes equation, Eq. (8.57), has a buoyancy
term gé\’,/é)u, with é‘j the local deviation in virtual potential temperature from the
background value. If we define a temperature scale 6 ~ é‘}. and take the turbulent

inertia terms in that equation as of order u? /¢, their ratio is a turbulence Richardson

number Riy:
buoyancy force/mass  g6/6) g6t

inertia force/mass u?/e Gou?"

Ri, = 9.6)
An indoor air flow with = 1 K, £ =1 m,u = 1 m s~ has Ri; = 1/30, and
turbulent buoyancy is unimportant. An ABL flow with the same 6, u but with
£=1000 m has Ri; = 30; here turbulent buoyancy is quite important.

Atmospheric turbulence tends to have larger £ and smaller « than engineering
turbulence, both of which tend to give larger Ri;. As a result buoyancy effects are
typically much more important in atmospheric turbulence. Hereafter, with temper-
ature we will not generally use the modifier virtual, or its subscript v, but in general
temperature is to be interpreted as virtual temperature.

9.3.2 Stable and unstable stratification

Equation (8.69) says that when d®/dz" is negative, upward motion of a parcel
generates a positive potential temperature deviation 6’ and downward motion gen-
erates a negative one. In each case the resulting buoyancy force tends to amplify
the motion, and so we call this unstable stratification. When 9© /dz is positive,
parcels undergoing vertical displacements feel opposing buoyant accelerations;
this is stable stratification.

Through its strong buoyancy effects an elevated inversion can act as an effective
“lid” on the ABL. Consider, for example, an upward-moving air parcel of vertical
velocity w; entering the inversion, a region of greater potential temperature. There
0’, the difference between the temperatures of the parcel and the environment,
becomes negative; this causes a downward buoyancy force gf’/6 on the parcel. If
that force brings the parcel to rest in a vertical distance d, then equating the work
done on the parcel, gd6' /6y, and the change in parcel kinetic energy, wiz /2, gives

gdo' w,Z

N w,?e(,
06 — 2 T 20"

©.7)

Forw; = 1 ms~'and ¢’ = 1 K this gives d ~ 15 m, a relatively small excursion
if the mean height of the capping inversion is 1000 m. Thus a surprisingly weak

* Hereafter § and T are, in general, virtual potential and virtual
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inversion can damp upward motions quite effectively. Passengers in an airplane
taking off from a large metropolitan area can often see the dark smudge of pollu-
tants trapped in the boundary layer below, a sign of such an inversion. In Denver,
Colorado, this is known as the “brown cloud.”

In unstable stratification, 9©/dz negative, we expect w0, the vertical flux of
temperature, to be positive, so the buoyancy term represents a rate of gain in the
TKE budget, Eq. (8.70). In stable stratification we expect a negative flux and cor-
respondingly a rate of TKE loss to buoyancy. Labeling this TKE budget term as
buoyant production might be confusing, since that might be taken to imply an
energy source term, so where possible we will refer to it under stable conditions as
buoyant destruction. It represents energy conversion (Problem 9.12).

The TKE equation (6.54) for a horizontally homogeneous resolvable-scale field
with buoyancy effects becomes

9.8)

If the spatial resolution is sufficient to give 7w’ > Gw, then the buoyancy term
here is well resolved. This is the case if A < €.

The corresponding TKE equation for the SFS field is (6.56) generalized to include
buoyancy effects:

1~ —_ 1/
) A N o R
3 (u,u,)J 1.3 ujuy n P u3)3 + 3

- (u,'u, 3)3 + 9%0’11.'5 —€.

9.9)

If the filter cutoff separating the resolvable and subfilter-scale fields lies well beyond
the energy-containing range, ie., if A < ¢, the subfilter-scale field contains
negligible variance and flux. Then as we saw in Chapter 6 this TKE equation
reduces to

1 ——

3 (w5e) =l-e ©.10)

a statement of the energy balance of all eddies beyond the energy-containing range.
This was central to Kolmogorov’s thinking.

9.3.3 The convective ABL

‘When a parcel of buoyant air rises from the warmer or moister surface its buoyancy
lasts as long as its potential temperature excess 6’ does. Distortion of the parcel by
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turbulent velocity gradients strengthens its temperature gradients, accelerating the
removal of this temperature excess by molecular diffusion (Chapter 3, Section 3.3).
The deformation rate of the eddies most effective in distorting a parcel of s|
scale 7 is u(r)/r, which according to Kolmogorov scaling is of order r=2/3¢!/3;
the time scale for parcel distortion is the inverse, 7%/3¢~1/3, Thus we expect that
the largest buoyant parcels retain their temperature excess the longest. The largest
eddies in the convective boundary layer (CBL) extend from the surface to the
inversion base.

Another prominent feature of the convective ABL is the skewness of its vertical
velocity fluctuations, defined by

al

w3
s w

T —— 9.11
(w?)32 O

Skewness is a statistical measure of the differences between positive and negative
fluctuations — here, updrafts vs. downdrafts. S,, >~ 0.4-1.0 in the CBL driven by
surface heating. The updrafts tend to be stronger than downdrafts, but since w
averages to zero they are also rarer. The most likely value of w is slightly negative —
a very weak downdraft. S, is negative in a cloud-capped CBL driven by radiative
cooling of cloud top (Moeng and Rotunno, 1990). We shall see in Chapter 11 that
its w-skewness gives the CBL some unusual diffusion properties.

Since buoyancy forces tend to make intense, flow-filling turbulent eddies, we
expect the convective ABL to be particularly diffusive. We see this in the dif-
fering behavior of an instantaneous smokestack plume in the ABL on a sunny
day and an overcast day. On an overcast day with primarily mechanical turbu-
lence (turbulence generated by shear production) the plume can remain intact for
some distance downwind, but on a sunny day it loops and twists wildly under
the influence of the large, convectively driven eddies (Figure 9.6). The ensemble-
average plume grows most rapidly with downstream distance under convective
conditions.

9.3.4 The stable ABL

We can recognize at least three types of stably stratified ABLs. One occurs when
ABL air encounters a cooler surface downwind (as in Figure 9.7, upper). A second is
aboundary layer that is entraining higher potential temperature air from the capping
inversion and has zero surface heat flux (Figure 9.7, lower). This might better be
called the “inversion-capped neutral” case, since neutral traditionally means zero
surface heat flux. The third and perhaps most common type is that over cooler land
at night in clear weather. Each of these stable ABLs is typically shallow (as much as
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Figure 9.6 An artist’s sketch of instantaneous plumes of effluent in a CBL. From
Briges (1988).

Growing stable boundary layer

‘Warmer land Cooler water

———————— Boundary-layer top— ———————

e wh

Figure 9.7 Upper: A boundary layer made stably stratified by flowing over a cooler
surface. Lower: A boundary layer made stably stratified by entrainment of warmer
air aloft.

an order of magnitude thinner than the daytime convective ABL) with large eddies
much smaller and weaker than in the convective case.

Under stable conditions the buoyancy term in the TKE equation (8.70) rep-
resents a rate of loss through buoyant destruction (B D), the rate of working of
the vertical turbulent motion against restoring buoyancy forces; B.D supplements
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the rate of loss through viscous dissipation (¢). The principal source term, shear
production (SP), represents the rate of TKE input through the interaction of
Reynolds stresses and the mean velocity gradient. These can be the dominant
terms, in which case SP >~ BD + €. Turbulence can survive a sufficiently small
rate of buoyant destruction, i.c., BD < SP.But BD > SP is a possible steady
state only when there is another source term. We shall see that this can be
the case in the interfacial layer that caps the convective ABL; there the rate
of import of TKE from below can allow the turbulence to exist without shear
production.

This opens the possibility of a critical state of stably stratified turbulence in which
the rates of buoyant destruction and viscous dissipation approximately balance shear
production and the turbulence is in equilibrium, but an increase in the rate of buoyant
destruction extinguishes the turbulence. To gain some insight, let us examine the
implications of equating, in order of magnitude, the rates of shear production and
buoyant destruction of TKE. In terms of the scales u, £, and a characteristic potential
temperature fluctuation § ~ £9© /dz we have

U 3oe— g 90
et A e &y, (z ) 9.12)
9z 4 6o ) 9z

This yields an order-of-magnitude estimate of the size £ of the largest eddy that can
survive its rate of energy loss to stable stratification:

X

Eddies much larger than ¢ are extinguished by the stable stratification; much smaller
ones can survive. This length scale is sometimes defined with the vertical velocity
variance and given the subscript B,

z 9.13)
fo 9z

=2u (9.14)

with N2 = g/0)d©/dz the square of the Brunt—Vaisala frequency. £ is used
in models of stably stratified turbulence (Brost and Wyngaard, 1978; Nieuwstadt,
1984; Hunt, 1985). Mason and Derbyshire (1990) found evidence for this scaling
in their LES studies of the stable boundary layer (SBL).

By selectively damping the largest eddies, stable stratification reduces the tur-
bulent diffusivity K ~ uf by decreasing both £ and u. Measures of its strength
include the flux Richardson number Ry and the gradient Richardson number Ri:
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_ rate of buoyant destruction of TKE ﬁfo%

rate of shear production of TKE “r“i%v
0Xj

As we’ll discuss in Chapter 12, there is evidence that when these Richardson
numbers exceed about 0.2 to 0.3 all turbulence can be extinguished.

9.4 Average vs. instantaneous structure

Perhaps you remember lying on your back outdoors on a summer day and watching
cumulus clouds drifting overhead. Their three-dimensional, cauliflower-like turbu-
lent structure seems “frozen” because the large-eddy time scale £/u is so large.
You need to watch even a modest cloud with ¢ ~ 1000 m and u ~1 m s~! on
the order of 20 minutes — longer than most of us can — to see it change. As a
result we are probably more aware of instantaneous cloud properties than average
ones.

Most numerical models of turbulent flows predict average properties, either the
ensemble average or a spatial average over a numerical grid cell (Chapter 1). The
Gaussian-plume models routinely used for effluent concentrations downwind of
sources, for example, are based on G. I. Taylor’s ensemble-mean solution (Chap-
ter 4) for dispersion in stationary, homogeneous turbulence. But in practice we
must test their predictions against short-term time averages, and so the model
evaluations tend to be plagued by scatter. It can be difficult to apportion the
scatter between inadequate averaging time and model physics. This is illustrated
in Figure 9.8.

9.5 Quasi di and local h ity

The ABL over land is nonstationary due to the diurnal cycle; it also tends to be
inhomogeneous in the horizontal due to spatial variations in synoptic conditions
and surface properties. But if its time and length scales are small compared to those
of the external variations, we can often use a steady, horizontally homogeneous
model of ABL turbulence.

‘We’ll illustrate with time changes. Figure 9.5 shows the daily cycle of surface
temperature flux Qp measured in the Kansas experiment. We expect that the tur-
bulence can be quasi-steady if the time scale of these changes, Qo(dQ0/d1)~", is
much larger than the large-eddy turnover time //u. This is the case if

1 3d00h

— <1 asi-steadiness). 9.16
antu<< (quasi-steadiness) 9.16)
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Figure 9.8 Left: Observed versus predicted ground-level SF¢ concentrations for
CRSTER, a Gaussian-plume model, at the Kincaid power plant. Observations
are one-hour averages; predictions are ensemble means. Right: Same but for an
improved model. From Weil (1988).

A parallel analysis shows that time changes in ABL depth / can be unimportant
for the turbulence if 3/1/0¢ < u. The dynamics of the entrainment of a capping
inversion typically does limit 9//97 to a small fraction of u (Chapter 11). Such
conditions are typically satisfied in the daytime ABL away from the early-morning
and late-afternoon transitions.

Inhomogeneity can be treated in the same way. If L, is the spatial scale of
variability in surface conditions, we expect that when L, > ¢ ~ h the ABL
turbulence does not “feel” the inhomogeneity and so can be locally homogeneous.
Requiring L, >> h can be more demanding than the quasi-steady criterion, but it
can be satisfied in some applications.

Turbulence in the stable ABL tends to have smaller spatial scales and be less
diffusive than that in the convective ABL, so we expect that the stable ABL can
be much more sensitive to terrain-related inhomogeneities such as the downslope
gravity forces on even slightly uneven terrain (Chapter 12). Figure 9.9 illustrates
these differences through potential temperature contours in an early morning, stably
stratified ABL and in the CBL existing two hours later.

9.6 The mean-momentum equations

Under horizontal homogeneity, mean properties (except mean pressure) do not
depend on horizontal position. If so, the mean continuity equation (8.66) reduces to
dW/dz = 0. Since W vanishes at the surface, this says it must vanish everywhere



206 The atmospheric boundary layer

T T T T T T T
1700 [~ 1
E o302 E
1500 -298 =2 E
z S
F = s
2 - & &2 -
o
E 1300 1 1 1 1 1 1 1 1
© N 60 50 40 30 20 10 0 10E
H
= T T T T T T T T
z
£
5
T 1700
1500
1300
N 60 50 40 30 20 10 0 10E

Distance from tower (km)

Figure 9.9 Contours of potential temperature measured at two time periods in an
ABL over slightly irregular terrain. Upper: before the morning surface heating
began. The contours tend to follow the terrain, but with distortion. The lowest
surface temperatures are slightly upstream of the valley centers, but the upstream
slopes are generally warmer than the downstream slopes. Lower: Two hours later,
when the mixing process driven by the surface heating is essentially complete.
Turbulent mixing has nearly obliterated the horizontal and vertical temperature
gradients that had been established during the night and the surface is now about
5 K warmer than the mixed layer. From Lenschow ef al. (1979).

and U; = [U(z), V(z), 0]. The horizontal components of the mean momentum
equation (8.65) thus reduce to

AU duw 1 9P

—+ = ———— 4203V,

ar 9z po 0x

p R ., 9.17)
A 1 9P

W+ 9z pody N
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We denote 2Q3 = 2Qsinf, where 6 is latitude, as the Coriolis parameter f. In
steady, laminar geostrophic flow these equations reduce to

1 9P . 1 0P .
0=—2" 4 v, 0=——2" _ju. ©.18)
po dx po Dy
so that
P T i T, o10)
£ feody’ &7 fooox ’

This geostrophic balance between Coriolis and pressure-gradient forces makes the
wind vector perpendicular to the mean pressure gradient:

P 1 aPOP 9POP
Uin— = —— | =+ =0.
axi  fpo dy dx  dx dy
In the northern hemisphere (where f is positive) geostrophic flow is clockwise
around a high-pressure center and counterclockwise around a low; the rotation is
reversed in the southern hemisphere.
We often use the solution (9.19) for geostrophic flow to express the components
of the horizontal pressure gradient as

(9.20)

U, = 1 9P _ 1 P ©21)
T Sy ET fpoox’ ’
and to write the mean momentum equations (9.17) as
AU + duw — V-V
ar ' az &
9.22)
v dvw
— 4+ ——=f(Ug—U).
Vo T/

Uy and V, are not to be interpreted as components of a mean wind in the ABL;
rather, fUg and fV, are mean kinematic horizontal pressure gradients, as indicated
in Eq. (9.19).

The stress-divergence and geostrophic-departure terms in the mean momentum
equations (9.22) typically range from 10~* to 10~ m s~2 in magnitude. The time-
change and advection terms must be much smaller (1075 m s’z, say) for the mean
momentum balance to be considered steady and horizontally homogeneous. This
would mean the local wind acceleration cannot exceed about 4 cm s~ per hour in
order to neglect time changes. If the mean wind speed is 5 m s~ its horizontal
variation cannot exceed about 2 cm s~! per ten kilometers in order to neglect
mean advection. These severe requirements suggest that the steady, horizontally
homogeneous model of the mean momentum balance does not often apply to real
ABL flows.
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9.6.1 The Ekman solution
Ekman (1905) assumed there is a constant eddy viscosity K such that (ww, vw) =

—K (% ﬂ) If we align the x-axis with the geostrophic wind (which is assumed

9z 3z
not to depend on z), then V; = 0. With the boundary conditions that the mean
wind vanishes at z = 0 and approaches the geostrophic value U, at very large z,
his steady solution to Eq. (9.22) is the Ekman spiral

U=Uy(l—e"cosyz), V=Uge "sinyz, y=(f2K)"% (9.23)

For small yz we have U = V — yzU,, whereas for large yz (i.e., above the
boundary layer) U — Uy, V — Vg = 0, so the surface-layer wind is at 45
degrees to the wind above the boundary layer.

This Ekman solution (9.23) is not realistic for geophysical boundary layers for
several reasons. First, numerical experiments show that several 1/f times — say
on the order of one day — can be required for this neutral boundary layer to reach
a steady state from arbitrary initial conditions. Steady, horizontally homogeneous
conditions persisting that long are rare. Second, observations show that an elevated
inversion, rather than the Ekman dynamics, typically establishes the ABL depth.
Third, the mean horizontal pressure gradient (the geostrophic wind) often varies
significantly with height. Finally, the surface and the effects of stability typically
cause both « and ¢ to vary significantly with height, giving K ~ u£ a pronounced
vertical structure. The solution of the mean-momentum equation with K = con-
stant can be quite unphysical, as can be demonstrated in turbulent Couette flow
(Problem 9.19).

Only under stably stratified or baroclinic conditions do we tend to see the Ekman
wind-turning angle of 45 degrees in the ABL. The Ekman solution is a particularly
poor representation of the stress and mean wind profiles under typical convective
conditions.

9.6.2 The baroclinic case

Horizontal density gradients can cause the horizontal mean pressure gradient to
depend on height z, giving baroclinity that can profoundly affect ABL structure.
From the definition (9.21) of the geostrophic wind, we see that

000y 9z po 9z po By

dz Tz N

Uy 8(16P> 1 93P 1dpg 1 aP
po Ay

9 ( 1a1>)+fug
Ty po 9z H, "'

(9.24)
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where H,, is the density scale height of the atmosphere, about 12 km. For boundary-
layer depths small compared to H,, the second term on the right side of Eq. (9.24) is
not important. To evaluate the first term on the right we turn to the vertical equation
of mean motion:

AUz oU;  duzi; 1 9P

— = — 2 QU 79/ 9.25
F¥ + ’Bx,- + o, T €3k k+9 (9.25)

Let us first scale the terms in Eq. (9.25). Let horizontal mean velocities scale with
Uy, vertical mean velocity with Wy, turbulent velocities with i, horizontal gradients
with L, local time changes with L, /U, and vertical gradients with H. The mean
continuity equation implies
U Wo
Ly H
so we have Wy ~ HUp/L,. Then the order of the terms in Eq. (9.25) is

s (9.26)

time change, mean advection: 22 N
X
IAZ
turbulent flux divergence: "

rotation: f Uy,

buoyancy: gig 9.27)
0

If 6/ ~ 1K, then the buoyancy term is of order 3 x 10~2ms~2. If Uy ~
10ms~'and H ~ 103 m, the rotation and turbulence terms are of order 103 m s’z,
considerably smaller than the buoyancy term.

The size of the time-change and advection terms depends additionally on the char-
acteristic horizontal length scale L. If L is of the order of 10* m — which implies
a horizontal divergence of 10 m s~! per 10 km, a fairly large value — then these
inertial terms are of order 10> m s~2, again much smaller than the buoyancy term.

We conclude that if Ly is sufficiently large we can use the hydrostatic
approximation to the Us-equation, writing it as

Lop_ g5 9.28)

Differentiating (9.28) with respect to y and using the result in (9.24) provides an
expression for the z-variation of Uy:
U g0 fUg g T . fUs

=—— === 9.29
908yJr H, T()ByJr H, ( )
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Similarly, we have
BV, g aT [V,

=———+ =" 9.30
z Ty dx + H, ( )

In general the first term in these expressions is by far the more important.

According to Egs. (9.29) and (9.30), a horizontal gradient of mean virtual tem-
perature of 3 K per 100 km in the lower atmosphere, which is not uncommon,
generates a geostrophic wind shear, or baroclinity, of 10 m s~! per 1000 m. Thus,
the mean horizontal pressure gradient can change radically across the depth of the
ABL. Horizontal density gradients near fronts can cause comparable effects in the
upper ocean.

9.6.3 Ekman pumping
In the absence of significant advection of mean momentum and horizontal variabil-
ity of the geostrophic wind, the mean vertical vorticity equation in the quas
ABL reduces to a balance between turbulent friction and Coriolis effects:

dydz  dxdz

uw  vw (U L
dx Ay

Integrating (9.31) from the surface to the top of the ABL at height /2, where the
turbulent stress vanishes, gives

WO TmO) _ 1 (812,3(()) B atl,(0)

dx ay o ax dy

) = —fW(h). (9.32)
(tlg(O), rzf] (0)) is the vector shearing stress on the fluid in the surface plane. Its
negative, the shearing stress on the surface. is conventionally taken as proportional
to the product of mean wind speed and the mean wind vector (Uref, Vief) at some
reference height (e.g., at 10 m):

(713(0), 733(0) = —(x13(0), 733(0)) = Ca p0 Sret WUrer Vier)- 9.33)

with Cy the drag coefficient. For circularly symmetric flow around a pressure min-
imum or maximum (a low or a high) with St and pg taken as constant we can then
use Eq. (9.33) to write (9.32) as

_ OVier  OUrer

CaSrpew3 = fW(h), @3
dx dy

(9.34)
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with @3 the mean vertical vorticity at the reference height. In the northern hemi-
sphere f is positive and @3 is negative around a high and positive around a low;
in the southern hemisphere the signs of f and @3 are reversed. Thus in both hemi-
spheres (9.34) indicates that W (/) is negative around a high and positive around a
low. Its magnitude is typically on the order of 1 cm s™!, which is often significant
compared to the rate of deepening of the boundary layer due to entrainment. Other
things being equal, ABLs under a high are apt to be shallower and less cloudy as a
result.

Questions on key concepts

9.1  Contrast the nature of the instantaneous tops of laminar and turbulent
boundary layers.

9.2 Contrast the nature of the instantaneous and average tops of a turbulent
boundary layer.

9.3 Explain why the mean flow in the ABL cannot be geostrophic.

9.4 Explain how acoustic sounding is able to detect the instantaneous top of the
ABL.

9.5  Explain why the surface energy balance is one of the most important
influences on the ABL.

9.6 Explain the interpretation of the terms in Eq. (9.4).

9.7 Explain why characterization of the stability state of an ABL through near-
surface measurements alone is apt not to be reliable. How could a stable
ABL be misidentified in this way? An unstable ABL?

9.8 What is subgrid TKE? Why need it not be directly affected by buoyancy?

9.9  Discuss three mechanisms by which an ABL can be made stably stratified.

9.10 Explain why stable stratification affects larger eddies more strongly than
smaller ones.

9.11 Explain why and how the difference between average and instantaneous ABL.
structure impacts dispersion modeling.

9.12  Discuss why the Ekman solution is generally not applicable to the ABL.

9.13  Why is the mean horizontal pressure gradient in the ABL apt to depend on
height? Is the dependence typically significant? Why does this not occur in
engineering flows?

9.14  Explain the physical mechanism of Ekman pumping.

9.15 The flatness factor of the vertical velocity in the CBL does not differ greatly
from the Gaussian value of 3. Explain why, by the criterion of Problem 7.16,
the ~1 skewness of vertical velocity there is large.



212

9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

The atmospheric boundary layer
Problems

Calculate the temperature gradient at the surface at midday in the Kansas
experiment, given that the surface temperature flux (Figure 9.5) is due to
molecular diffusion. Explain physically why this gradient is so large. (Recall
our discussion of the wall fluxes in pipe flow, Chapter 1.)

The convective ABL is a mixture of updrafts and
downdrafts of area fractions and vertical velocities £, w" and f4, wd
respectively. Interpret physically the statements

sometimes modeled as

frert=1 wt st wdt=o.
Two additional equations are
@2+ w2 = w2, @)+ wd) Y = s

Interpret these as well. Solve the set and discuss the solution.

Use estimates of temperature fluctuations, mean temperature gradients, and
other quantities as needed to show why the ABL is seldom apt to be in a
neutral state (i.e., be unaffected by buoyancy).

Reconcile the notions of quasi-steadiness and local homogeneity (Section
9.5) and the sensitivity of the mean momentum balance to time changes and
horizontal inhomogeneity (Section 9.6).

Discuss how variation of the horizontal pressure gradient with z changes
the nature of the mean momentum balance in a quasi-steady, horizontally
homogeneous ABL. Which term would you expect to balance most of this
height variation under very convective conditions? Explain. Sketch the ver-
tical profiles of the three terms in the momentum balance in this limiting
case. Contrast the situation with the case where the pressure gradient is
independent of height.

Sketch the profile of vertical temperature flux in a quasi-steady convective
ABL capped by an inversion.

Confirm that the Ekman solution (9.23) satisfies the steady, hori-
zontally homo us  mean-| equations with a constant-K
closure.

A radiosonde is a standard instrument for measuring vertical profiles in the
lower atmosphere. Sensors mounted below a lighter-than-air balloon measure
temperature and water vapor along its rising path and transmit signals back
to earth. Discuss the utility of such data in numerical modeling.

Generalize the Ekman solution (9.23) to the case with geostrophic wind
varying linearly with height. Is the solution physical?
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Discuss the determination of eddy diffusivity for momentum in the ABL in

the context of required averaging times.

Explain the time lag between sunrise and the appearance of positive surface

temperature flux (Figure 9.5) and between sunset and negative flux.

In view of conservation of energy, the rate of loss of TKE to buoyant destruc-

tion must reappear as a source term somewhere. Rewrite the buoyancy term

in the equation of vertical motion in terms of density fluctuations and use

the vertical integral of the continuity equation times height to show where it

emerges. Interpret this physically.

What is the physical meaning of the first term on the right side of Eq. (9.4)?

Show that it integrates to zero over the ABL.

Consider flow in a horizontally homogeneous, quasi-steady ABL capped by

a strong inversion at height z; such that the parameter fz; /u, < 1. Scale

the two mean horizontal momentum equations and show that they reduce to

that for turbulent channel flow. Where does the adjustment to geostrophic

flow occur in this limit? What is the change in mean flow direction in this

adjustment?

‘Write an expression for a turbulence Rossby number, the ratio of typical iner-

tial and Coriolis forces on energy-containing eddies. Estimate its magnitude

in the ABL.

Derive Egs. (9.29) and (9.30) from Eq. (9.28).

Show that in the ABL the Coriolis terms in the turbulence second-

moment budgets (8.70), (8.71) tend to be small compared to the leading

terms.

Assume the flow over the earth’s surface were laminar, not turbulent. Use the

surface energy balance to explain why at mid latitudes during clear summer

weather, shallow water on the surface could boil during the day and freeze

at night.

Turbulent channel flow (Figure 3.1) with the upper and lower walls moving

in opposite directions at speed Uy, is called turbulent Couette flow. It is

simulated in the laboratory with counter-rotating concentric cylinders of

diameter R and R + §R, with R < R; this allows the use of cartesian

coordinates.

(a) Using the streamwise periodicity of this flow, show that the mean
streamwise pressure gradient is zero.

(b) Solve the streamwise mean momentum equation for the total stress
profile.

(c) Using an eddy-viscosity (K ) closure, show that the mean velocity profile
depends sensitively on the K profile.

(d) Sketch a K profile that you feel gives a realistic mean velocity profile.

(e) Discuss the implications for K closure.
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The atmospheric surface layer

10.1 The “constant-flux” layer

Near a flat, homogeneous land surface the turbulent shear stress vector in the hori-
zontal plane, — pou;ju3, is aligned with the mean wind vector U;." As is traditional
in micrometeorology, we take this as the x-direction. Then integrating the steady
forms of the horizontally homogeneous mean momentum equations (9.22),

omw avw
;Nw = f(V = V), gf = f(Ug—U), 10.1)

from just above the surface to the mean top of the ABL at height /, where the
turbulence vanishes, gives

h h
_aw0t =2 = f/ (V= Vgdz, (0% =0= ff (U = Uy dz,
Po 0 0

(10.2)
with 7( the magnitude of the surface shear stress. Equations (10.1) and the integral
constraints (10.2) imply that in the northern hemisphere (where f is positive) and
with (Ug, V) independent of z, the (U, V) and (ww, vw) profiles in the near-neutral
case behave qualitatively as sketched in Figure 10.1 (Problem 10.1).

Equations (10.1) and Figure 10.1 indicate that Uy and V, are independent of
height and duw/dz and 9Tw/dz are largest just above the surface. So why is the
surface layer also called the “constant-flux layer” if momentum-flux gradients can
be largest there?

The answer lies in the behavior of turbulence near a surface, Figure 10.2. As
shown in the Appendix, the horizontal wavenumber spectrum of w (and, hence, of
turbulent shear stress) peaks at wavenumbers of order 1/z. Thus distance from the

* This need not be the case over a moving, wavy sea surface (Grachev et al., 2003).

215
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Figure 10.1 A sketch of profiles of kinematic shear stress (left) and mean wind

(right) in the near-neutral ABL for z-independent U, and V.
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Figure 10.2 A sketch of velocity spectra in the convective surface layer.

surface, z, has traditionally been used as the turbulence length scale in the surface
layer. But particularly in the unstable case the largest, ABL-filling eddies cause the
horizontal wavenumber spectra of « and v near the surface to peak at wavenumbers
of the order of the inverse of the ABL depth /. These large-scale horizontal motions
near the surface have been termed inactive (Bradshaw, 1967).

The streamwise mean momentum equation (10.1) near the surface scales as

-
w0y (103)
hooaz o F ’

This is small when nondimensionalized with surface-layer scales:

z duw
RNt 104
v E << (10.4)
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Similarly, dw6 /dz is of order Q¢/h, so when nondimensionalized with surface-
layer scales it is also very small:

z dwd  z

— ~—-<L 1 10.5

000 Tn < (10.5)

Because vertical gradients of these turbulent fluxes are negligible when expressed
in surface-layer scales, the surface layer has been called the constant-flux
layer. Horst (1999) has suggested the more appropriate name surface-flux
layer.

10.2 Monin-Obukhov similarity
10.2.1 Dimensional analysis

The Monin-Obukhov (M-O) similarity hypothesis has provided much of the
foundation for our understanding of the atmospheric surface layer. It rests on dimen-
sional analysis and the Buckingham Pi Theorem, which prescribes the optimal
approach to determining a dependent variable in a physical problem. That theo-
rem says that if one can identify the m — 1 parameters governing that dependent
variable, and if n is the number of dimensions represented by it and the governing
parameters, then:

* m — n independent dimensionless quantities can be formed, the nondimensionalization
being done with the governing parameters. An independent quantity is one that cannot be
made from the others. The cho:cc ol' the dimensionless quantities is arbitrary.

¢ These m — n i antities are functionally related, so the

dependent variable can be taken to be a function of the governing parameters.

Identifying the governing parameters requires an overall grasp of the physics of
the problem and good intuition. We'll illustrate this process with examples from
Chapter 1.

Kolmogorov (1941) hypothesized that the length and velocity scales 1 and v of
dissipative-range turbulence depend only on the viscous dissipation rate per unit
mass, €, and the fluid kinematic viscosity, v

n=mn(v), v=uv(ev). (10.6)

The dimensional analyses for the unknowns 7 and v are similar, so we’ll do 7.
By hypothesis the dependent variable 7 is governed by € and v,som — 1 = 2,

m = 3. The units of n are L; of €, L2T 3 of v, L2T . There are n = 2

dimensions so m —n = 1 independent dimensionless quantity can be formed from
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7, €, and v; we take it to be ne'/4/v3/4. Since there is only one quantity, it is a
function of nothing — i.e., it is a constant:

nel/4 3\ 174

= constant, 1 = constant x (*) . (10.7)
v €

With the constant chosen as 1 this is Kolmogorov’s result, Eq. (1.34).

This is as simple a dimensional analysis problem as you’ll meet, so simple that
it doesn’t require a formalism to work out. You can write down the answer: If the
length scale 7 depends only on € and v, then the result (10.7) follows because it is
the only length scale that can be made from € and v.

The pipe-friction problem in Chapter | demonstrates better the power of the
Buckingham Pi Theorem. On what parameters does the mean wall stress in tur-
bulent flow in a circular pipe depend? The obvious ones are pipe diameter D,
mean velocity averaged over the cross section, i,ye, fluid density p, and kinematic
viscosity v. Another is the characteristic height /&, of the roughness elements on
the pipe wall, which protrude into the diffusive sublayer and add drag. Therefore
(Problem 10.19)

Twall = Twall(D, Uave, 05V, hr). (10.8)

Here we have m — 1 = 5 governing parameters and n = 3 dimensions, so there are
m — n = 3 independent dimensionless quantities that are functionally related. It is
conventional to choose these as
2Tyl Uaye D h,
=50 Re="t2 (10.9)

Pliaye v

Then we can write the friction factor f as
f = f(Re, h/D). (10.10)

It is conventional to plot f against Re with &,/ D as a parameter, as in Figure 1.2.

10.2.2 M-O governing parameters

What we now call the Monin-Obukhov (M-O) similarity hypothesis, or simply
M-O similarity, rests on the Obukhov (1946) paper and a later one by Monin and
Obukhov (1954). Foken (2006) has discussed its history and evolution in detail. In
the M-O hypothesis five parameters govern the quasi-steady turbulence structure
immediately above a flat, horizontally homogeneous land surface: the length scale
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¢ of the turbulence, taken as distance z from the surface; the velocity scale u of
the turbulence, taken as the friction velocity u,, the square root of the magnitude
of the mean kinematic surface stress; the mean temperature flux at the surface,
Qo; the mean surface flux of a conserved scalar constituent, Co; and the buoyancy
parameter g/0y. By surface-layer structure we denote the mean vertical gradients
of wind, potential temperature, and the mixing ratio of conserved scalars, plus the
turbulence statistics.

An underlying assumption is that the outer part of the boundary layer does
not exert an important influence on the surface layer. Thus, taking £ ~ z is
consistent with the near-surface kinematics of vertical velocity discussed in the
Appendix. The friction velocity u. is a natural choice for the turbulent velocity
scale because beginning just above the surface the mean shear stress is carried
essentially entirely by the turbulence. Likewise, the mean surface flux of a con-
served scalar divided by u, is an appropriate intensity scale for the fluctuations of
the scalar. The mean surface temperature flux Qo is included because it is propor-
tional to the rate of buoyant production of TKE in the surface layer. Finally, the
buoyancy parameter g /6 is included because it appears in the equation of motion
(8.56).

In Chapter 8 we defined virtual temperature as 7y = 7(1 + 0.61G), where §
is specific humidity. Decomposing into mean and fluctuating parts (and reverting
briefly to our previous notation), T = T 4+ 60, § = Q + ¢, shows that the
fluctuations are related by 6, >~ 6 +0.61¢ T and the mean vertical turbulent flux of
virtual temperature is (Problem 10.18)

w >~ 0w + 0.61T qw. (10.11)

The contribution from water-vapor flux can be very important, so in general Qg is
taken to be the mean surface flux of virtual temperature.

Let’s discuss why other plausible candidates are not included in the M-O
governing group:

The boundary-layer depth /2 was not included on the erroneous assumption that it does
not directly influence surface-layer turbulence. We’ll see shortly, however, that the largest
eddies in the CBL do contribute substantially to the horizontal velocity fluctuations near
the surface.

« The mean velocity is excluded because a description of turbulence must be
invariant to a Galilean ion that moves the di system at a constant
velocity, and the mean velocity is not Galilean invariant.

The turbulent Coriolis force/mass (of order fu) is very small compared to the turbulent
inertia force/mass (of order uz/l) when ¢ ~ z:i.e., the inverse turbulent Rossby number
fz/u < 1. This can also hold when £ ~ h.
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+ The molecular diffusivities are ignored because the turbulence Reynolds number Ry in
the surface layer is so large. Thus M-O similarity is not applicable to the dissipative-range
structure, which does depend on the molecular diffusivities.

* The characteristic length of the roughness elements on the surface, called the roughness
length zp, is excluded. Thus we restrict M-O similarity to z >> zo.

10.2.3 The application of M-O similarity

An unknown dependent variable plus the five M-O governing parameters com-
prise m = 6 parameters with n = 4 dimensions: length, time, temperature, and
c. Thus, there are m — n = 2 independent dimensionless quantities that are
functionally related. M-O similarity takes one as the dependent variable nondimen-
sionalized with z, uy, Ty = —Qo/uy and ¢, = —Co/u,; the other is taken as z/L,
where L = ﬂtiﬁo/kg Qy is the Monin-Obukhov length." k ~ 0.4 is the von Kar-
man constant.” The Buckingham Pi Theorem then says that this nondimensionalized
dependent variable is a function only of z/L.

L is negative in unstable conditions (Q¢ > 0), positive in stable conditions
(Qp < 0), and infinite at neutral (Qy = 0); thus, the range of the M-O independent
sufficiently

variable is —oo < z/L < oo. Conditions are near-neutral when |z/L|
small, which occurs near the surface when z < [L|.

M-O similarity implies that the surface-layer gradients of mean wind speed, mean
virtual potential temperature, and mean water vapor mixing ratio behave as

Wy 00 kz 9O h<1).

Tz M\

(10.12)

kzuy 3C _ kzoC _ (1)
Cy 0z cxdz ’

with @y, ¢, and ¢, being functions of z/ L that are universal — the same in all locally
homogeneous, quasi-steady surface layers. The minus sign in the definitions of T
and ¢, makes ¢, and ¢, positive, as ¢, is.

It is commonly assumed that ¢, = ¢, but Warhaft (1976) has questioned that
because the buoyancy term in the scalar flux conservation equation (8.70) differs for
potential temperature and for another conserved scalar — water vapor, for example.
‘We’ll discuss that in more detail in Chapter 11.

* Businger and Yaglom (1971) and Foken (2006) point out that the Monin-Obukhov length was introduced by
Obukhov (1946). so Obukhov length is more appropriate.

# The value of k was traditionally thought to be = 0.4, was measured as 0.35 in the 1968 Kansas experiments,
and extensive measurements by Andreas et al. (2006) give a value of 0.39.
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Figure 10.3 The M-O functions for mean wind shear (left) and mean potential
temperature gradient (right), Eq. (10.12), from the 1968 Kansas experiment. From
Businger et al. (1971).

The von Kdrmén constant k was introduced in the early twentieth century to scale
the friction velocity in the fully turbulent region near a wall:

_ (nl/p)'?

20U/dz 20U/dz"

(10.13)

The M-O function for mean wind shear, Eq. (10.12), is defined with k to make
its value in neutral conditions 1.0: ¢,,(0) = 1.0. For parallelism ¢ and ¢., Eq.
(10.12), are defined with a k as well.

The Kansas experiments were among the first in which the mean wind and tem-
perature profiles and their turbulent fluxes were measured in the surface layer.
Figure 10.3 shows the resulting M-O plots of ¢,, and ¢;. Each shows a remarkable
collapse of data taken over several weeks and a wide range of stability conditions.

Hogstrom (1988) proposed that the underlying cause of the substantial variations
in the M-O functions ¢,, and ¢, measured in numerous surface-layer experi-
ments was probe-induced flow distortion (Chapter 16). He presented results from a
surface-layer experiment in which its effects were removed and other measurement
errors minimized. He suggested the following forms:

stable: ¢, = 1.0 +4.8%, ¢n = 1.04+7.87;
(10.14)

Z\—1/4 Z\-1/2
unstable: @ = (1719.32) . ¢h:(17122) .
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10.2.4 Uses of M-O similarity
10.2.4.1 Wind and temperature profiles

As indicated in Eq. (10.12), M-O similarity predicts that the vertical gradients of
mean wind speed and mean virtual potential temperature in a locally homogeneous,
quasi-steady atmospheric surface layer are

ilj:%:%(Z) %:%‘”(i) (10.15)

In stable conditions the functions proposed for ¢,, and ¢, tend to be linear and thus
integrate easily. For example, Hogstrom’s ¢,, and ¢, forms, Egs. (10.14), give

v ="l 1as%] ew=0c+[mi1782]. 016
)= % . o L 5 )= r. x = . L > .

with z, the reference height for the “surface” temperature.

Many different ¢,, and ¢;, forms have been proposed for unstable conditions,
and they tend to be more difficult to integrate analytically. Based on fits to
Hogstrom’s (1988) extensive data, Wilson (2001) proposed

G = (1+ylz/LP?)71? (10.17)

for both ¢, and ¢;,. He shows these give the mean profiles

v =t [ln,,m(w '
k 20

(10.18)

U+ 1+ ylzo/ LIPS

PT.[ 2 1+ 1 LB
0() =06 + 20 | 1n 2 g LEVIEWEILPE V| 19,
k 2 L+ V1 +yyler /LS

and suggests the constants be taken as k = 0.4, P, = 0.95, v, = 3.6,y = 7.9.

10.2.4.2 Inferring a surface-layer property from measurements of others

In a neutral surface layer

0w _ W)

~1.2. (10.20)
2/L=0

Uy Uy

Thus, under near-neutral conditions (i.e., at |z/L| < 1) one can use 0,,/1.2 as a
surrogate for u,. It is easier to measure o, than to measure u, >~ «/—uw and it
requires much shorter averaging times (Chapter 2).
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10.2.4.3 Diagnosing surface fluxes
Weather and climate models use the M-O mean profiles, Section 10.2.4.1, to diag-
nose surface fluxes. For surface momentum flux 7y = puui, for example, Eqs.
(10.16) and (10.18) indicate that Uref = U (zrer) depends on 7o, po, Zref, 20, L.
Thus if we write 79 = f(Uref. Zref» 20, L, po), then in the dimensional analysis
there are m — 1 = 5 governing parameters and n = 3 dimensions, M, L, and T.
The Pi Theorem tells us there are m — n = 3 independent dimensionless groups
that are functionally related. If we take these as n)/poUrch, Zref /20 Zref /L, We
can write

= Cy = Culeet /20, zxet /). (1021)
PoUrer

This gives a drag law for surface stress: 7p = CdpoUrzef, with Cq the drag coefficient.

In this way one can also derive a surface-exchange coefficient Cy, for the surface
temperature flux (Problem 10.3). Thus, given U, ©, and mean water vapor mixing
ratio Q at some height z.r above the surface; the surface roughness length zg and
the corresponding lengths for temperature and water vapor; and ® and Q at these
inner heights, M-O similarity yields the surface fluxes of momentum, heat, and
water vapor. Virtually all large-scale meteorological models determine the surface
fluxes in this way.

10.2.4.4 Physical interpretation of L
In surface-layer coordinates the rates of shear and buoyant production of TKE are

1%
shear production rate = —uw Py
. 87— _ 8
buoyant production rate = 0w >~ Q. (10.22)
b (]

Since the buoyant production rate is independent of z, very near the surface the
shear-production rate can greatly exceed it. If we define a height z. at which the
buoyant production rate equals the value of the shear production rate under neutral
conditions,

2 [ Ux 8
= =>Qo, 10.23
uy (,Q) % Qo ( )
then ze is
3

w300
Ze = =|L|. (10.24)

© 7 keQo

Thus |L]| is a rough estimate of the height at which buoyancy effects become
dynamically important.
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10.2.4.5 Quasi di local h ity

‘We’ll now apply to the surface layer the general criteria of Chapter 9 for the neg-

ligibility of the effects of unsteadiness and inhomogeneity. We can write for the

Reynolds stress equation (8.69), for example,

W ou? w?
time change ~ — ~ —, rate of production ~ — ~
Tu Tu €

(10.25)

with 7, the time scale of the unsteadiness. The time-change term will be
negligible if

W oul z
< or < L (10.26)
Tu 4 Ux Ty

Ifz = 10m, u, =03 ms~', and <« means a factor of 10 less than, this requires that
7, be greater than about 5 minutes in order that the surface layer be quasi-steady.
This is not difficult to meet in practice.

With horizontal inhomogeneity the Reynolds stress equation has a mean
advection term:
oww 2
mean advection ~ U e l/u—*, (10.27)

Ax L,

where L, is a horizontal scale of the inhomogeneity. For this to be negligible
we need

U

Uy

(10.28)

2 3
vt o by
Ly z z
The value of U/u, depends on height, stability, and the roughness of the surface,
but typically ranges from about 10 to 30; if 3> means a factor of 10 greater than,
this indicates that L, must be greater than 100 to 300 times the height. If z = 10m,
then L, must be greater than 1 to 3 km. Sites this uniform can be difficult to find.

10.2.4.6 The Richardson number as an alternative stability variable
The M-O stability variable z/L involves surface fluxes, but in practice the turbulent
fluxes at some height above the surface are used. The first such flux measurements
were made in the 1950s, and well into the 1970s they were made only in research
applications. Today, relatively inexpensive, reliable turbulent-flux instrumentation
is commercially available, but stress measurements in particular are still plagued
by scatter caused by the slow convergence of the time average.
The turbulence Richardson number of Chapter 9 is

_ buoyancy force/mass g6
" inertia force/mass Bou?

Riy 9.6)
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If we take 0 ~ £ 90 /dz, u ~ £ 9U /dz, then this becomes

(10.29)

3z
with Ri called the gradient Richardson number. It is an alternative stability variable.
‘We can rewrite Eq. (10.29) as

Ri=
Lo},
which in principle can be inverted to give z/L = f~'(Ri). Thus, either z/L or Ri
can serve as the surface-layer stability index.
The flux Richardson number Ry is defined with reference to the turbulent kinetic
energy budget. In the surface layer it is

= f@/L), (10.30)

buoyant production rate

Ry - (10.31)
shear production rate
If we define eddy diffusivities such that
uw
Kn=—55. Kp= (10.32)
a2
then it follows that K;,/K,, = ¢ /¢n. and we can relate these two Richardson
numbers:
Ro=Sgpt = Kig (10.33)
0= 7% Kl -9

10.3 Asymptotic behavior of M-O similarity

Experimentalists typically achieve a range of z/L values by measuring turbulence
at fixed heights (e.g., at 5.66 m, 11.3 m and 22.6 m in the Kansas experiments)
and obtaining a range of L through the variations in u, and Qg over the period
of observations. At a given time the conditions nearest to neutral are found at the
lowest observational level, and the largest departures from neutral occur at the
highest level. As surface-layer conditions become very unstable, or very stable,
there is reason to expect limiting behavior.

10.3.1 The asymptotic unstable state

In the surface layer the rate of buoyant production of TKE is essentially independent
of height, while the rate of shear production decreases with height. Thus we might
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expect that above some height the direct effects of shear production are unimportant
compared to buoyant production. Put another way, we might expect the mechanical
turbulence (that due to the shear production and characterized by u,) to become
unimportant at some —z /L value. We can examine the implications of the declining
importance of shear production by deleting u, from the M-O governing parameter
group.

There are two ways to drop u,, as a governing M-O parameter. The first is to redo
M-O similarity with only four governing parameters: g /6. z, Qo, Co. Those plus
one unknown give m = 5 parameters, n = 4 dimensions, so by the Buckingham Pi
Theorem there is m — n or one dimensionless parameter and it is a constant. Thus
from the four governing parameters we make the scales

13 ¢
up = (%QOz) o= =G (10.34)

ug ur

the subscript f denoting free convection, or convection in zero mean wind. Then we
write

0w (WH'2 c o9
v _ —c,

L=, (10.35)
ug ug T
with Cy and C; constants. This says that in very unstable conditions o, (z) and
0p(z) approach their behavior in free convection.
Equation (10.35) can be rewritten in standard M-O terms:
oy

u
2=t~ (/)
Uy Uy

% - Cz% ~ (—z/L)" 3. (10.36)
As Figure 10.4 shows, measurements are consistent with both of these predictions.

A second way to deduce the behavior at large —z/L is to require that M-O
similar variables become independent of u... In the case of o, for example, since
we can write in general oy, = u, f(z/L). at large —z/L the similarity function f
must vary as 1/uy in order that o, = fu, be independent of u,. That implies that
f(z/L) ~ (—z/L)‘/:‘. Similarly, in order that o be independent of u,., o / T>. must
vary as (7.7/L)"/3.

Tennekes (1970) named this local free convection scaling. Local isotropy (Part
111) is isotropic behavior at large wavenumbers; local free convection is free-
convection-like behavior at large —z/L.

‘While there are some exceptions to M-O similarity, w and 6 statistics are observed
to follow it well and show clear indications of local-free-convection regimes.
According to Figure 10.4, these can emerge at surprisingly small —z/L; local free
convection behavior for oy, appears by z/L = —2 or so, and temperature variance
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Figure 10.4 Kansas observations of the rms vertical velocity (upper) and rms
temperature (lower) for unstable conditions only, plotted in M-O coordinates.
The dashed lines are the asymplotic predictions for very unstable conditions,
Eq. (10.36). From Wyngaard (1973).

shows it even sooner. The shear- and buoyant-production terms in the TKE budget

are, in M-O terms,

3 3

u; g uy z

—uw— = L, 2w =—-—"—. 10.37
dz kz ¢ ) kz L ( )

¢ decreases monotonically with increasing instability; the Kansas data, for exam-

ple (Figure 10.3), are fit well by the formula ¢,, = (1 — 15z/L)~'/* on the

unstable side. At z/L = —2, where evidence of local-free-convection behavior

of o, appears, this expression says that the buoyant-production rate exceeds the

shear-production rate by a factor of nearly five.

10.3.2 The asymptotic stable state

The ratio of fluctuating buoyancy and inertia forces for a velocity-field eddy of size
r (Chapter 2) is an “eddy Richardson number” Ri¢(r),

gor gor'/3

Rie(r) = WL~ %

(10.38)
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with 6 the amplitude scale of the fluctuations in virtual potential temperature. The
r!/3 dependence of Ri. means that the largest eddies feel buoyancy effects the
most strongly; the small eddies are dominated by inertia and (at the smallest scales)
viscous forces. Thus, as z/L becomes positive from zero the largest eddies are
damped first. In a stable surface layer the relative importance of buoyant destruction
increases with increasing height; at some height the eddies become limited in size
by the stability. Loosely speaking, at this height the turbulence does not “sense” z,
the distance to the surface, as it does in an unstratified surface layer.

This suggests that under very stable conditions z drops out of the M-O governing
parameter group, leaving g /6o, Qo, Co, and u,. The scales in this limiting case are
then

velocity: u,, temperature: Ty, scalar: ¢, length: L. (10.39)

Nondimensional quantities again become universal constants. This “local z-less
scaling,” as it is called (Wyngaard , 1973; Chapter 12) indicates that, for example,

au Uy 90 Ty

- -3 10.40
az L az L ( )
so that the M-O profile functions are
kz oU z kz 00 z
_feov = === 2 10.41
¢ Uy 9z L én T, 9z L ( )

These predictions agree with measurements; as Figure 10.3 shows, ¢, and ¢y, are
essentially linear over the entire stable range of the Kansas data.

10.4 Deviations from M-O similarity

The velocity scale of the energy-containing eddies in the convective boundary
layer with zero mean wind is expected to depend (at minimum) on g /6y, Qo, and
the boundary-layer depth z;. These parameters define the free-convection velocity
scale wy:

¢ 173
Wy = (*Qoz;) . (10.42)
()

For Qp =02mK s~ and z; = 1000 m, typical values in fair weather over land,
Eq. (10.42) gives wy ~2ms~".

From the definitions of w, and L we can write w. /iy = k"/s(—z,/L)'/?’. Con-
vective boundary layers in the atmosphere have —z; /L values up to several hundred,
so it is not unusual to find the free-convection-like state where w, >> u.. Since w,
contains z;, which is not an M-O parameter, the horizontal gusts in the surface layer
due to these large eddies are not M-O similar, as pointed out by Panofsky et al.
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Figure 10.5 M-O plots of the rms vertical (upper) and lateral (lower) wind fluc-
tuations at 5.7, 11.3, and 22.6 m height in the convective surface layer of the
1968 Kansas experiment. o, follows M-O similarity well but o, does not. From
Wyngaard (1988).

(1977). The data in Figures 10.5-10.7 are consistent with this. But surface-layer
kinematics (Appendix) suggests that w? is only weakly influenced by the large con-
vective eddies and to a good approximation is M-O similar, as seen in Figure 10.5.
Businger (1973) has briefly explored some of the impacts of these large
convective eddies on surface-layer structure:
Consider ... a large uniform area with free convection extending over the entire planetary
boundary layer up to a height /. The mean wind speed U = 0, consequently u, = 0....
Consider now the layer close to the surface over a relatively short time period compared to
the large-scale convection but relatively long compared to the time it takes to develop a local
wind profile. This local temporary wind profile cannot be distinguished in characteristics
from a true mean wind profile. This ... leads us to believe that there is, averaged over the
entire horizontal area, mean shear production of turbulence which is not related to a mean
wind but to the convective circulation in the boundary layer.

He then postulated that the local friction velocity generated in this way scales with
wy f(h/z0), with f a decreasing function of 1 /zg. Zilitinkevich et al. (2006) have
since studied this problem in detail and confirmed that the surface roughness is an
important parameter for surface-layer structure and heat transfer in free convection.
It is conceivable that these effects extend to weak-wind, very unstable conditions,
causing M-O similarity to fail there.
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Figure 10.6 Replots of some of the o, data in Fig. 10.5. Lower: Data at fixed
z (here 5.7 m) from three different cases appear to show a local-free-convection
regime like that for o,,, Figure 10.5. Upper: Data from the three heights in these
cases suggest instead that o, depends only weakly on z. If so, the trend in the lower
panel is likely due to the influence of boundary-layer depth, expressed through w,
Eg. (10.42). From Wyngaard (1988).
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Figure 10.7 Time histories of wind variances in the convective surface layer.
Shortly after 1100 local time z; grew rapidly; the horizontal wind variances 1>
and v2 increased as well, as predicted by w, scaling, but w2, being M-O similar,
did not. From Banta (1985).
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Hill (1989) has pursued the implications of M-O similarity for scalars. One
finding is that the correlation coefficient of any two scalars is £1. This is unphysical,
and he postulates that here it is necessary to include the scalar physics of the surface
itself in order to obtain realistic results.

10.4.1 Covariance budgets
The equations or budgets governing turbulent kinetic energy, temperature variance,
Reynolds stress, and temperature flux had been known for some time, but the 1968
Kansas experiment provided the first comprehensive measurements of them in the
atmospheric surface layer.

10.4.1.1 The TKE budget
In surface-layer coordinates this is, from Eq. (8.70),
U O ujuw 19 g

WE+7‘ B =*%EW+%W*<- (10.43)

The terms are, in order, shear production, turbulent transport, pressure transport,
buoyant production, and viscous dissipation.

In the Kansas experiment all budget terms but pressure transport were measured
over the M-O stability range (Wyngaard and Coté, 1971). An unexpected finding
was the large rate of gain by pressure transport, which was inferred from the imbal-
ance of the measured terms. Up to that time pressure transport had generally been
assumed to be negligible, so the Kansas findings stimulated much discussion and
debate in the micrometeorological community. Consensus results for the unstable
side as of about 1990 are shown in Figure 10.8; overall they confirm the Kansas
results. The large gain due to pressure transport approximately balances the loss to
turbulent transport; thus the sum of shear and buoyant production approximately
balances viscous dissipation, as also reported by Bradley er al. (1981a).

The TKE budget under stable conditions suggests a much more placid picture.
Both turbulent and pressure transport are found to be negligible, so that shear
production is essentially balanced by buoyant destruction and viscous dissipation.

10.4.2 Conserved scalar variance budgets
The quasi-steady budget of potential temperature variance is, from Eq. (8.71),
00 9 we?
ot =% (10.44)

z
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Figure 10.8 The TKE budget in the unstable surface layer. B is buoyant production;
P is pressure transport; S is shear production; T is turbulent transport; € is viscous
issipation. Terms are i i i with kz, u, and Qo. From Wyngaard
(1992). Reprinted, with permission, from Annual Review of Fluid Mechanics, 24,

© 1992 by Annual Reviews, www.annualreviews.org.

a balance among mean-gradient production, turbulent transport, and molecular
destruction. For the entire stability range, the Kansas data indicate that mean-
gradient production is the principal source term and that turbulent transport is at
least an order of magnitude smaller. Therefore, in the unstable surface layer this bud-
get is to first approximation in local balance — mean-gradient production balances
molecular destruction. Measurements by Bradley ez al. (1981b) confirm this.

The budget of water vapor mixing ratio (¢) variance has the same form, but the
difference in the buoyant production terms for 7w and §w (Section 10.2.3) has an
impact on the variances (Problem 10.20). In the surface layer the scaled variance of
q is a factor of 2-3 larger, and the scaled molecular destruction rate is about 30%
larger (Katul and Hseih, 1999).

10.4.3 The shear-stress budget

The quasi-steady budget of the principal component of kinematic shear stress uw
is, from Eq. (8.70),

(10.45)
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We have neglected the Coriolis and viscous dissipation terms, the first because it is
small in the ABL and the second through local isotropy, Chapter 14.

In the unstable surface layer the Kansas results (Wyngaard et al., 1971) show a
three-way balance among shear production (the primary source), buoyant produc-
tion (the secondary source), and the loss to the pressure-destruction term. Given the
highly variable instantaneous nature of the unstable surface layer, one might have
expected a significant turbulent transport term in the ww budget, but instead it is
small, on the order of 10% or less of the principal terms. This reminds us that local,
instantaneous structure reveals nothing about expected values, and vice versa.

To a good approximation the near-neutral 7w budget is

— U
wza— = rate of loss to pressure term. (10.46)

If we write the loss term as —uw/t, where 7 is a time scale, then Eq. (10.46)
reduces to the eddy-diffusivity form

U

o~ —wlr = (10.47)
10.4.4 The wb budget
From (8.70) in quasi-steady conditions this is
— 00 d—— p g
2 Cpwi = ——0L 4 S5 10.48
w o + szw P +60 ( )

The Kansas results (Wyngaard et al., 1971) show that in near-neutral conditions
the buoyancy and transport terms are negligible. Thus, like the zzw budget the near-
neutral w6 budget reduces to a balance between mean-gradient production and
pressure destruction:
1 ap
——0—. (10.49)
po 0z

If we model the latter as —w8 /7, where  is a time scale, then we have

—_ 00

wh = —wlt (10.50)

as for the stress budget.

While there is overall similarity here between the the @w and w@ budgets, the
buoyancy term is relatively more important for w@. This gives a hint that under
unstable conditions the coupling between turbulent flux and mean gradient for
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temperature is weaker than it is for momentum. We will see in Chapter 11 that
at greater heights in the convective boundary layer this coupling disappears for
conserved scalars.

10.4.5 The u6 budget

From (8.70) in quasi-steady conditions this is, using local isotropy and the Bradley
et al. (1982) measurements to drop the molecular destruction term,

90 (/]
+O0w— + —wubh = ——60—. (10.51)
z z 0z x

esults show that in the near-neutral surface layer the turbulent transport
term is small and the budget further reduces to

Pl +%8U !
dz 0z po dx’

(10.52)
abalance between the two rates of production and the rate of destruction by turbulent
pressure gradients.

On measuring turbulent pressure signals Bradshaw (1994) has written:
Pressure fluctuations within a turbulent flow are one of the Great Unmeasureables: they are
of the order of pu? and so, unfortunately, are the pressure fluctuations induced on a static
pressure probe by the velocity field. That is, the signal-to-noise ratio is of the order of one.
To say that signals cannot be educed even with S/N = O(1) is itself a fallacy, but in this
case the attempts made to do so have not met with general acceptance.
Nonetheless, armed with evidence that their pressure probe could measure pres-
sure fluctuations with a signal-to-noise ratio better than 1 (Wyngaard et al., 1994),
Wilczak and Bedard (2004) confirmed that the turbulent transport term in Eq.
(10.51) is small, and found excellent agreement between the pressure covariance
inferred from measurements of the left sides of Eqs. (10.52) and (10.51) and their
direct measurements of it.

Appendix
Length scales near the surface

Since w vanishes at the surface, near the surface we can write from our zero-
divergence model of the fluctuating velocity

w(x,y,z,1) = 7/- ((:]l(x.y,z/,t) + ?—v(x.y,z’,t)) dz'. (10.53)
0 \0x dy



Appendix: Length scales near the surface 235

We represent the fluctuating horizontal velocity vector u = (i, v) at a point X =
(x, y) in the plane and at time 7 by a sum of Fourier components of horizontal vector

wavenumber k,, = (k1,, k2,) with random vector coefficients a, = (aj,, az,),
N
Uz @) = Y a2, 1w, (10.54)
n=—N

with « the realization index. It follows that du/dx, for example, is

u N .
To= 2 ikmane . (10.55)
n=—N

‘With (10.53)—(10.55) we can now write w as

N

wx 2.t 0) = *_/.~ ( D i cinan +K2na2n)dz'> e
0

n=—N

. (10.56)

—i Z <k1,,/0 al,,dz'Jr»(z,,jo ag,,dz') el X

n=-N

At horizontal scales much larger than the height z (i.e., for k,z < 1, with
kn = |Kku|) we expect the Fourier coefficients a,, to vary only weakly with z because
turbulent eddies with large horizontal scales (small «) are unlikely to have small
vertical scales. Thus, for k,z < 1 we can approximate the integrals in (10.56) as

[ awd? = ayz, / a2 d7 = anz, (10.57)
0 0

so that Eq. (10.56) becomes

N
WK 2 @) = =iz Y (Kin@n + Kona) €

=N (10.58)

N
- Z izay ke, iz L
n=nN

Thus, the Fourier coefficients of w are those of (u, v) dotted with —izk,. Since
the spectrum at any wavenumber is proportional to the mean-square value of the
Fourier coefficients at that wavenumber, it follows that

spectrum of w ~ (K,,z)z x spectrum of u, v, K,z < 1. (10.59)
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At horizontal scales very small compared to z (i.e., at k,z > 1) we expect the
Fourier coefficients a, to vary rapidly with z. Since the coefficients are random
variables with zero mean, their z-integral will tend to zero. We expect the transition
between the k,z < 1 and k,z >> 1 regimes to occur at k, ~ 1/z, so the spectra of
velocity in a plane in the surface layer should behave as sketched in Figure 10.2.
Even though the peaks of u# and v spectra occur at scales of the order of the ABL
depth h (corresponding to the sweeping effect of the largest convective eddies), the
peak of the w-spectrum is at much smaller scales — at horizontal wavenumbers of
the order of 1/z.

The cospectrum of the kinematic shear stress ww — the density of contributions
to ww as a function of wavenumber in the horizontal plane (Chapter 15) — is at
any wavenumber proportional to the mean product of the amplitudes of the Fourier
coefficients of u and w (Part III). Given the wavenumber dependence of these
amplitudes (Figure 10.2), we see that this stress cospectrum must peak where the
w-spectrum does, at k ~ 1/z. Thus the large-scale part of the horizontal turbulent
motions in the surface layer, that with x < 1/z, does not contribute to ww. These
are called inactive motions.

Questions on key concepts

10.1 Explain the concepts underlying the “constant-flux” layer. Why is “surface-
flux” layer a better term?

10.2  Discuss how the mean-wind and stress profiles in Figure 10.1 are inferred
from the mean-motion equations.

10.3  Explain the key concepts of dimensional analysis.

10.4  Of the other possible governing parameters in M-O similarity, which do you
feel is the most important? Explain.

10.5 Explain some of the uses of M-O similarity.

10.6  Explain some of the deficiencies of M-O similarity.

10.7 Explain the two limiting states of M-O similarity, how their physics
simplified, and the rationale for that simplification.

10.8 Explain physically why the horizontal velocity fluctuations in Figure 10.7
suddenly intensified shortly after 1100 but the vertical fluctuations did not.

10.9 Interpret physically the pressure-transport term in the TKE budget.

10.10 There is a Lagrangian integral time scale (Chapter 4) for each of the three
velocity components. How would you expect each to behave in the surface
layer? Would any be M-O similar?

10.11 Explain the notions of quasi-steadiness and local homogeneity and how they
simplify analysis of the surface layer.
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Explain physically why turbulent pressure fluctuations are difficult to
measure reliably.

Explain in your own terms the physical argument for the sensitivity of
surface-layer u and v fluctuations to ABL depth but the insensitivity of w
fluctuations.

10.14 Discuss the physical meaning and implications of the relative unimportance

10.15

10.1

10.2

103
10.4

10.5
10.6

10.7

109

of turbulent transport in the surface-layer budgets of #w and w@ in the
unstable surface layer, despite the high turbulence level there.
Explain why the largest eddies are the most sensitive to buoyancy.

Problems

Explain why the mean wind and stress profiles in Figure 10.1 are consistent
with Egs. (10.1) and (10.2).

Discuss whether the following are M-O similar:

(a) the dissipation rate €,

(b) the Kolmogorov microscale 7,

(c) horizontal velocity fluctuations,

(d) the drag coefficient Cg.

Derive an expression like Eq. (10.21) but for the surface temperature flux.
Explain how measurements of the mean temperature difference A® and
mean wind speed difference AU between two heights in the surface layer
can be used to infer the surface temperature and momentum fluxes.

Does M-O similarity hold in a baroclinic boundary layer? Discuss.

The temperature structure function [0(x) — #(x +1)]? i
as Cy >r?/3 for separations ) <« r < z.Is Cr2 M-O similar? If so, write an
M-O similarity expression for it.

Under the M-O hypothesis the near-surface regions of convective and sta-
ble boundary layers have the same statistical structure. Is this physically
reasonable? Discuss.

In a convective boundary layer capped by an inversion having drier air,
humidity fluctuations can be generated by the entrainment process at the
ABL top. Could this impact the M-O similarity of humidity fluctuations?
Discuss.

Discuss the role of the intercomponent-transfer terms in the u, v, and w
kinetic energy equations under neutral conditions. What is their magnitude?
Try to interpret them physically with sketches.

observed to behave

10.10 Explain why 16 is nonzero in the surface layer. What s its production mecha-

nism? How does it behave in free convection? Why are we generally oblivious
to it?
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10.11 Discuss the behavior of Ry and Ri in the asymptotic stable state. How could
this state determine the depth of the nocturnal ABL?

10.12 Explain the role of the second-moment budgets in turbulent flow calculation.

10.13 Derive an expression for the eddy diffusivity for momentum in the surface
layer. Discuss its asymptotic behavior.

10.14 Identify and discuss the rate of buoyant production of vertical temperature
flux. What is its role in unstable conditions? In stable conditions?

10.15 Explain why large-eddy simulation generally does not perform well in the
atmospheric surface layer. (Hint: consider the behavior of the length scale
of the vertical velocity field near the surface.)

10.16 Inlarge-eddy simulation of the atmospheric boundary layer the surface fluxes
are typically determined from the resolved (calculated) fields through the
standard surface-exchange coefficients. Is this justifiable? Discuss.

10.17 Use dimensional analysis to determine the averaging time 7 required to
determine the time average EL of a stationary function of time i () with
ensemble mean U, variance u2, and integral scale 7. Can you obtain the
answer, Eq. (2.36)? Explain.

10.18 Show that Eq. (10.11) rests on good approximations.

10.19 Why is pipe length L not one of the governing parameters in pipe flow,
Section 10.2.1?

10.20 Discuss the differences between the buoyant production terms for gw and
Ow and how the differences might impact their budgets.

10.21 Why does Eq. (10.38) not use 6(r)?
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11

The convective boundary layer

11.1 Introduction

The mean structure of the convective boundary layer (CBL) is sketched in
Figure 11.1. The surface layer (the lowest 10%, say) is the most accessible to
observation and therefore the best understood. Above it lies the mixed layer (not
“mixing” layer;" that is the turbulent shear layer between parallel streams of differ-
ent speeds). Here the turbulent diffusivity tends to be largest and mean gradients of
wind and conserved scalars smallest. The interfacial layer buffers the mixed layer
from the free atmosphere. Its top at mean height /25 can be thought of as the greatest
height reached by the surface-driven convective elements, and its bottom at /1| the
deepest penetrations of the nonturbulent free atmosphere. The mean CBL depth z;
lies between these two; it is often taken as the height at which the vertical turbulent
flux of virtual potential temperature has its negative maximum.

11.2 The mixed layer: velocity fields
11.2.1 Mixed-layer similarity

A mimimal set of governing parameters for the quasi-steady mixed layer is the
M-O group uy, z, g/6y. Qo (the surface flux of virtual temperature), cwyg (the
surface flux of a conserved scalar) plus the boundary-layer depth z;. The dimen-
sional analysis (Chapter 10) here has m — 1 = 6 governing parameters and n = 4
dimensions, so there are m — n = 3 independent dimensionless quantities. One is
the dimensionless dependent variable; it is conventional to take the other two as
z/zi and z; /L. The latter is a stability parameter for the CBL as a whole.

Tennekes (1974) admired the semantic precision of mixed rather than mixing layer.

241
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w

o — fw — o— cw—~

Figure 11.1 Sketches of profiles of mean quantities and their vertical fluxes in the
CBL, with its layers, heights, and parameters indicated. Left pair: Virtual potential
temperature andits flux. Right pair: A conserved scalar and its flux. From Deardorff
(1979).

From the definition of the M-O length L it follows that the convective velocity
scale wy, Eq. (10.42), is

173 13
Z
w, = (%Qoz;) ~0.7u, (—Z‘) . (1.1

so when the boundary-layer stability parameter —z;/L is very large w, is much
larger than the friction velocity u,. Thus Deardorff (1970) suggested that at
large —z;/L a free-convection-like state emerges. Observations and numerical
simulations suggest that this state appears when —z; /L exceeds 5-10.

This asymptotic state is called mixed-layer similarity. Here m — 1 = 5 and
n = 4, so there are two independent dimensionless quantities. The velocity scale
is wy, the length scales are z and z;, and the intensity scale of a conserved scalar
is ¢, = cwy/wy; within the mixed layer quantities nondimensionalized with these
scales are predicted to be functions only of z/z;. This can be successful for velocity
statistics, as Figure 11.2 shows. But it can fail spectacularly for scalar statistics
(Figure 11.2) because it neglects the entrainment-induced scalar flux at the mixed-
layer top, which as pointed out by Deardorff (1972a) is an additional source of
scalar fluctuations in the upper mixed layer.

Mixed-layer similarity is now known to be incorrect in other respects. For exam-
ple, the lateral and streamwise integral scales (Part I1I), which are equal in free
convection, can differ by as much as a factor of two with a mean horizontal wind.
As we shall discuss, it appears that other effects —e.g., vertical variation of the mean
horizontal pressure gradient (baroclinity) and z-dependent horizontal advection of
mean momentum — can also influence the structure of the CBL.
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Figure 11.2 Left: Vertical and horizontal velocity variances in the CBL. Dashed
lines, convection tank; solid line, asymptotic behavior of Kansas surface-layer
data; open circles, Minnesota data; solid symbols, Ashchurch, England, data. From
Caughey (1982). Right: Mixed-layer scaling fails for water-vapor fluctuations
when their principal source is the entrainment process at CBL top. The dashed line
is the observed behavior of a conserved scalar in the very unstable surface layer,
Figure 10.4. From Wyngaard (1988).

11.2.2 The TKE budget
Equation (8.69) yields the TKE budget in the horizontally homogeneous ABL
(Problem 11.20):
1 uu; _
2 ot

0 uju;w 19 g—
———— ———pw+ —Ow—e€. (11.2)
2w e

The terms on the right side are, in order, shear production (S); turbulent transport
(T); pressure transport (P); buoyant production (B); and viscous dissipation.
Figure 11.3 shows its behavior within the quasi-steady mixed layer as determined
from tower, balloon, and aircraft observations. The terms have been made dimen-
sionless with the mixed-layer-similarity group wi/z, = gQo/0, which makes
the dimensionless buoyant production term 1.0 at the surface. Pressure transport
(which was not measured directly, but taken as the imbalance of the other terms)
is a gain term in the unstable surface layer, as also shown in Figure 10.8. The
turbulent-transport term also behaves as in the unstable surface layer.

11.2.3 The mean momentum balance
The steady, horizontally homogeneous mean horizontal momentum balance is

duw 1aP Jvw 19P
=———+fV, =—-——— fU. 113
9z po 9x +f dz po Ay Y a3
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Figure 11.3 The nondimensionalized (with w. and z;) TKE budget in a quasi-
steady, horizontally homogeneous CBL as summarized by Lenschow er al. (1980)
from a variety of observations. €, viscous dissipation; 7', turbulent transport; P,
pressure transport; S, shear production; B, buoyant production.

If the mean velocity scale is U and the velocity and length scales of the turbulence
are u and ¢, the ratio of the friction and Coriolis terms in Eqs. (11.3) is uz/ff/[,
a Rossby number. In a typical ABL with u = I ms™, f = 107*s7!, U =
10 m s~!, and £ = 10* m this Rossby number is ~1, so the Coriolis terms are
typically important. But the much smaller ¢ in engineering flows typically makes
their Rossby number large and their Coriolis terms negligible.

In a constant-density engineering boundary layer the pressure field, and in partic-
ular the mean pressure gradient, is coupled with the velocity field through a Poisson
equation (Problem 11.15). But in the ABL the mean pressure gradient is dominated
by hydrostatics (Chapter 9). Thus if we convert Eq. (11.3) to a mean-shear bal-
ance by taking its z-derivative and express the z-derivative of the mean horizontal
pressure gradient through Eqs. (9.29) and (9.30), we find

%W g T v %W

82 Tpox 8z’ 822

(11.4)

We’ll see shortly that Eqs. (11.4) can imply strongly curved stress profiles in an
ABL with a modest horizontal temperature gradient.

11.2.3.1 The barotropic case

With horizontally uniform mean temperature the mean shear budgets (11.4) reduce,
after scaling with u, and z;, to

Y@w/ul) _ (L) v Pew/w) (fz,) U

(z/z)? w9z /)’ . 9z

(11.5)

Uy Uy
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Figure 11.4 Mean wind profiles in a 45 north latitude ABL from the large-eddy
simulations of Deardorff (1972a). The mean wind shear above the surface layer
decreases sharply as —z; /L increases. Neutral curves are read on the right axis,
unstable curves on the left.
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Figure 11.5 Streamwise (left) and lateral (right) turbulent stress profiles in the ABL
as calculated through large-eddy simulation by Deardorff (1972a). Their curvature
is significantin the neutral case but decreases to nearly zero at —z; /L = 45. Neutral
curves are read on the right axis, unstable curves on the left.

The dimensionless parameter fz;/u, is typically ~1 or smaller (with f =
104 s’l, zi = 1000 m, and u, = 0.3 m s7litis 1/3). Under increasingly
convective conditions (i.e., as —z; /L increases) we expect decreasing mean wind
shear, so from Eqs. (11.5) we expect decreasing curvature of the stress profiles as
well. Figures 11.4 and 11.5 nicely illustrate this tendency in Deardorff’s (1972a)
large-eddy simulations.

Figure 11.6 is an idealized model of stress and mean wind profiles in the
barotropic CBL. We can sketch out its vertical structure using surface-layer
coordinates and the momentum equations (11.3) written in the form

uw Jvw
= f(V—=Vy), TZ:f(Ug—U). (11.6)
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uw >

Figure 11.6 An idealization of mean wind and stress profiles in the barotropic
CBL. we is the entrainment velocity, Section 11.4.2; x and U are in the direction
of the mean wind in the surface layer.

Starting at the surface, U increases with z and V is zero. In the mixed layer U is
constant and V remains zero. As ww decreases linearly to zero at the ABL top its
gradient is constant at ui/z,- and so the U-momentum equation (11.6) is

ui . u%
Lt o fV,, sothat V= ——* (11.7)
2 fzi

Within the mixed layer 8V /dz =~ 0 so that vw =~ 0, and from the second of Eqs.
(11.6) U = Ug there.

The adjustment V — V; occurs in the interfacial layer, as sketched in Figure 11.6.
If the wind turning angle is o, then tano = V,/ Uy =~ —u2/fUz. This is typically
of the order of u../U, which is small, so tano >~ o =~ 7uf/fUz,. Thus, the wind
turning angle can be only a few degrees, much smaller than typical values in neutral
or stable ABLs. Finally, as discussed in Section 11.4.1 entrainment of the inversion
at velocity we in the presence of a mean velocity jump AV generates a lateral stress
—weAV >~ weaU =~ weui/fz, at the inversion base, as sketched.

11.2.3.2 The baroclinic case

The mean wind and stress profiles sketched in Figure 11.6 are not typically observed
in the CBL because naturally occurring horizontal temperature gradients are apt to
make it baroclinic. Equation (11.4) says baroclinity is balanced in steady conditions
by a Coriolis term involving mean wind shear and a term involving the curvature of
the stress profile. A natural question then is whether turbulent mixing can minimize
the mean wind shear so that the baroclinity is balanced mainly by the latter. Figure
11.7, which shows a 180 degree change in mean wind direction across a very
unstable (—z;/L = 250) baroclinic CBL over land, gives little support to this
notion.
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Figure 11.7 Mean wind profiles in a baroclinic CBL with —z; /L ~ 250 at the
Boulder Atmospheric Observatory. Despite the very unstable conditions the mean
wind direction changes by 180 degrees between the surface and the inversion base.
From Wyngaard (1985).
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Figure 11.8 Mean profiles measured in the baroclinic CBL in AMTEX. Left: Mean
wind and geostrophic wind; from Garratt er al. (1982). Right: Turbulent kinematic
stress; from Lenschow er al. (1980).

Figure 11.8 shows profiles of mean wind, geostrophic wind, and stress mea-
sured during wintertime cold-air outbreaks over the East China Sea in the AMTEX
experiment. In interpreting them we’ll write the mean shear balances (11.4) as

Vaw v av v W, U
= — = = ——. 11.8
dz f ( dz az ) ’ az2 f ( az 3z ) aL®)

The curvature of the AMTEX stress profiles, Figure 11.8, indicates that the left sides
of Egs. (11.8) are negative, as are the right sides in at least the lower part of the
mixed layer. But as is typical, the data do not allow a definitive test of Eqs. (11.8).
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The simplest mean momentum balance in the steady, barotropic mixed layer,
Eqgs. (11.3), and its mean shear balance, Eqs. (11.8), are easily upset by horizontal
advection or nonstationarity. If the stress divergence in the CBL is of the order
of u2/zi = 107" m s, then a 1 m s~! change in a 10 m s~! mean wind over
100 km horizontal distance and a 0.4 m s~! change in mean wind speed per hour
give horizontal advection and time-change terms of that magnitude. Likewise, the
mean shear equations (11.8) are easily upset by advection and time change. Some
of the baroclinic CBLs observed by Lemone e al. (1999) displayed substantial
mean wind shear that they argued was caused by the large time-change term in the
mean horizontal momentum balance (Problem 11.19).

11.2.3.3 Direct testing of eddy-diffusivity models
The simplest turbulence closure assumes the deviatoric turbulent kinematic stress,
the difference between the turbulent kinematic stress u;u; and its tropic form
uxtxdij/3 = 2ed;j/3 (Chapter 14), is proportional to the mean strain-rate tensor:

2 au;  U;
= (@~ 38ije ) = Kn o ) (11.9)

with e = w;u; /2. The proportionality factor, the eddy diffusivity,” has a subscript
m, signifying momentum, to distinguish it from the eddy diffusivity for a conserved
scalar. In a horizontally homogeneous ABL the diagonal components of the right
side of Eq. (11.9) vanish, so this model makes the diagonal components of u;u;
equal to 2e/3; this is typically not observed.

For the principal off-diagonal components in the horizontally homogeneous,
quasi-steady ABL, Eq. (11.9) implies

ﬂ ww = —K, w

ww = —K, B —
" "9z "9z

(11.10)
In the surface layer the set (11.10) serves as a way of readily inferring K,,(z) from
measurements of dU/3z and u2:

Kon(z) = — 0 Tolpo “ RIRIY)
e aU/joz — aUJoz  aUJoz :

9U/dz in the surface layer has been well documented and expressed through
the Monin-Obukhov similarity function ¢,, (Chapter 10). The ¢,, form (10.17)

¥ Turbulence icians have tradi criticized the of aturbulent flux as — K times a mean
gradient, but the late Les Kovasznay (Johns Hopkins University) reportedly enjoyed pointing out that it was his
civil right to define such an eddy diffusivity. We discuss it here in that spirit.
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of Wilson (2001), for example, has a local-free-convection limit in which K,
behaves as

13
K ~usz~ (%Qo) 2. (11.12)

The K, defined in Eq. (11.10) has not been documented extensively above the
surface layer, perhaps in part due to the inherently large scatter. To illustrate, con-
sider a mid-layer kinematic stress ww of the order of —uz, so thatif K, ~ 0.05w,z;
(which we’ll see shortly is a reasonable estimate) the mean wind shear is

U —uw u?

o _ PORL S 11.13
dz Ky 0.05w.z; ( )

Forz; = 1500 m, u. = 0.3 m s~! and we=2m s~Lall typical of the CBL in clear
weather over land, this gives 80U /8z >~ 6 x 104 s~! — a mean wind difference of
0.6 m s~! per 1000 m height. The uncertainty in a mean wind difference due to
finite averaging time scales with the rms wind fluctuation (Chapter 2); this is of the
order of w,, which here is three times the mean wind difference over a height of
1000 m. Likewise, the error in time-averaged stress scales with w2, which here is
two orders of magnitude larger than the mean stress. Thus reliably determining the
Ky defined in Eq. (11.10) in the mixed layer with conventional observations can
require unachievable averaging times.

11.2.3.4 Inferences from the stress budgets
The Reynolds-stress budgets (8.69) provide another path to diagnosing the behavior
of K,,. As discussed in Chapter 9, their Coriolis terms are typically small in the
ABL and in steady, locally homogeneous conditions they reduce to a balance among
shear production (S), turbulent transport (7'), buoyant production (B), and pressure
covariance (P) terms:

) — U a — 1 9, 9,
71411;:0:—wz——fuwuH»iﬁu—f !lll+ul . (11.14)
at dz dz Oy £0 dx az

N T B P
a —aV a — 1 9, 9,
71)!11:():—wz——fvmwi»ﬁ(h}—f qu+v—p . (11.15)
ot 9z dz 6o £0 dy dz

‘We'll continue to take x as the direction of the mean wind in the surface layer.
Wyngaard (1984) found two runs from the Minnesota experiment (Kaimal ez al.,
1976) with enough lateral mean wind shear to allow the vw budget to be resolved,
and combined four runs from AMTEX (Lenschow et al., 1980) to produce a uw
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Figure 11.9 Observations of the budgets of kinematic stress, Eqs. (11.14) and
(11.15), in the CBL. § is shear production; T, turbulent transport; B, buoyant
production; P, pressure destruction. The units are 10~ m? s>, Left: 7w budgets
from the Minnesota experiment. Right: ww budget from AMTEX. From Wyngaard
(1984).

budget. From these data the S, 7', and B terms were calculated directly, allowing P
to be obtained from Eqs. (11.14) and (11.15) by difference. The results, shown in
Figure 11.9, indicate that in each budget the principal gain term is shear production
and the principal loss term is the pressure covariance.’

We can define Rotta (1951) time scales for the pressure-covariance terms,
allowing for different values for the two components:

| (T W
_1 (w£+u£> L TR)

Figure 11.10 (left) reveals no strong differences between the t* and t¢ values
deduced from the measured stress budgets in Figure 11.9. Thus we’ll write them
simply as 7, and the stress budgets (11.14) and (11.15) can then be written as
expressions for eddy diffusivities,

— T+B\ U L oU
uw ~ —w?t <1+—) — =Ky —. (11.17)

N w02 9z

— T+B\ vV v
o —wlt (14— ) =KL 1118
S ) 0z "z (e

Figures 11.2 and 11.10 suggest that w2t ~ 0.05w,z; in mid-CBL.

A gain term on the right side of Eq. (11.14) or (11.15) is one that produces stress of the observed sign. In runs

2A1 and 2A2 in Figure 11.9, for example, TW is positive, so gain terms are positive. But in run SA1 7w is
negative and therefore gain terms are negative.
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Figure 11.10 Left: Observed values of the time scales 7* and ¢ in the model
(11.16) of the pressure-destruction term in the stress budgets. Right: The observed
mid-CBL eddy diffusivity (ordinate) versus that predicted from the models (11.17)
and (11.18). From Wyngaard (1984).

Figure 11.10 (right) is a plot of K, and K,‘,’, calculated from Eqs. (11.17) and
(11.18) at z >~ 0.5z; in the Minnesota and AMTEX experiments, as functions of
the parameter w,z;[1 + (T + B)/S]. This plot also includes midlayer K}, and
K,fl values estimated from Deardorff’s (1974) LES results’ for hours 14 and 15,
respectively, of day 33 of the Wangara experiment. This plot shows no significant
difference between K, and K,{, and suggests that K, =~ 0.05w,z; in mid-CBL.
The factor 1 + (T + B)/S varied from about 0.6 to 1.25 in mid-CBL, suggesting
the range of variation of that K, value.

As we discussed in Chapter 10, Subsection 10.2.4.5, if we write the time-change
and horizontal advection terms in the ww budget, for example, as uw/z, and
Uuw/L,, with , and L, the scales of the unsteadiness and inhomogeneity, then if
7, > 7 and L, > tU the quasi-steady, locally homogeneous assumptions under-
lying Eq. (11.17) are valid, and likewise for Eq. (11.18) (Problem 11.18). Using
7 = 0.1z; /w, (Figure 11.10), z; = 1000 m, U = 10 m sl and w, = I ms™!,
these are 7, > 100 s, Ly >> 1000 m. In many situations these criteria should
not be difficult to satisfy. Then if in addition the stress budget behavior on which
Eqs. (11.17) and (11.18) are based holds over a reasonable range of —z; /L values,
these eddy-diffusivity expressions could be useful in applications.

© Deardorff’s LES calculation, which used 403 grid points on a CDC 6600 “mainframe” computer, ran a factor of
10 slower than real time. In late 2007 a comparable 40% LES code on a dedicated, single processor of an IBM
SPS ran 16 times faster than real time — a factor of 160 faster than Deardorff’s code. (Peter Sullivan, personal
communication.)
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11.3 The mixed layer: conserved-scalar fields

In ahorizontally homogeneous ABL the mean value C of a conserved scalar satisfies

ac N dcw an19)
a0z ’
As indicated in Figure 11.1, in general cw is nonzero at the bottom and top of

the mixed layer. In a horizontally homogeneous situation where 9C/dz does not
depend on time, cw varies linearly with z (Problem 11.14).

11.3.1 “Top-down” and “bott p” diffusi

Since a conserved scalar constituent ¢ is governed by a linear differential equation,
we can superpose its solutions in the same velocity field. Thus we can consider
separately the C profiles that result from the scalar fluxes at the top and bottom
of the mixed layer. We’ll call these individual p p-de and 1
diffusion. These labels refer not to the direction of the scalar flux, but rather to
where the flux is applied.”

‘We’ll consider dynamically passive scalars — ones that do not affect the velocity
field — in a quasi-steady, horizontally homogeneous CBL. Temperature and water
vapor are not passive, for they induce buoyancy forces. But we’ll assume that two
conserved s
turbulence field diffuse identically, so that one can infer the diffusion properties
of temperature and water vapor in a given velocity field from those of passive,
conserved tracers diffusing in that velocity field.

We write the scalar flux profile as the sum of two linear sub-profiles, each with
one nonzero boundary flux:

s with the same boundary and initial conditions and in the same

Cw(z) = cwo + (€w) — cwp) i = cwo (1 - Zi) + o (i) . (1120
Zi i i

The right panel of Figure 11.11 sketches an example of top-down diffusion of a

trace constituent ¢. There is a positive flux of constituent at the top of the mixed

layer and zero flux at the surface. Here the top flux is due to the entrainment of

air with lower constituent concentration (¢ negative) in downward (w negative)

turbulent motion and higher-concentration, boundary-layer air in upward motion.

In a quasi-steady state the cw profile is linear, with dcw/dz positive so that 9C /9t
is negative, as sketched.

A bottom-up case is sketched in the left panel of Figure 11.11. Here the flux

divergence is negative so that C increases with time. Here the entrainment at the

i Inupper-oce: the top is the and the bottom is the surface.
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Figure 11.11 Sketches of profiles of the mean value and vertical flux of a conserved
scalar in bottom-up (left) and top-down (right) diffusion. From Wyngaard (1987).

mixed-layer top, in conjunction with the change in C that develops across the
interfacial layer, will generate top-down diffusion as well. Thus the bottom-up
process, unlike the top-down one, is unlikely to exist alone.

A natural question is whether top-down and bottom-up di:
properties. This would be the case in a flow with statistical symmetry about its
horizontal midplane — for example, convection between parallel plates, the bottom
plate heated and the top plate cooled, the two surface heat fluxes being equal in
magnitude. Here the profiles of the eddy diffusivities Ky and K are symmetric
about the midplane: K((1 —z/z;) = Ky(z/z;). But since the ABL is not symmetric
about its midplane, top-down and bottom-up diffusion in the ABL should also lack
that symmetry."

To examine this asymmetry we use the linearity of its conservation equation
to represent a conserved scalar field as the sum of top-down and bottom-up parts
coexisting in the velocity field:

ion have the same

=G +6G, C=C+Ch c=c+cp (11.21)

The simplest mixed-layer similarity hypothesis is that the mean scalar gradient in
each process depends only on the boundary flux, the mixed-layer scales w, and z;,
and z:

aC, cw 9Cy

92 w*zigl(3/21)< P

z/zi), (11.22)

where g and g, are dimensionless functions. Then the symmetry question is whether
8v(z/zi) = gl —2/z).

In fact, one expects that turbulent boundary layers in general lack that symmetry.
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Figure 11.12 LES calculations of the dimensionless mean-gradient functions g,
and g defined in Eq. (11.22). From Moeng and Wyngaard (1984).

11.3.1.1 Early LES results
Moeng and Wyngaard (1984, 1986a, 1986b) used LES with 40° grid points to sim-
ulate the diffusion of passive, conserved “dyes” in a CBL with —z; /L ~ 10. A
blue dye was emitted continuously from the surface; in quasi-steady state it expe-
rienced both bottom-up and top-down diffusion. A red dye continuously entrained
into the CBL from above experienced only top-down diffusion. The function g,
Eq. (11.22), was determined directly from the red-dye field:

wszi 0C
cw, 0z

o= (11.23)

From the decomposition C = C}, + C; and the definitions (11.22) of the gradient
functions we can write

0.2i (0C  Tw)
. ( + g.). (11.24)

cwg \ 9z wyzi

which with g¢ now known allowed gy, to be evaluated from the statistics of the blue
dye field.

The resulting dimensionless mean-gradient functions g, and g are shown in
Figure 11.12. The sign change in gy, at z =~ 0.6z; is caused by a sign change in the
mean gradient dCy,/dz: since the bottom-up flux is nonzero there, this implies a
singularity in the bottom-up eddy diffusivity Ky at that point. K is well behaved.
Thus the eddy diffusivities for the two processes are indeed not symmetric.

Based on LES studies Patton ez al. (2003) proposed modified forms of g; and gy
overa plant canopy. Wang ez al. (2007) have attempted to determine them from long-
term, well-calibrated, point measurements of carbon dioxide mixing ratio over a
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Figure 11.13 LES calculations of the budgets (11.26) of the bottom-up flux (left)
and (11.25) of the top-down flux (right) of a conserved scalar. The terms are
nondimensionalized with w,, z;, and the boundary flux. The scale between —1 and
1 on the abscissa is linear. M, mean-gradient production; 7', turbulent transport;
B, buoyant production; P, pressure destruction; S, subgrid term. From Moeng and
Wyngaard (1986a).

forested site. Previous attempts had been unsuccessful, in their view largely because
of the difficulty of making these measurements.” The Wang er al. (2007) results
were qualitatively consistent with those from LES but not all differences between
them could be explained.

The turbulent-flux budget (8.71) can give insight into the behavior of eddy dif-
fusivity. In horizontally homogeneous conditions it becomes, for the top-down and
bottom-up scalar cases,

dew dow?  g— 1 [ dp
—0=— _ Sl — — —, 11.25
o v PR L (11.25)
0= M + T + B + P
dcpw —3Cy,  dcpw? g 1 ap
0= _g20C _ B —(a2). 11.26
ot Y T e T 9z (1126

The terms on the right side are M, mean-gradient production; 7', turbulent transport;
B, buoyant production; and P, pressure destruction.

Figure 11.13 shows these budgets as calculated with 40° LES by Moeng and
Wyngaard (1986a). They are not only asymmetric, but also quite different. The
top-down budget is dominated by the gain through mean-gradient production;

©* As discussed in Chapter 2, the variance of the difference between a time-averaged point measurement and the
ensemble mean scales with the integral scale/averaging length, whereas the corresponding quantity for area-
averaged LES fields scales with the square of that ratio. As a result, time-averaged single-point measurements
tend to have much more scatter than area-averaged LES results.
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buoyant production is generally smaller, and the loss terms are turbulent trans-
port and pressure destruction. In the bottom-up budget buoyant production, not
mean-gradient production, is the principal source; mean-gradient production and
turbulent transport are generally smaller, and the principal loss term is pressure
destruction.

11.3.1.2 Scalar variances

With the top-down, bottom-up decomposition (11.21) we can write the variance of

a passive, conserved scalar ¢ as

>
t

& =+ 2e0 + B (11.27)

The simplest scaling hypothesis that accounts for the scalar flux at mixed-layer top
takes the governing parameters for ¢ statistics to be wy, z;, and cw; those for ¢y
statistics to be wy, z;, and cwy; and those for their joint statistics to be w, z;, cwo,
and cwy. Thus from Eq. (11.27) Moeng and Wyngaard (1984) wrote

2= (7 ) e +2(‘“’l“uﬂ) fie/ai) +( ”) fote/a).
’ (11.28)

They found that in midlayer fi, ~ 1, fi, ~ 1, fi ~ 6.
The correlation coefficient of the top-down and bottom-up scalar fields is

[y fio
(EE)”Z (fef)/?

where sgn means “the sign of.” Moeng and Wyngaard (1984) found that |rg| ~ 0.5
in mid-CBL. The positive sign of fi, has interesting implications. For example, if
two species are diffusing into the mixed layer, one from above and one from below,
then cwy is positive, cw is negative, and in midlayer ry, >~ —0.5. If the two species
undergo a binary reaction, the mean reaction rate is

o =

————sgn(cwy cwy), (11.29)

mean reaction rate o ¢1¢y = C1Ca + ¢1¢2. (11.30)

Because Eq. (11.29) says that ¢jc; is negative here, the mean reaction rate is less
than the mean concentrations would indicate.

‘We saw in Figure 11.13 that the top-down and bottom-up scalar flux budgets have
significant buoyant-production terms. For w6 and We these terms are proportional
to 62 and fc, respectively. By using the top-down and bottom-up decomposition
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for 6 and ¢ we can derive, using the approach in Eqs. (11.27) and (11.28) (Problem
11.16), the following expressions for the profiles of f¢ and 62:

— whywey A . . we
Oc=——=—|RoRefi+(Ro + R)fw + fo|. Ro s Re=—rmi,
w? wo weo
(11.31)
— Wl)? S
02 = 0 (R2 fi+2Ro fio + o) - (11.32)
w*

Equations (11.31) and (11.32) show that unless R, = Rp, i.e., unless the top/
bottom flux ratio R is the same for the scalar ¢ and #, the buoyant production term
in the dimensionless budgets of w# and W¢ will not be the same. The nature of the
CBL makes Ry negative, but R, can be positive, as for water vapor in a CBL over
an evaporating surface with drier air in the capping inversion. Thus the two flux
budgets, and the two eddy diffusivities, are apt to differ.

11.3.2 Generalizations of K-closure for scalars

‘We have seen that in top-down diffusion (where the flux of c-stuff is nonzero at the
top of the mixed layer and zero at the bottom) K appears to be well behaved, but
in bottom-up diffusion K is significantly larger and has a midlayer singularity.

This latter phenomenon was characterized earlier by Deardorff (1966), for exam-
ple, as “the existence of upward heat flux, wl > 0, with vanishing or counter
(positive) potential temperature gradient, 0 /dz > 0.” He cited several studies in
which this had been observed, beginning with the Great Plains Turbulence Field
Program in 1957. It is also evident in high-resolution LES (Moeng and Wyngaard,
1989). Here the mean-gradient production term in the temperature variance budget
(10.44) is negligible or even a slight loss term; the gain is by turbulent transport of
variance from below.

Because the simplicity of K-closure is attractive in numerical modeling, this
evidence of its misbehavior stimulated early efforts to develop improved versions.
The simplest is the modified form suggested by Deardorff (1972b),

— 90
wh = —-K <f*y9>~ (11.33)
az

with a simple model of the w6 conservation equation (10.48) used to estimate
v as g02/0ow?. Holtslag and Moeng (1991) obtained another estimate through a
different model of that equation.
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Using results of the Moeng and Wyngaard (1989) 96> LES runs, Holtslag and

Moeng (1991) also derived an expression for K in the flux-gradient form (11.33):

K= M R. = W, [cw. (11.34)
(I —2/zi)Ki + Re(z/zi) Ky

Here I?, and I%,, are the top-down and bottom-up eddy diffusivities K, and K,
modified to be compatible with the modified flux-gradient expression (11.33):

o 4/3 N2 o 2 N3
K z 4 K z
b :(,) (1_;> K& :7(7) (1_i> L1139
WyZi Zi Zi WxZi i Zi
Fiedler (1984) discussed the generalization of the eddy diffusivity to the integral
form

we(z, 1) = f Dz, z')%C(z'. 1dz, (11.36)

which is the physical-space version of the “spectral diffusivity” model of Berkowicz
and Prahm (1979). Stull’s (1984) “transilient turbulence” closure is also of this
general form. Hamba’s (1993) two-term eddy diffusivity expression for conserved
scalars,

mee €k 9’C

we = Py + K> PN
can reproduce the Moeng and Wyngaard (1984) results for top-down and bottom-up
diffusion.

(11.37)

11.3.3 Generalized mixed-layer similarity

Equations (11.21) and (11.22) generalize the mixed-layer similarity statement for
a mean scalar gradient in the quasi-steady, horizontally homogeneous mixed layer
to include the flux of the scalar at the CBL top:
aC cw cwo
=- &(z/zi) — oz 8v(z/zi). (11.38)

0z WsZj Zi

A typical profile of vertical flux of virtual potential temperature in the CBL is
sketched in Figure 11.1. When Eq. (11.38) is used for © the negative flux of virtual
temperature at the top, caused by entrainment of the capping inversion, makes the
two terms on its rhs of opposite signs. The resulting © profile can be nearly uniform
in the CBL. This is no doubt the origin of the term mixed layer and the erroneous
notion that within it conserved scalars are “well mixed” (constant).



11.4 The interfacial layer 259

"= 0(2)-0(0) ©'=0(2)-0(0)

-2.0-1.0 0 1.0 2030 4.0 -2.0-1.0 0 1.0 20 30 40
T T 7T T T T

15

Sterling, CO

10, 1400 L 71 _
z
% o
05 7 o
P
0 1
0 05 10 5 0 05 10
Q"= Q(2)/Q(0) Q*=Q(=)/Q(0)
Figure 11.14 Mean radiosonde profiles of potential temperature and specific

humidity measured in the midday, clear-weather CBL in Sterling, Colorado (left)
and Wangara (right). The center, heavier lines are the mean over 33 days (Sterling)
and 9 days (Wangara), and the thinner lines represent +1 standard deviation. From
Mahrt (1976).

Water vapor mixing ratio in the CBL over an evaporating surface provides an
everyday counterexample of an “unmixed” mean scalar profile. A typical water-
vapor flux profile, with the top flux also positive due to the entrainment of drier air
aloft, is sketched in Figure 11.1. Here the two terms on the rhs of Eq. (11.38) are
of the same sign, which typically gives a detectable mean gradient of water-vapor
mixing ratio in the mixed layer.

Figure 11.14 illustrates this point through mean profiles of specific humidity (a
conserved water-vapor variable) and potential temperature in the mixed layer. The
averaging of 33 radiosonde profiles has removed much of the instantaneous detail,
revealing mean profiles that suggest a significant vertical gradient of mean specific
humidity but an essentially zero gradient of mean potential temperature.

11.4 The interfacial layer

11.4.1 The entrainment flux
The top of the CBL is locally and instantaneously quite thin; averaging over time,
space, or an ensemble produces a much thicker interfacial layer. Its thickness
Ah = hy — hy (Figure 11.1) is a good fraction of z;, according to the convection-
tank experiments of Willis and Deardorff (1974). It maintains the entrainment fluxes
of momentum, potential temperature, water vapor, and trace constituents at the top
of the mixed layer.
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We’ll illustrate with the entrainment flux of potential temperature, relaxing
slightly our usual assumption of horizontal homogeneity to allow a nonzero mean
vertical velocity W. This implies a nonzero divergence of the horizontal wind
field, since to a good approximation dU /dx + dV /dy + dW/dz = 0. The mean
potential temperature equation is then

EIC) 90 Jwh
— =0. 11.39
ar dz 9z ( )

We integrate Eq. (11.39) from z;, the height of maximum negative temperature flux
(Figure 11.1), to hy, where the flux vanishes. In integrating the first term we use
Leibnitz’ rule in the form

9 ha(t,

) dhy az;i h2 9@
©dz=O(h) 57 ~ OG5 +f — (11.40)

o Jz

For the second term we use the mean-value theorem in the form
)
/ Waidz =Wh)[OM2) —0z)],  zi < hw < ha. (11.41)

Since w0 vanishes at s, the third term integrates to —wh(zi).

The interfacial layer thickness typically is in the range 0.2-0.6 z;, but nonetheless
it is conventional here to take the limit as hy — z; — 0, giving a jump model of
the interfacial layer. In this zero-thickness limit several terms in the integral of
Eq. (11.39) vanish (Problem 11.21). The resulting expression is

wh(z;) = why = — <% - W(z,)) [(")(hz) - (»«)(z,-)] =—w.AB®. (11.42)
we, the entrainment velocity, is the mean rate of erosion of the nonturbulent fluid
by the turbulent fluid. If we = —W the rate of entrainment is balanced by the mean
subsidence, so dz; /8t = 0. This happens often in the marine boundary layer under
steady synoptic conditions. Over land, we usually exceeds |W| in the morning and
early afternoon hours, allowing z; to grow. Under a high-pressure system Ekman
pumping (Chapter 9) causes W to be negative, suppressing the growth of z; and
thereby limiting the formation of the small cumulus at the top of the mixed layer.
We often have clear skies in high-pressure areas.
The jump equations for the fluxes of momentum and conserved scalar ¢ are

uw; = —weAU, W = —weAV, wep = —wAC. (11.43)

Clearly, the entrainment velocity we is an important parameter.
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11.4.2 The entrainment velocity

The mixed layer over land typically deepens at a few tens of meters to perhaps
100 m per hour (~ 1-3cm s~'). But the convective velocity scale wy is typically
at least 1 m s~ and often larger. Why is we < w?

The answer lies in the effects of stability on turbulence. In the interfacial layer
the buoyant production term represents a rate of TKE loss because w# is negative
there. Thus the turbulent energy budget under quasi-steady conditions says:

rate of TKE gain from shear production, turbulent and pressure transport

= rate of TKE loss to viscous dissipation and buoyancy. (11.44)

If the underlying boundary layer is in free convection the shear production term
vanishes, and it can also be quite small in a barotropic CBL. In such cases the only
source term in the TKE budget is turbulent and pressure transport from below.

In the interfacial layer capping a convective ABL we can estimate this transport
term as of order wi/Ah, with A% the thickness of the interfacial layer (Figure 11.1).
If Ah scales with z;, this is of order wi/z,A Therefore a flux Richardson number
characteristic of interfacial-layer turbulence is

__ rate of energy loss to buoyancy rweAO
" rate of energy gain by transport wi/z

(11.45)

Observations suggest that Ry in steady turbulence cannot exceed a relatively small
value, say 0.2-0.3; at larger values the turbulence is extinguished.
‘We can look at this another way. If in the interfacial layer Ry — constant = a,
then a crude statement of the TKE budget there is
3
_ 88, = a2, (11.46)
o i
1t then follows from the definition of w, that —w#;/Qy = a. This is a common
closure in CBL modeling — that the entrainment flux of temperature is a constant
negative fraction of the surface flux.
Another Richardson number, one characteristic of CBL structure (Prob-
lem 11.21), is (Deardorff and Willis, 1985)

L AG
H()”'AO

R.= (11.47)

3
wy
R, is typically large; for example, if z; = 1 km, A® = 1 K, w, = 1 ms™!, then
R.. = 30. The definitions of R and R, Eqs. (11.45) and (11.47), imply that they
are related by
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Ry
R w
Thus with R, = 30 and Ry = 0.3, for example, we ~ 0.01w,. This is very small
indeed.

e (11.48)

In the interfacial layer the intensity of turbulent fluctuations decreases from the
mixed-layer values to the much lower values typical of the essentially nonturbulent
free atmosphere above. Thus, we expect the eddy diffusivity in the interfacial layer
to be less than in the mixed layer, and vertical mean gradients to be larger. If we
know the value of a mean property — mean velocity, temperature, water vapor mixing
ratio, say — in the free atmosphere just above the ABL and the value at the surface,
it is not clear a priori how the changes in this mean property are distributed across
the surface layer, the mixed layer, and the interfacial layer. One can model each
layer, however, and estimate the profile from the resulting coupled set of equations.

In this way one finds that the baroclinic, convective ABL tends to concentrate its
mean wind shear within the interfacial layer. The “jump conditions™ of Eq. (11.43)
imply that the turbulent kinetic energy budget there will have positive-definite shear
production terms,

] — 2 5

uw % w 3. = ah [(AU) + (AV) } (11.49)
Even in barotropic cases we saw there is a mean wind jump across the interfacial
layer in order to meet the geostrophic upper boundary condition on the mean wind.
‘We conclude that there typically is non-negligible shear production in the interfacial
layer. If so, the concept that Ry — a in the interfacial layer implies that the ratio
of the negative flux of entrainment and the surface flux can exceed a.

Questions on key concepts

11.1 Discuss the three-layer structure of the CBL.

11.2 Discuss the notion of mixed-layer similarity, giving examples of statistics
that do and do not follow it.

11.3  Discuss the behavior of the TKE budget in the CBL.

11.4  What is K-closure? Why is it so difficult to assess its reliability in the mixed
layer? Why could it be easier to evaluate with numerically computed fields?

11.5 Explain the shape of the mean profiles in the CBL as represented in
Figure 11.6.

11.6  Explain why it is so difficult to evaluate the mean-momentum balance from
observations in the ABL.

11.7 Explain how the budgets of Reynolds stress and scalar flux can be used to
produce expressions for eddy diffusivities.
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11.8  Explain what is meant by top-down and bottom-up diffusion. Why can the
first exist alone, but not the second?

11.9  Explain the physical meaning of the finding that the correlation coefficient of
top-down and bottom-up scalar fields is negative when both boundary fluxes
are into the CBL.

11.10 Explain why the CBL is often “well mixed” in © but not in Q.

11.11 Explain the concept of entrainment velocity.

11.12 Explain physically why the entrainment velocity is typically much smaller
than the turbulence velocity scale u.

11.13 Explain why the ABL is apt to be baroclinic. Why is this not true of
engineering boundary layers?

11.14 Explain physically why the vertical flux of temperature is a source of TKE
in unstable stratification and a sink in stable stratification.

Problems

11.1  Explain why the concept of mixed-layer similarity is consistent with that of
local free convection.

11.2 Develop a criterion for the negligibility of the effects of horizontal inhomo-
geneity and time changes on mixed-layer similarity.

11.3  Discuss the a ing-ti qui for stress in the CBL.
Does it explain why we know so little about stress profiles there?

11.4 Discuss the failure of mixed-layer similarity for scalars in the context of the
right panel of Figure 11.2. What does that figure suggest also about the M-O
similarity of scalars?

11.5 Examine the potential importance of the term that horizontal advection of
mean momentum produces in the mean-shear equation. Is it likely to be as
important as baroclinity?

11.6 Interpret physically the reason why the correlation coefficient ry in
Eq. (11.29) is nonzero. What sign do you expect it to have?

11.7 Generalize Eq. (11.42) to the more realistic case of finite depth of the
interfacial layer. Does it have an appreciable effect on the result?

11.8 Interpret in the context of the mixing-length model the failure of the eddy-
diffusivity model for diffusion of a conserved scalar in the CBL.

11.9 Stress measurements in the CBL are plagued by scatter, as Figure 11.8
indicates. How would area averaging help this? Use the expression for
convergence of a spatial average to the ensemble average.

11.10 Derive the conservation equation for w* in a CBL. Simplify it as much
as possible. What is its principal source term? Does it explain why w? is
positive?
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11.11 Derive the conservation equation for 6% in a CBL. Simplify it as much as
possible. What is its principal source term? Use it to predict the sign of 63,

11.12 What do the results of Section 1.3 imply about the vertical diffusion of trace
species in cloud layers?

11.13 Discuss the influence of the parameter m = fz; /w, on the mean wind profile
in a baroclinic CBL. Can you interpret m physically?

11.14 Use Eq. (11.19) to show that the scalar flux profile is linear in a quasi-steady,
horizontally homogeneous ABL.

11.15 Derive the Poisson equation for pressure by taking the divergence of the
Navier—Stokes equation. How does it indicate that the pressure field in the
ABL is fundamentally different from that in a constant-density engineering
flow?

11.16 Using the approach in Eqs. (11.27) and (11.28), derive Eqs. (11.31) and
(11.32). Assume that any two ¢;, and any two ¢, are perfectly correlated.
(Is that a reasonable assumption? Discuss.)

11.17 Derive Deardorff’s expression for yy in Eq. (11.33). Use the scalar flux con-
servation equation (10.48), assume the turbulent transport term is negligible,
and model the pressure-destruction term with a Rotta time scale.

11.18 Show that if 7, > 7 and L, > tU the time-change and horizontal advection
terms in the stress budgets Eqs. (11.14) and (11.15) are negligible.

11.19 Develop a criterion for the negligibility of the time-change term in the mean-
momentum balance (11.3). Then show that this criterion can be difficult to
meet in practice.

11.20 Show that Eq. (8.69) does yield the TKE budget (11.2) for a horizontally
homogeneous ABL. Why does the Coriolis term vanish?

11.21 Explain why R, Eq. (11.47), is characteristic of CBL structure.
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12
The stable boundary layer

12.1 Introduction

The stable boundary layer (SBL) is as different from the convective boundary layer
(CBL) as night is from day. The SBL is typically much thinner and much less
diffusive; chimney plumes in the stable air just after sunrise can travel intact for
long distances, quite unlike those in midday. The decrease in surface wind speed
around sunset on a clear day, which is prominent in wind climatologies (Arya, 2001),
is also evident to casual observers. Figure 12.1 shows the root cause: in a given
mean horizontal pressure gradient the surface mean wind speed is lower in stable
stratification than in neutral or unstable stratification. Thus the lower nocturnal wind
speeds tend to persist until the initiation of a CBL at sunrise.

‘We gave examples of SBLs in Chapter 9. The two sketched in Figure 9.7 are
made stably stratified by flow over a cooler surface and by entrainment of warmer
air aloft. Perhaps the most common example is the nocturnal SBL over land in
fair weather. Another is the “long-lived” SBL at the South Pole; it is caused by
a combination of a temperature inversion over a cooled, sloped surface and the
typically downslope orientation of the mean pressure gradient (Neff e7 al., 2008).

As we’ll see, turbulence in the SBL tends to be in a delicate dynamical balance,
and so SBL structure tends to be more difficult to study and to parameterize than
that in the CBL. But through analytical, computational, and observational studies
it is gradually yielding to understanding.

The material in this chapter is arranged as follows. We’ll begin with an overview
of the energetics of stably stratified turbulence and the notion of a degree of stability
past which turbulence cannot exist. We’ll then discuss some applications of second-
order closure and LES to the SBL. Section 12.2 surveys the familiar late-afternoon
transition of the ABL over land — the response of the flow near the surface, the
inertial oscillation aloft in what was the previous afternoon’s CBL, and treating the
effects of sloping terrain and gravity waves. In Section 12.3 we’ll discuss some
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Figure 12.1 Left: Profiles of mean wind components in an SBL, in coordinates
aligned with the surface wind, as calculated through LES. Right: The profile of
mean wind speed, and for comparison a CBL mean speed profile calculated from
Wilson’s formula, Eq. (10.18), with L = —15m, z0=0.01 m, u. =046 ms~", and
the same mean horizontal pressure gradient. The contrast in surface-layer mean
wind speeds between the CBL and SBL cases is striking. LES data courtesy Peter
Sullivan, NCAR.

of the important features of the quasi-steady SBL — its limiting structure near a
cooled surface and below a capping inversion, its equilibrium height formula, and
its limiting surface heat flux; the generalization of its height formula to a range of
neutral and stable ABLs; and LES-based insights into SBL structure. In Section 12.4
we’ll cover some of the important dynamical and structural features of the evolving
SBL, and in Section 12.5 we’ll discuss models of equilibrium SBL depth.

12.1.1 Energetics of stably stratified turbulence

The interfacial layer that caps the CBL (Chapter 11) is stably stratified, but its
TKE budget has two gain terms: shear production and turbulent transport from
the CBL below. The first involves the Reynolds stress, which can be extinguished
by sufficiently strong stable stratification. But the roots of the transport term lie
outside the interfacial layer, so we would not expect it to be sensitive to this stable
stratification. By contrast the SBL has TKE gain only through shear production,
and so its turbulence, unlike that in the interfacial layer, tends to be quite sensitive
to stable stratification. Figures 12.2 and 12.3 show the rapid decay of turbulence
parameters after the onset of surface cooling and stable stratification.

The dynamical balance of shear-driven turbulence is not considered delicate.
Why does stable stratification change this?

The answer lies in the different natures of the TKE loss to viscous and buoyancy
forces. Viscous forces directly impact only the smallest eddies; in equilibrium their
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Figure 12.2 Time histories of 1-m temperature, friction velocity u,, and surface
in the 1973 Mi experiment. From Caughey
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Figure 12.3 The late-afternoon decay of the friction velocity u, in Run 2 of the
1973 Minnesota experiment. The solid line is the prediction of a second-order-
closure model. From Wyngaard (1975).

mean rate of energy loss through viscous dissipation is balanced by their mean
rate of gain through the Kolmogorov energy cascade (Chapter 6). If the rate of
viscous dissipation were larger than the cascade rate, the kinetic energy of the
dissipative eddies would decrease, decreasing the dissipation rate — and vice versa.
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But buoyancy directly impacts only the energy-containing eddies significantly;
excessive stability extinguishes them, which shuts down the energy cascade and
extinguishes the rest of the turbulence.

‘We’llillustrate with the component kinetic energy budgets, Eq. (8.69), for a quasi-
steady, horizontally homogeneous, stably stratified surface layer. Wyngaard and
Coté (1971) found that turbulent transport is small compared to shear production
and dissipation. The Kansas observations suggest that pressure transport is also
small, so we rewrite the pressure covariances and express the component energy
budgets to a first approximation as

10u? U 1 ou e
A N L L L 12.1
2 ot o 0z +/anii): 3 azn
195707 179 e 122)
290 T Py T3 -
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The buoyancy term in Eq. (12.3), now being negative, represents the mean rate
of loss of w?/2 by working against buoyancy forces (Chapter 9). The spectral
dynamics (Chapter 16) indicates that this rate of loss occurs in the energy-containing
range of the w field. The viscous dissipation term in Eq. (12.3) is another mean
rate of loss, so the pressure-covariance term must provide the balancing mean
rate of input of kinetic energy that allows steady turbulence. Since the pressure-
covariance terms in the three budgets sum to zero by incompressibility, we see that
w? is maintained at a nonzero value solely by intercomponent energy transfer —

i.e., transfer of kinetic energy from horizontal velocity fluctuations to vertical ones
(Chapter 5).

In Chapter 9 we introduced the gradient Richardson number; in surface-layer
coordinates it is

(12.4)

The surface-layer observations of Kondo ez al. (1978) show that temperature and
velocity signals tend to be fully turbulent for Ri < 0.2, but for more stable conditions
intermittent turbulence appears, especially in the temperature field. As Ri increases
further the fluctuations become more intermittent, weaker, and finally disappear.
This intermi 'y makes the understanding, and parameterization
of the nocturnal SBL particularly challenging.

Nieuwstadt (2005) used direct numerical simulation of channel flow to study
the maintenance of turbulence in stable stratification. The flow was horizontally
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homogeneous and driven by a pressure gradient; it had a no-slip boundary condition
on the lower wall and a free-slip (stress free) wall at the top. He computed neutral
turbulent flow as an initial condition and then continued the computations with a
constant, negative heat flux imposed at the bottom wall. He found that the flow
continued to be turbulent only for /L < 0.5."

Nieuwstadt also found that weak stable stratification increased the rate of viscous
dissipation, which in equilibrium required an increase in the rate of shear pro-
duction. The interpretation is that the stable stratification, whose damping effects
are strongest for the largest eddies, Eq. (10.38), decreases ¢ and hence increases
€ ~ u? /€. The resulting increase in the rate of shear production was larger than the
rate of loss to buoyant destruction.

12.1.2 Second-order-closure modeling of the SBL

Numerical modeling has been applied to the ABL since the 1960s, and “second-
order closure” came into use in the 1970s. As in the engineering community
(Chapter 5), as experience was gained with the models the hopes for their uni-
versality dimmed. Fine-mesh LES “data bases” facilitated the testing of models
in atmospheric applications, and in this way Moeng and Wyngaard (1989) con-
cluded that typical shear-flow closures for dissipation rate and turbulent transport
performed poorly in the CBL.

Second-order models seemed to perform better in the SBL, where the turbulent
transport terms in second-moment budgets (Chapter 5) are much less important
than in the CBL and simple closures for pressure covariances appeared to suffice.
Delage (1974) used an eddy-diffusivity model with a rate equation for TKE to
explore SBL structure with results that seemed quite physical. Many such studies
followed, including the second-order closure calculation of Wyngaard (1975) that
was “tuned” in part with the Kansas observations. It reproduced well the evolving
surface-layer properties measured in the 1973 Minnesota evening runs.

This model system spawned the much simpler SBL model of Brost and Wyngaard
(1978). By neglecting the turbulent-transport, time-change, and Coriolis terms in
the second-moment equations and replacing a highly parameterized e rate equation
with € 2 u? /¢ and a model for ¢, they converted the set of eleven partial differential
equations to eight algebraic equations for second moments (Fitzjarrald, 1979). The
solutions of the BW set were quite similar to those of the original model system.

Nieuwstadt (1984) then showed that the BW set of algebraic equations, when
nondimensionalized with the local kinematic stress magnitude 7(z) = [(@w)> +
(vw)?]"/2 and the local vertical temperature flux w0(z), has solutions that depend
only on the local Monin—Obukhov length

1.25 in Nieuwstadt’s convention, in which L is defined without the von Karman constant.
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Nieuwstadt named this property local scaling. It implies that a turbulence quantity
in this set, made dimensionless with the local fluxes of temperature and momentum,
is a universal function of z/ A (z). Nieuwstadt viewed local scaling as ““an extension
of Monin—-Obukhov similarity to the whole stable boundary layer.”

Nieuwstadt also pointed out that for z > A the set should display the “z-less scal-
ing” observed in the very stable surface layer (Chapter 10). Physically, this means
that under very stable conditions the length scale of the turbulence is determined
by the local length scale A rather than by z.

Nieuwstadt presented data taken under stable conditions along a meteorological
mast at Cabauw, the Netherlands. The results in “local-similarity” coordinates —
variables measured at a given height z, made dimensionless with the fluxes at that
height, and plotted against z/A — supported the local-scaling hypothesis and the
concept of a z-less limit.

The Monin—-Obukhov length L is independent of height, so as we saw in Chapter
10 we can use ¢y, (z/L), 79, and Qg to calculate U (z), for example. But in local
scaling A = A(z), 5o to obtain vertical structure one needs 7(z) and w8 (z). With
the closure assumption that both the flux and gradient Richardson numbers are
constant at 0.2, Nieuwstadt (1984) found analytical solutions for these flux profiles
in stationary conditions:

wh = Qo(l —z/h), ©=ul(l—z/h)*> (12.6)

12.1.3 Large-eddy simulation of the SBL

Among the first applications of large-eddy simulation (LES) to the SBL was that
of Mason and Derbyshire (1990). They used a grid of 40 x 32 x 62 points in
a domain 1000 m deep over uniform, flat terrain; the horizontal resolution was
about 12 m. Finding great difficulty in starting runs from stable conditions (the
turbulence tended to decay), they began with a neutral turbulent boundary layer
and then applied cooling to the lower surface. Their three stably stratified cases ran
for about two hours after the onset of cooling. Case B had a rather small surface
temperature flux (—0.01 m s7! K), as in some of the Minnesota runs (Figure 12.2);
Case C had a flux of three times that; and D had a constant cooling rate.

Their results did show the rapid decay of the friction velocity, as in Figure 12.3,
and the establishment of a thin, quasi-equilibrium, stably stratified boundary layer
within two hours. Case B had an equilibrium boundary layer depth of about 200 m;
the flux and gradient Richardson numbers increased monotonically to about 0.2 at
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the boundary-layer top. In their conclusions they pointed to the broad agreement
with the models of Nicuwstadt (1984), as adapted by Derbyshire (1990), and of
Brost and Wyngaard (1978).

The subgrid model used by Mason and Derbyshire is the standard one
(Chapter 6) in which the deviatoric subgrid stress is taken to be proportional to the
resolved strain rate. This makes the rate of transfer of kinetic energy from resolved to
subgrid motions, which is the subgrid stress contracted with this resolved strain rate
(Chapter 6), positive definite. But this rate of transfer is known to be instantaneously
of either sign in turbulent flows —i.e., to or from the resolved motions. Subsequently
Kosovic and Curry (2000), contending that the standard subgrid model with one-
way energy transfer may not be appropriate for SBLs because it can cause spurious
laminarization of the flow, used LES with such two-way energy transfer to study
the SBL. Their results also agreed well with observations and with Nieuwstadt’s
analytical model.

12.2 The late-afternoon ABL transition over land

In clear weather, the net shortwave radiative flux at the surface (Figure 9.4)
approaches zero as the sun nears the horizon in late afternoon. The rate of energy loss
through longwave emission becomes the dominant term in the surface energy bud-
get, changing its net effect from surface warming to surface cooling. This changes
the sign of the vertical gradient of temperature at the surface, which changes the
direction of the surface heat flux (Problem 12.3). Above the diffusive sublayer on
the surface (Chapter 1) this now-downward heat flux continues to be carried by the
turbulence. Its divergence, supplemented by the divergence of radiative heat flux
(Garratt and Brost, 1981), causes the near-surface air to cool.

As time proceeds, turbulence diffuses this cooling upward in the boundary layer.
‘We’ll see that the effects of the resulting stable stratification increase with increasing
distance from the surface. Meanwhile the CBL turbulence well aloft decays as its
rate of input through buoyant production decreases to zero. This decay attenuates
the turbulent stress divergence term in the mean horizontal momentum budget,
which, as we’ll see, triggers an inertial oscillation in the horizontal wind field aloft.

12.2.1 The near-surface response

‘We’ll define transition as the time when the surface temperature flux Q¢ (Figure
9.5) changes sign. After transition the large, CBL-spanning eddies begin to decay,
and the emerging stable stratification also contributes to the decrease in surface
stress and near-surface mean wind speed (Problems 12.10, 12.11). Figures 12.2
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Figure 12.4 A schematic of the upward diffusion of stable stratification in the
young nocturnal SBL. The curve labeled zc (7) is the mean upper edge of the dif-
fusing cooling wave; the solid portion of the curve labeled z(7) is the mean height
above which the effects of this cooling are dynamically significant. The shaded
region between the curves is the region influenced by the stable stratification.

and 12.3 show time histories of near-surface temperature, friction velocity u,, and
Qo near transition in the Minnesota experiment.

Observational data on the late-afternoon CBL decay process are scarce, but LES
studies by Nieuwstadt and Brost (1986) gave some insight. They focused on a
somewhat different problem, the response of a quasi-steady CBL to the abrupt
zeroing of its surface heat flux. The decay of TKE began about one z; /w, time
after transition, the time scale of the decay being of order £/u ~ z; /w.. The decay
of temperature variance began sooner — perhaps because in a CBL with a negligible
or even slightly positive mean potential temperature gradient it has only one source,
turbulent transport from below.

A plausible model of the mean evolution of stable stratification in the nocturnal
SBL is the following. After transition z¢y (), the mean height of the top of the
surface-based cooling layer, Figure 12.4, moves upward through turbulent diffusion.
We'll take the initial surface-layer stratification as near-neutral, the initial vertical
velocity vey of this mean cooling wave as ~ u.., and the initial time trajectory of

Zew a8

Zew = Uewl ™~ Usl. (12.7)

At some height zg < z¢y the rate of buoyant destruction of ambient TKE caused
by the upward-diffusing stable stratification becomes dynamically important. We’ll
define zs as the height where the rate of buoyant destruction of TKE is a given
fraction a < 1 of the rate of shear production:

8

— ___ U
% wh(zs) =a uwh.;)g(h% (12.8)
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We require that zs not exceed the height z, to which the cooling wave has diffused:
z5(1) < zew(t). (12.9)

‘We’ll use neutral surface-layer scaling to approximate Eq. (12.8) as

3
, z:(x):aﬁwzm), (12.10)
o

3
2 0p = —at
00Q07 akz;

with L(z) the evolving M-O length. With the constraint (12.9) this gives

aL(t) = z5(t) < zew(D). az2.1mn

The shaded region zg < z < zcy sketched in Figure 12 nfluenced by the
growing stable stratification induced by surface cooling. Within an hour or so there
can be a shallow (no more than a few hundreds of meters deep) nocturnal SBL in
place.

12.2.2 The inertial oscillation aloft

As we discussed in Chapter 11, in the quasi-steady, horizontally homogeneous
mixed layer the mean horizontal momentum equations are

U duw

LY v =V >0,

at 0z (12.12)
v ovw .

PP + f(Ug —U) =0.
In the late-afternoon transition the turbulence aloft, which is supported largely by
buoyant production, begins to decay, causing the stress-divergence terms in these
equations to decay. Within a few large-eddy turnover times the mean momentum
equations have lost important terms and so the mean wind components begin to
evolve in time: U av
ﬁ:f(vag), W:f(Ug—U). (12.13)
Solution of the coupled equations (12.13) is facilitated by defining a complex
mean horizontal velocity W (z, 1) = U (z, 1) +iV (z, 1)." If the corresponding com-
plex geostrophic wind depends only on z, i.e., Wy(z) = Ug(2)+i Vg(2), the equation
for AW =W — Wy is
IAW
ot

* This is the conventional notation. The reader should not confuse W with the mean vertical velocity, which
vanishes here.

=—ifAW, (12.14)
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whose solution is (Problem 12.13)

AW(t) = AW (1) e /U710 = AW (19) [cos f(t — to) — i sin f(t —10)] .
(12.15)
with 7y the time at which the stress-divergence terms in Eqs. 12.12 have decayed
to zero.

Equation (12.15) can have important consequences for the clear-weather, night-
time behavior of winds at heights that on the previous afternoon were in the mixed
layer of the CBL. These follow from multiplying Eq. (12.15) by its complex
conjugate (indicated by an asterisk):

AW(t) AW (1) = \AW(:)\Z = AW (1) AW*(19) = constant. (12.16)
For the physical components of velocity this implies (Problem 12.14)
(AU +(AV? = [Uz. 1) = Ug@P + [V(z. 1) = Ve(@)]?

=[U(z, 10) = Ug(@)* + [V (z. t0) — Vi(2)]* = constant.
(12.17)

Equation (12.17) is a statement of kinetic energy conservation for a time-dependent,
mean horizontal flow having only pressure-gradient and Coriolis forces — a flow
with neither turbulent friction nor mean advection. When the flow has decayed to
a nonturbulent state we can drop the modifier mean and interpret Eq. (12.17) as
saying that the squared magnitude of the difference between the velocity and the
geostrophic velocity is constant in time. The direction of the horizontal velocity
changes with time, but its energy constraint (12.17) causes the tip of its vector to
trace out a circular path in the U, V plane. As sketched in Figure 12.5, the center of
the circle is (U, Vy); its squared radius is R = [U(m) - Ug]2 + [V(m) - Vg]z,
and its angular frequency around this circle is f. This phenomenon, discussed by
Blackadar (1957), is one cause of the nocturnal or low-level jet.

We’ll consider the cases where the initial state is a barotropic CBL (Figure
11.6) and a baroclinic CBL (Figure 11.8). In the barotropic case from Eqs. (11.6),
Figure 11.5, and Figure 11.6 we estimate

barotropic: AU &« AV ~u?/fz; ~5uy, (AU)* + (AV)? ~25u2. (12.18)
In the baroclinic case, from Figure 11.8 we take
baroclinic: AU = 5uy, AV = 10u, (AU’ +(AV)? = 12542, (12.19)

These show that the intensity of this inertial oscillation can be strongly affected by
baroclinity. In combination with the direction change due to the mean wind spiral
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Figure 12.5 A schematic of the nocturnal oscillation of the horizontal wind vec-
tor that can exist when turbulence above the SBL has decayed. The evolving
wind vector, with initial value [U (1), V (f9)], traces a clockwise (in the north-
ern hemisphere) path at angular frequency f on the circle of squared radius
R* = [U(tg) — U + [V (10) — Vel

and the stability-depressed mean wind speeds in the surface layer, within a few
hours this can create a substantial difference between the mean wind speeds at the
surface and at a few hundred meters height in the nocturnal boundary layer.

As discussed by Stull (1988), low-level jets are quite common and originate from
several types of forcing in addition to the one we discussed. Such jets can lead to
strong differences in nocturnal dispersion of effluents from surface and elevated
sources, and create both opportunities and hazards for wind-power generation.

Even though over land there is apt to be an SBL every night in clear weather, its
structure and dynamics are less well understood than those of the convective case.
‘We'll cover some of the reasons for this.

12.2.3 The effects of sloping terrain

The downslope buoyancy forces experienced by cooler, and therefore denser, air
over sloping terrain can be quite important in the mean momentum balance in the
SBL. We’ll analyze flow over flat terrain having a downslope of small angle 8 to
the horizontal by tilting our coordinates by 8 so the x and y axes are parallel to
the surface. With this tilting operation the horizontally homogeneous momentum
equations parallel to the surface (Caughey ez al., 1979) are

U  duw . g%

—+ =SV =V = -0'B,

at az 0o (12.20)
vV dvw )

. 87
ar v _u -2
at * az fW=0) 6o
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with By and g, the components of the downslope angle # and 6’ the deviation
from 6.

If we define the mean wind directionasa = tan~' (V /U), then from the evolution
equations (12.20) for U and V we can derive that for a (Problem 12.18):

dr ~ §?

-U
dz az

do 1 ( oww . oUW G ¢
7( >+f <§cosy71)+%§(vﬂ17Uﬁ)‘).

(12.21)

Here y is the angle between the geostrophic and mean winds. In the Minnesota
experiment the terrain-slope term in Eq. (12.21) had become important at z = 4m
by the mid-stages of each of the runs in Figure 12.2. In five of the seven runs its
magnitude reached f, which in mid-latitudes corresponds to a rate of turning of
the mean wind direction of 20 degrees per hour (Problem 12.19).

Given that few land surfaces are as level as the Minnesota site, we conclude
that drainage forces can be very important in the nocturnal ABL; they can foster
slope-driven local flows that evolve in time and interact in complicated ways.

12.2.4 An approach to treating gravity waves

The nocturnal ABL is also a rich medium for the growth and propagation of internal
gravity waves, which interact with turbulence. Coulter (1990) has reported acoustic
sounder measurements in which Kelvin—Helmholtz waves and instabilities above
the nocturnal SBL induced a factor of two to four modulation in rms vertical velocity
and other turbulence quantities within the boundary layer. Figure 12.6 shows an
acoustic sounder record from a late-night SBL with its characteristic evidence of
strong gravity waves.

Finnigan e al. (1984) have used the Reynolds and Hussein (1972) three-part
decomposition of flow variables, mean + turbulence + wave, to isolate the wave-
induced and turbulent motions in the nocturnal ABL and study their interactions.
That decomposition generalizes the ensemble-mean plus fluctuation decomposition
of velocity, pressure, and conserved scalar fields to

i=Ui+ul +uj, p=P+p +p', ¢=C+c"+c (12.22)

As usual the tilde indicates the full variable and a capital denotes the ensemble-
mean value, but now the superscripts w and t indicate the wave and turbulent parts
of the fluctuation about the ensemble mean.
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Figure 12.6 An acoustic sounder record from a nocturnal SBL with strong gravity
waves. Photo courtesy W. D. Neff. From Wyngaard (1988).

The decomposition of a variable @ = A + a“ + a' involves both phase and
ensemble averaging. The phase averaging is defined through

N—oo

N
- . 1 -
a® = lim (ﬁ E a + nr)) =A+a", (12.23)

n=1

since the phase average of a' is zero. Under stationary conditions a time average
converges to the ensemble average, so in practice one determines the mean part A
through

1 (T
A= lim —f a(r)de. (12.24)
T T Jo
Thus, taking the time average of @ gives its mean part A; subtracting the mean
A from the phase average of @ gives the wave part @"; and subtracting the phase

average A + a" from & gives the turbulent part a'.
The averaging rules (Finnigan ez al., 1984) are

(@)*=0.

ab=ab, (@b =a"b*, (@b’ =abP,

@=a a=a ab=@bh)P=0. (12.25)
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The decomposition of the equations is carried out as follows. Phase averaging

the momentum equation,

LT—h 19p p 2~

— — = — 26k, +79’5 + Ve, 8.57

ar oy T pgox ST R ! @57
produces an equation for U; + u}'. Ensemble averaging Eq. (8.57) produces an
equation for U;. Subtracting that equation from the equation for U; + u}* produces
an equation for u}". Subtracting the equation for U; + u}* from Eq. (8.57) gives an
equation for u}. The same sequence is applied to the potential temperature equation

=it =ab ;. (12.26)

The equations for the wave and turbulent components of the fluctuating velocity
field are

. 1 .
uy +ul;Up + Ui+ 5 + (Mfujw —u:”ul‘.”) = —%pj';+ ie\'«&y,

0
(12.27)
uf, +uf Up + Ui jup —rlf 5+ (u:ull- — ujuy + uju + uru}) ;
L, 8y t
:—%1{,.4»%9 63"+”“1,/’J’ (12.28)
Here
= [y — ] (12.29)

‘We have neglected the molecular diffusion term in the equation for the wave com-
ponent. Equations (12.27) and (12.28) sum to the usual equation for fluctuating
velocity u; = it; — Uj, as required:

1
wi gt jU+Us juj (i) (@), = *%P.Hr%%fsﬂrvuu,- (1230)
The wave and turbulent parts of 6 satisfy
W w WoW _ TWow _
0% + 05U, + 0 + 13+ (0 —u}”éw).l_fo, (1231
0 +0U; + 0 juj —

Yo+ (10 = w0+ w0t + ulo™) =l

(12.32)
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Here we define
= [(u;el)f’ - u]‘ﬁ)‘:l. (12.33)
Their sum is the equation for the temperature fluctuation:
0.0 +0,;Uj + O juj + (40 — u;0 = v0.jj. (12.34)

By constructing kinetic energy budgets of the wave and turbulence components
Finnigan e al. (1984) found that kinetic energy flows from wave motions to the
turbulence and that the mechanics of this energy flow depends on the nonlinear
character of the wave field. The TKE so produced is dissipated primarily by working
against buoyancy rather than viscous forces, which they point out is consistent
with the quasi two-dimensional character of the turbulence imposed by the strong
stability of their flow. Finnigan (1988) later generalized the approach to unsteady
waves and studied several wave—turbulence interaction events in detail.

12.3 The quasi-steady SBL
‘We have seen in Chapter 10 that M-O similarity has given remarkable order to
turbulence statistics in the stable surface layer. Furthermore, acoustic sounding
(Neff and Coulter, 1986; Neff er al., 2008) has provided evidence of quasi-steady
SBLs of both the nocturnal and the long-lived variety. These developments have
stimulated analytical work on the SBL.

12.3.1 The stable surface layer limit

The behavior of the mean vertical gradients of wind and potential temperature in
very stable conditions, Figure 10.3, indicates that

kzoU  z AU uy
=———n~_, that — ~ —, 12.35
Uy 9z L sotha 9z L ( )

m

and similarly for 9© /dz. This reflects the emergence of z-less scaling in very stable
conditions.

‘We can also view this stable limit through the flux Richardson number, the ratio
of the rates of buoyant destruction and shear production of TKE:

(12.36)

(1237)
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Since ¢, = 1 + Bz/L (Figure 10.3), where g ~ 5, Ry is
z/L
Ro= L (1238)
1+ fz/L

Thus in the very stable surface layer Ry — 1/8 =~ 0.20.

12.3.2 E i induced

As shown in Figure 9.7, an ABL can be made stably stratified by the entrainment
of warmer air aloft. This is sometimes called the “inversion-capped neutral” ABL.
Here we can revisit the “eddy Richardson number” Ri. for an eddy of size r,
introduced in Chapter 10:

g0r _ g9r1/3
bolu()> — 60e?3

Ri.(r) is the ratio of fluctuating buoyancy and inertia forces on an energy-
containing-range eddy of size r, with 6 the amplitude of the fluctuations in potential
temperature. We interpreted Eq. (10.38) as saying that the largest eddies feel the
strongest buoyancy effects. If we write 6 ~ £d® /dz, then

g 00\ &l szr‘/»‘
0oz ) B T en

Rio(r) = (10.38)

Ric(r) = ( (12.39)
with N the Brunt-Vaisala frequency. If we also write € ~ ai,/@, where @y, is the
rms vertical velocity fluctuation, and take r = £ then Eq. (12.39) is
N2¢?
Rie() = ~——. (12.40)
o'w
‘We might expect Ri.(£), like the flux Richardson number, to approach a constant
under very stable stratification so that the turbulence scale approaches the buoyancy
length scale £y,
oy u
by~ — ~ —. 12.41
YN N ( )
As we shall discuss, u/N has been used as the length scale of the energy-containing
eddies in the stably stratified, equilibrium limit.

12.3.3 Equilibrium height of the nocturnal SBL

Derbyshire (1990) determined analytically some of the properties of the equilibrium
nocturnal SBL implied by Nieuwstadt’s (1984) local-scaling model. An underlying
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assumption here is that the flux Richardson number Ry is constant. This is perhaps
a fair assumption in the global sense, since Eq. (12.38) shows that the region of
appreciable variation in Ry is confined to z < L, say.
In a quasi-steady state the mean potential temperature gradient is independent

of time,

900 _o_ 20w

oroz 92
5o as indicated in (12.6) the Gw profile is linear: w = Qo(1 — z/h), with i the
SBL depth. The surface temperature flux Qo is negative, directed from the air to
the surface. From the definition of the flux Richardson number Ry and the linear
Bw profile,

(12.42)

owo Qo1 —z/h)
Ri=—t—— = (12.43)
il +vwdt  awil +vwit
It follows that au av o
J— — 8 0 z
— —=——(1-=). 12.44
" 9z +vwi)z 6o Rf( h) ( )

In terms of the complex covariance 7" = ww + ivw and the complex mean wind
W =U+iV,if T and dW /dz are parallel Eq. (12.44) can be written

pdV 8003,

= - = 12.45
dz 6o Ry ¢ )

h
where * denotes complex conjugate.
The quasi-steady mean horizontal momentum balance is, in complex notation,

dT .
= —if (W — W), (12.46)
where Wy = U, + iVy. Differentiating (12.46), assuming W, # W(z), and
multiplying by T* yields, using Eq. (12.45),

a1 g Qo z
e (R 12.47
PR Rf( 7 az47n
A solution for the 7" profile is
e
T:—ui(l —i) . (12.48)

with @ = @" +ia' a complex constant to be determined. Substituting Eq. (12.48)
into (12.47) and equating the powers of (1 — z/h) on each side of the resulting
equation yields o + o — 2 = 1, which implies that " = 3/2. Requiring that the
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left side of the equation be imaginary, as the right side is, gives &' = v/3/2 sgn(f),
so that o = 3/2 + (v/3/2)i sgn(f).

With o determined Eq. (12.47) then yields an expression for boundary-layer
depth h:

= 3R iy V3kR (“*L) (12.49)
= —V3Rf7—— = V3kR¢ . X
L0l 1/
For Ry 2~ 0.20-0.25 this yields
u*L)”Z hif] ( u. )*”2
h~04 , ~0.4 . (12.50)
( [f] Uy If1L

This was perhaps the first analytical derivation of the power law that was originally
derived by Zilitinkevich (1972) on dimensional grounds.

Model calculations (Businger and Arya, 1974; Brost and Wyngaard, 1978) and
numerical simulations (Zilitinkevich er al., 2007) support Eq. (12.50), showing
that if the SBL reaches a quasi-steady state its depth / follows the predicted
(usL/|f1)"/? dependence closely. The implied value of /i can be quite small; for
example, if i, =0.1 m s, L=100m, f= 1074 s~ !, and the proportionality factor
= 0.4, then from Eq. (12.50) h ~ 100 m.

12.3.4 A constraint on the maintainence of turbulence in the SBL
Derbyshire (1990) used Eq. (12.48) for the T profile to write Eq. (12.45) as

dw g Qo

— -t 1T—z/m)i=" 12,51
dz 9ou§Rf( 2/ ( )

Integrating this from the surface to height z and evaluating the result at z = / gives
the geostrophic drag law (Problem 12.22)
G 1 h
A (12.52)
us  kRg L
This drag law, with Eq. (12.49) and the identity g Qo/60p = 7143‘/(1(L), implies that
the surface buoyancy flux is

g Ry 5
=Qo=—-—72=G"|f]. (12.53)
Q=G
In Derbyshire’s analytical model the parameters on the right side are all constant,
so this equation says the surface buoyancy flux is also constant. This clearly needs
interpretation.
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Derbyshire (1990) interprets Eq. (12.53) as giving the maximum surface buoy-
ancy flux the steady SBL can have while remaining fully turbulent —i.e., without the
onset of turbulence intermittency and extinction at Ri 2~ 0.25 (Subsection 12.1.1).
‘We can support that interpretation by rewriting Eq. (12.53) as

2
Rf = M ~~ constant. (12.54)
G| f]

The numerator of the fraction is proportional to the SBL-averaged rate of buoyant
destruction of TKE. Since | f|G is the magnitude of the mean horizontal pressure
gradient, the MKE balance (Chapter 5, Subsection 5.5.2) shows that the denomina-
tor is proportional to the rate of production of mean flow kinetic energy (MKE). If
the MKE balance is in equilibrium, the denominator is also proportional to the SBL-
averaged rate of shear production of TKE. Thus as Derbyshire suggests, Eq. (12.54)
can be interpreted as an estimate of the maximum “global” flux Richardson number
for the SBL — i.e., that beyond which it cannot support turbulence:

Rp(max) = constant
SBL-averaged rate of buoyant destruction of TKE
SBL-averaged rate of shear production of TKE

(12.55)

Nieuwstadt (2005) provided some intriguing support for Derbyshire’s notion of
a maximum flux Richardson number, Eq. (12.55), through DNS of stably stratified
turbulent channel flow. He applied cooling at the bottom and allowed a surface
stress. At the channel top he used a “free slip” condition that caused the stress and
buoyancy flux to vanish there. Thus the flow was qualitatively like an SBL without
significant Coriolis effects. He found that the flow ceased to be turbulent when the
Monin-Obukhov length L became less than twice the channel depth. This can be
expressed as a constraint like Eq. (12.55) on the maximum global flux Richardson
number (Problem 12.23).

The surface heat flux in the SBL over land is determined by the surface energy
balance, which in clear weather is dominated by radiative effects that are indepen-
dent of SBL dynamics. It appears that such SBLs are prone to such strong surface
cooling that excessive values of the global flux Richardson number are generated
and the turbulence is extinguished.

12.3.5 Insights from LES

Calculations of SBL structure with several different LES codes (Beare er al., 2006)
showed broad agreement at sufficiently high resolution, i.e., a minimum grid dimen-
sion of 3 m and less. The test case was an SBL previously simulated by Kosovic and



286 The stable boundary layer

il -
0 0.01 0.02 0 002 003
Koplu,h Kphu,h

Figure 12.7 Calculated profiles of eddy diffusivities in the SBL. The horizontal
lines indicate the range of values calculated by a suite of 11 different LES codes
with 6 m vertical resolution; the dashed curves are calculated from the Brost—
Wyngaard (1978) algebraic model. Adapted from Beare ef al. (2006).

Curry (2000). The initial potential temperature profile was constant up to 100 m
and increased at 0.01 K m~! above that. The geostrophic wind speed was 8 m s~
A surface cooling rate of 0.25 K h™! was applied for 9 h to give a quasi-steady,
moderately stable SBL with /L ~ 2.

An interesting feature of the mean wind speed profile (Figure 12.1) is the “jet” —
wind speed exceeding the geostrophic value by about 20% — at the SBL top (Problem
12.20). When coupled with the inertial oscillation following the afternoon transition
(Subsection 12.2.2) this could give quite significant nocturnal wind maxima at the
SBL top. Figure 12.7 shows the profiles of eddy diffusivities K, and K},; the Brost—
Wyngaard (1978) algebraic model gives eddy-diffusivity profiles within the scatter
of the LES results.

12.4 The evolving SBL.
12.4.1 Structure

In their study of nocturnal SBL behavior over a grassland site, Mahrt er al. (1998)
identify two limiting regimes that emerge after transition. The fully turbulent weakly
stable regime is typically either an early, quasi-steady phase of the nocturnal SBL or
one present under strong winds and/or cloud cover. The very stable regime occurs
under clear skies; it has a larger surface cooling rate and lower mean wind speed. Its
turbulence is weak and intermittent, even near the surface. Presumably its surface
buoyancy flux can approach the limiting value discussed in Subsection 12.3.4.
Figure 12.8 shows vertical profiles of turbulence variances and covariances mea-
sured in the clear, early evening runs in the 1973 Minnesota experiments. The
mid-run times averaged only one hour after transition, but the collapse to a similarity
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Figure 12.8 Vertical profiles of dimensionless variances and covariances measured
in the early-evening Minnesota runs shown in Figure 12.2. The SBL depth h ranged
from 30 m to 400 m over the seven runs. The curves are visual fits to the data.
From Caughey er al. (1979).

structure is evident. The boundary-layer depth followed the equilibrium expression
Eq. (12.50), but with a proportionality constant about double the equilibrium value
(Caughey et al., 1979).

This state was transient, however, and the runs were terminated about five hours
after transition. In some there was an extreme shift in mean wind direction caused
by the very slight (0.0014) terrain slope or by baroclinity; others entered the very
stable regime and turbulence at 4 m height was extinguished.

In the very stable regime an internal intermittency mechanism discussed by
Businger (1973) can modulate the turbulence. The extinguishing of the turbulence
eliminates the turbulent friction term in the momentum equation, and the unbal-
anced horizontal pressure gradient then accelerates the flow until the Richardson
number decreases enough to regenerate turbulence. Van de Wiel er al. (2002) show
that surface vegetation can have a strong influence on this intermittency dynamics.

Nocturnal SBLs can differ from those we have discussed here. Mahrt and Vickers
(2003) have described the contrasting vertical structure of nocturnal boundary layers
observed in the CASES99 experiment in relatively flat grassland in the US Midwest.
In addition to the “traditional” stable ABLs of varying depth, they observed what
they call an “upside-down” variety in which the TKE increases with height and




288 The stable boundary layer

turbulent transport is a local rate of gain due to import from above. The principal
source of TKE in this case is shear production associated with the nocturnal jet
aloft. Banta er al. (2002) discuss this nocturnal jet in some detail.

12.4.2 Parameterization

A test of 19 different SBL parameterizations used in weather and climate models
(Cuxart et al., 2006), with high-resolution LES being the standard, showed a wide
variation in performance. The scatter in the predicted eddy-diffusivity profiles, for
example, was an order of magnitude larger than that in Figure 12.7.

SBL parameterizations for such models are typically one-dimensional, since
SBL depth is very much less than horizontal grid mesh size. Their formulation
is particularly challenging because the nature of the effects of stable stratification
change with its strength, ultimately determining the ability of turbulence to exist.
Derbyshire (1999) recommends that SBL parameterizations be expressed in terms
of the local Richardson number, pointing out that such formulations can mimic the
behavior of the very stable boundary layer.

12.5 Modeling the equilibrium height of neutral and stable ABLs

Zilitinkevich er al. (2007) suggest that the equilibrium height i of neutral and
stable ABLs can be represented through the “Ekman formula” hg ~ (K /| f \)1/2,
with f the Coriolis parameter and K a characteristic eddy viscosity ~ urft, the
product of the velocity and length scales of the ABL turbulence. They parameterize
three ABL states: the “truly neutral” ABL with zero surface heat flux and neutral
stratification aloft; the “conventionally neutral” ABL (our “inversion-capped neu-
tral” case, Figure 9.7) with zero surface heat flux and stable stratification of strength
N aloft; and the “nocturnal stable” ABL with a negative surface temperature flux
and neutral stratification aloft. The urft values are chosen as:

* “Truly neutral” (Qop =0, N =0) wurlr ~ ushg.
« “Conventionally neutral” (Qo =0, N > 0) urlr ~ u(usN~").
« “Nocturnal stable” (Qg < 0, N = 0) urly ~ u,L.

The turbulence length scale in the conventionally neutral case, £ ~ u,N~", was
introduced by Kitaigorodskii and Joffre (1988); it is like our £, of Eq. (12.41). That
in the nocturnal stable case, 1 ~ L, is our Eq. (12.35).

This analysis provides the ABL height expressions

hg ~ %, truly neutral ABL;
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hg conventionally neutral ABL; (12.56)

Uy
IfN|2

uyL 172
hg ~ ( 7l ) , nocturnal stable ABL.
The first of Eqs. (12.56) is the Rossby-Montgomery (1935) expression for the
equilibrium depth of a neutral ABL; the second is due to Pollard e al. (1973); the
third is the Zilitinkevich (1972) form, Eq. (12.50).

Zilitinkevich et al. (2007) then suggest the ABL height /g across this neutral
and stable regime can be obtained from the interpolation formula

f? NSl 1f1

BT (Cru? " (Conun)? ' ClgkunL’

(1257

Here Cr, Ccn, and Cys are constants associated with the truly neutral, convention-
ally neutral, and nocturnal stable states. From a variety of observations and LES
results they suggest that Cr >~ 0.6, Ccn =~ 1.36, and Cns =~ 0.51. The last implies
the constant in the Zilitinkevich expression (12.50) is 2~ 0.3.

Questions on key concepts

12.1 Explain some of the prominent differences between the SBL and the CBL.
What is their common, root cause?

12.2  Explain why and how the late-afternoon transition process depends on clear
weather.

12.3  Sketch the dynamics of the low-level jet. Explain why it can be most intense
in a clear-weather, baroclinic situation.

12.4  Discuss why geophysical turbulence is more sensitive to stable stratification
than is engineering turbulence.

12.5 What are the two broad classes of SBL? How are they different?

12.6 Discuss how stable stratification of the ABL develops in late afternoon and
early evening in clear weather.

12.7 Discuss the positive and negative impacts of the low-level jet on wind-power
generation.

12.8 Explain why and how the dynamics of stably stratified turbulence is
“delicate.”

12.9 Discuss and interpret the sensitivity of the SBL to terrain slope.

12.10 Discuss the generalization of the traditional ensemble-mean-plus-fluctuation
decomposition of turbulent fields to include a wave component.

12.11 Interpret the buoyancy length scale (12.41) physically.

12.12 Explain why the nocturnal SBL is unlikely to achieve a quasi-steady state.
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12.13 Explain why second-order closure can be more reliable in the SBL than the
CBL.

Problems
12.

The surface energy balance has a term involving heat transfer at the top of the
surface slab. Discuss its nature and explain why this is sometimes referred
to as convective heat transfer.

12.2 A surface is cooler than the air above and is evaporating water so that the
vertical flux of water vapor is positive. The virtual temperature flux is zero.
What is the stability index z/L? Using M-O similarity, write the expression
for the vertical gradient of potential temperature.

12.3  Explain why the late-afternoon change in direction of the surface heat flux
occurs before sunset.

12.4  Explain and discuss why the nocturnal ABL is less likely to provide quasi-
steady conditions than its daytime counterpart.

12.5  Under what conditions would you expect to find an inertial subrange in stably
stratified turbulence?

12.6  Sketch the vertical profile of the length scale of the energetic eddies of the
w-field in the inversion-capped neutral ABL of Figure 9.7.

12.7 The change in mean wind direction across the ABL tends to be least in the
convective case and greatest in the stable case. Why? (Hint: Consider the
streamwise mean equation of motion.)

12.8  Explain why the nocturnal jet can be particularly strong following the late-
afternoon decay of a baroclinic convective ABL.

12.9 Discuss some of the differences between the daytime and nocturnal ABLs
as potential sources of wind power.

12.10 Explain why the mean wind speed in the surface layer typically decreases in
late afternoon in clear weather. (Hint: use the forms of the M-O functions for
dimensionless mean wind shear, and assume the mean horizontal pressure
gradient does not change.)

12.11 Which term in the horizontal equation of mean motion also contributes to the
post-transition decrease in mean wind speed in the surface layer? Interpret
the mechanism physically.

12.12 Show that the indicated solution to Eq. (12.48) for the complex stress profile
is consistent with Eq. (12.6).

12.13 Derive Eq. (12.14) and the solution (12.15).

12.14 Derive Eqs. (12.16) and (12.17).
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12.15 Explain the nature of the opportunities and hazards that the nocturnal jet
poses for wind power.

12.16 Discuss the important similarities and differences of the SBL and the
interfacial layer of the CBL.

12.17 Show that Eq. (12.37) for R¢ follows from Eq. (12.36).

12.18 Derive Eq. (12.21).

12.19 Show that the Coriolis term in Eq. (12.21) is equivalent to a wind-turning
rate of 20 degrees per hour in mid-latitudes.

12.20 Explain why the jet exists in the U-component wind profile of Figure 12.1.
(Hint: in the coordinates used for that figure, integrate the lateral equation
of mean motion across the boundary layer.)

12.21 Use the equations of motion to discuss the mechanism through which in
clear weather the surface wind speed typically decreases as the bound-
ary layer transitions in late afternoon. What can you infer about the
mechanism?

12.22 Show that integrating Eq. (12.51) from the surface to height z and evaluating
the result at z = £ gives the geostrophic drag law, Eq. (12.52).

12.23 Nieuwstadt (2005) found his stably stratified, horizontally homogeneous
channel flow (Subsection 12.3.4) to be turbulent only for L > 2h, with L
the M-O length and / the channel depth.

(a) Assuming that the temperature flux decreases linearly from Qg at the
surface to zero at the channel top, calculate the depth-averaged rate of
buoyant destruction of TKE per unit mass.

(b) Assume the MKE equation (5.51) reduces to a balance between the rate
of production of MKE by flow down the mean pressure gradient and the
rate of loss of MKE through shear production of turbulence. Recall from
Example 3.2.1, Chapter 3, that the mean pressure gradient here does not
depend on z. Use this balance to express the depth-averaged rate of shear
production of TKE as the product of depth averaged mean velocity, Uyye,
and the mean kinematic pressure gradient.

(c) Use the streamwise mean momentum balance, Eq. (3.10), the zero-stress
condition at z = h, and a high-Re approximation to neglect its viscous
term and express the mean kinematic pressure gradient in terms of u2
and h.

(d) Use a friction factor f (as in the Moody chart, Figure 1.2) to express
Upye in terms of u,.

(e) Write the global flux Richardson number, ratio of the depth-
integrated rates of buoyant production and shear production of TKE, in
terms of /1/L. Relate your result to Nieuwstadt’s finding that turbulence
cannot be supported for 2/L > 0.5.
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Part III

Statistical representation of turbulence






13

Probability densities and distributions

13.1 Introduction

Since Osborne Reynolds’ time it has been accepted that turbulence is a stochastic
phenomenon that must be analyzed statistically, and averaging remains central to
those analyses. Reynolds used a volume average, but the properties he attributed
to it are those of the ensemble average; space averages have somewhat different
properties (Chapter 3). The ensemble average is the natural choice for statistical
analyses of turbulence. Furthermore, the concept of an ensemble of realizations of
a flow has new roots today in the sensitive dependence of turbulence on its initial
conditions.

In Part I we introduced these concepts, writing the velocity field in realization
« of an experiment, a function of spatial position x and time ¢, as i#; (X, 1; ). We
defined its ensemble average as

T = lim Ei(x,r:alH--»+ﬁ,-(x,t;ow)_

13.1
N—oo N asn

In the Reynolds convention we write the variable as the sum of its ensemble average
and a deviation from it,

(X, 15 0) = @ (X, 1) + ui (X, 1; @), (13.2)

the average of the deviation (or fluctuation, as we have come to call it) being zero.
Here we have indicated the dependence on the realization, but in practice we often
suppress this.

In Parts I and IT we used the Reynolds convention in the equations of motion to
examine the structure and dynamics of turbulent flows. Here we begin our more
detailed discussions of the statistical representation of turbulence.”

# The material in the following section is adapted from Lumley and Panofsky (1964).
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Figure 13.1 Upper: A random, stochastic scalar function u(#) in one realization.
The horizontal line represents a value of u*. Lower: The indicator function ¢ for
that value of u*. Adapted from Lumley and Panofsky (1964).

13.2 Probability statistics of scalar functions of gle variable

13.2.1 Probability densities and distributions
‘We’ll consider first an ensemble of random (different in each realization), stochas-
tic (irregular), zero-mean, scalar functions of one independent variable, say time 7.
Such an ensemble is sometimes called a random process. We'll denote these func-
tions as u(f; a), with « the realization index. In each member of the ensemble we
introduce an indicator function ¢ (u*; t). It is so-named because it indicates when
u(t) < u* (Figure 13.1):

1) = 1if u(r) < u™;

(13.3)
du*s 1) =0if u(t) = u*.

For any given ¢ this set of indicator functions in effect counts the ensemble
members in which u(f) < u. Put another way, its ensemble mean 5(14: t) is the
fraction of the realizations in which u(r) < u. This is defined as the probability
distribution function P(u;t):

Puit) = gu: ). (13.4)
It should be evident that P (u: 1) has the properties
Plurst) = Pluzin),  uy < ua,
lim P(u;1) =1, (13.5)
u—00
lim P(u;t) =0.
u—>—00
The derivative of the probability distribution with respect to amplitude is called
the probability density:

Blust) = M (13.6)
du
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Since from the definition of the probability distribution we can write
Puy;t) — P(uyst) = Pr{uy < u(t) < us}

_ Pluait) — Plups 1)
B Uz —uj

(2 —uy) = Bluy; HAu, (13.7)

for Au — 0 we can interpret S (u; 1) Au as the probability that values of u(¢) occur
in a narrow band of width Au lying above u. Thus B has the properties

oo
Blu;1) =0, / Blus)ydu = 1. (13.8)

13.2.2 M and ch istic

The probability density B(u; t) yields the moments of u(t) — the mean values of
powers of u(t):

+00
u(t) =/ u" B(u; 1) du. (13.9)
—o0

This multiplies each value of u” by the probability of occurrence of that value and
sums the products. In the general case when & # 0 using (« — )" in the integrand
yields central moments, or moments about the mean (Problem 13.15).

If the probability density is symmetric about the origin, all odd moments are zero.
Thus odd moments, suitably nondimensionalized, are measures of the asymmetry
of the probability density. The third moment, nondimensionalized with the variance,
is called the skewness: o

_ w3 (1)
@@y

The second moment is called the variance; the fourth moment, when made
dimensionless with the square of the second, is called the kurtosis™ or flatness
factor F:

(13.10)

ERO)

W)

It describes the shape of the probability density. For a Gaussian distribution F = 3.
The Fourier transform of B(u; 1) is called the characteristic function f (k; 1):

(13.11)

+oo
/ MU Bus du = f(k; 1),

- 1 oo (13.12)
ﬁ(u:r):—/ e £ e 1) di.

2

A function with a peaked probability density is sometimes referred to as kurtic
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In view of Eq. (13.9) we can interpret the first of Eqs. (13.12) as

(13.13)

Taking the n-th derivative of the first of Eqs. (13.12) with respect to i k and evaluating
the derivatives at the origin yields the moments of u:

" fist)

i =) (13.14)

=0

These moments determine the series expansion of f:

Sl
flesn = Z;u”(r)(i)()”. (13.15)

n=0

Thus knowledge of all the moments, or knowledge of f or of B, are equivalent.

13.2.3 Joint probability densities and distributions

The probability density B(u: ) gives information about u(r) at any given time but
not at two or more times. But we can use the indicator function ¢ (u; 1) to write

ifu(t) <ur,  ¢@pn) =1 ifut)=zu, ¢in) =0

and it follows that the probability that u(#;) < u; and u(r2) < uy is given by the
average of ¢ (u1; 1)) (u2: 1):

Gur; 1)p(uz; 12) = Po(uy, uz; ty, ). (13.16)

This is called a joint probability distribution function. Its second derivative with
respect to amplitudes is a joint probability density:

92

Baur, uzs 1, ) = ———Pa(uy, ua; 11, ). (13.17)
ouyduy

This can be interpreted as a probability:

Ba(ur, uzs ty, ) Auy Auy

=Priu; < u(t)) <uy+ Auy, uz <u(tz) <uz+ Auz}. (13.18)

This has the normalization properties

+00
[/ Bo(ur, uzs ty, ) duydup =1, (13.19)
—
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which means that there is exactly one pair of values which is taken on by any
particular u(¢) at 7) and . Further, we see that (from (13.16) and (13.17))

+00
/ Baur, uas 1y, ) duy = B(uy; 1), (13.20)

and correspondingly for the integral over uj. Its Fourier transform, called a
characteristic function, is

+o0
fz(KuKz:llJz):[/ VTN B (uy, g3 11, 1) duy duy
oo

= efkiuitiuy | 13.21)

Through the property (13.20) all the moments at #; or r; only can be obtained, e.g.,
u"(11). There are also joint moments (also called cross moments):

o +oo
u"(t)u" (1) = // wlius B, uzs 11, 12) duy duy. (13.22)
—o0

The complete set of these moments formally represents /2,

%
R —
fa= Z mu"(ll)“m(fl)(ikl)“(iKz)m- (13.23)

n,m=0

and hence 5.

Rather than considering u () at two different times, we could have considered
two different processes, say u(¢) and v(r), at the same time — two components of
velocity, for example, or velocity and a scalar. We can also consider products similar
to (13.16) of any number of ¢’s, giving simultaneous information at arbitrarily many
times, for several different processes, if desired. For a single process, for example,
we could define

Bu(ur, cooyupsty, o ty), n=12..., (13.24)

with the interpretation paralleling that given before. The entire set of such densities,
for all n, gives all statistical information about ().

13.2.4 Stationarity

A random process is stationary when f is not a function of time, and g,, n > 2 is
a function only of the time differences. That is,

Blust) =B).  Polur,uzity ) = Palur, uz; ) — 1), (13.25)
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and so forth.

Stationarity (or the spatial equivalent, homogeneity) can greatly simplify statisti-
cal analyses. As we saw in Part I1, real situations can often be taken as approximately
stationary (or homogeneous), and so in practice, and with justification from the
ergodic hypothesis, time or space averages are typically used instead of ensemble
averages. Here we will assume that all three give the same value, and continue to
use ensemble averages.

133 E les of probability d
13.3.1 The Gaussian

The probability density of a Gaussian random variable u(t) is
1
V2o
This is completely determined by two parameters, the mean u and the variance
0% = (u — u)2. Central moments (moments about the mean) depend only on o>

Blu) = e~ w?/207 (13.26)

0 n odd,
w—uy = a"n! (13.27)

>~ heven.

20/2(n/2)!

The skewness of a Gaussian random variable is 0 and the flatness factor is 3.
Figure 13.2 shows the Gaussian probability density and probability distribution
functions. The distribution function involves the error function (erf).

The Central Limit Theorem says that the probability distribution of the sum of
statistically independent random variables of an arbitrary but identical probability
distribution approaches a Gaussian in the limit as the number of elements in the sum
becomes large. In particular, the normalized sums of a large number of independent
events —forexample, the errors made in performing an experiment — have a Gaussian
distribution.

If u(r) and v(t) are jointly Gaussian, their joint probability density is

B, v) 1 [ 1 (u’z 2 u'v' U’z)]
u,v) = exp. — —=2p + =
2wouon/1— p? 20=pH \oi  Towon  of
(13.28)
where
! J— —
W=u-u, vV=v-7, p= — Cou=wH'? o=
0,0y

(13.29)
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Figure 13.2 A Gaussian | ility density made dimensi with its standard
deviation (left) and the Lnrrespnndmg probability distribution (right). Adapted
from Lumley and Panofsky (1964).

13.3.2 Observed probability densities

‘We defined the probability density through ensemble averaging, but in dealing with
turbulence data we typically use time averaging of a stationary time series. One can
determine the probability density of a measured signal by dividing its amplitude
range into bins, and then, for each sample of the signal, adding a count to the proper
bin. As the number of samples becomes large, the result, when properly scaled
(Problem 13.1), converges to the probability density. With fields from numerical
turbulence simulation one can average over statistically homogeneous directions
within a “snapshot” — a field at a given time. Averaging over a small ensemble of
such snapshots can be sufficient to generate reliable statistics.

13.3.2.1 Velocity derivatives

Figure 13.3 shows probability densities of the first two time derivatives of the
streamwise velocity fluctuation u(¢) measured at a point in a laboratory flow of mod-
erate turbulence Reynolds number R;. We typically interpret these as proportional
to streamwise spatial derivatives, as suggested by G. I. Taylor (1938):
If the velocity of the air stream which carries the eddies is very much greater than the
turbulent velocity, one may assume that the sequence of changes in u at the fixed point are
simply due to the passage of an unchanging pattern of turbulent motion over the point, i.e.
one may assume that

u=f@)=f/U), ()]
where x is measured upstream at time t = 0 from the fixed point where u is measured. In
the limit when u/U — 0 Eq. (7) is certainly true.
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Figure 13.3 Probability densities of the first (left) and second (right) time deriva-

tives of streamwise velocity in a mixing layer at moderate R. The tails show

strong departures from Gaussianity. The first derivative is slightly skewed but the

second is not. The asterisk denotes nondimensionalization by the derivative. From
Wyngaard and Tennekes (1970).

For an eddy of velocity and length scales « and £ one would expect Taylor’s Eq. (7)
to be valid if the eddy decay time scale ¢/u is much greater than the time required
to advect the eddy past the probe, £/ U. Thus Taylor’s hypothesis for u(x, t),

du du
ar ax’ (13:30)
should be valid when u/U is sufficiently small. This is one standard way of mea-
suring streamwise derivatives of turbulent velocity components and
thereby, the rates of dissipation of TKE and scalar variance. Two-point spatial
difference measurements are also used (Chapter 16).

As discussed in Chapter 7, Kolmogorov (1941) hypothesized that if the turbu-
lence Reynolds number R; is large enough, so by Eq. (1.35) the energy-containing
and dissipative ranges are sufficiently separated, the dissipative range is in a state of
statistical similarity with governing parameters € and v. Thus under this “universal
equilibrium” hypothesis, as Batchelor (1960) termed it, and dimensional analysis
the nondimensional moments of velocity derivatives are constants at sufficiently
large turbulence Reynolds number.

Batchelor (1960) interpreted early measurements of dissipative-range turbulence
statistics as being in accord with the universal equilbrium hypothesis. But begin-
ning in the late 1960s measurements made in very large R, geophysical turbulence
strongly conflicted with it. They also indicated that the instantaneous viscous
dissipation is spatially and temporally intermittent, increasingly so as R, increases.
One interpretation (Chapter 7) is that the dissipative regions occupy a decreasing

ars and,
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fraction of the flow volume as R; increases, and so they become more intense with
increasing Ry. This is reflected in the broadening of the tails of the pdf of a velocity
derivative as Ry increases, which causes the skewness and kurtosis of the velocity
derivative to increase with Ry (Chapter 7).

Direct numerical simulation (DNS) of turbulence is currently limited by computer
size to about 10" grid points, a few thousand in each of the three spatial directions.
Roughly, then, the maximum attainable values of ¢/ are currently ~10°, whereas
in the atmospheric boundary layer £/ can be as large as 10°. Since £/7 is a
surrogate for the turbulence Reynolds number, Eq. (1.35), fine structure computed
from DNS is not a reliable indicator — not even qualitatively — of the fine structure
of atmospheric turbulence.

13.3.2.2 Vertical velocity in the CBL

In 1975 some intriguing evidence of unusual behavior of neutrally buoyant effluent
plumes in the CBL came from experiments done in a laboratory convection tank.
As described by Willis and Deardorff (1974), the 114 cm x 122 cm x 76 cm
deep tank, using water heated from below, generated turbulent free convection of
modest Reynolds number (R; =~ 4200, R;, = 140). In their experiments Deardorff
and Willis (1975) used a near-surface, crosswind line source of effluent. The unusual
behavior was the ascent of the mean plume as it moved downstream; by a travel time
of the order of h/w; it reached a height of about 0.75h, with h the CBL depth. As
discussed by Lamb (1982), this finding stimulated great interest but also skepticism
that a convection tank could model diffusion in the CBL.

Lamb (1978) described a similar phenomenon in a numerical model calculation
of plume dispersion from an elevated source in the CBL: the locus of maximum
mean concentration downstream of an elevated source descends until it reaches the
surface. Motivated by these numerical results, Willis and Deardorff (1978) carried
out elevated-source experiments in their convection tank and found plume-descent
there. Lamb (1982) describes the two sets of results as being in “remarkably good
agreement.”"

These findings on effluent-plume dispersion in the CBL stimulated interest in the
probability density of vertical velocity fluctuations. Figure 13.4, from Lamb (1982),
shows that probability density for w computed by Deardorff through LES in a
5km x 5km x 2 km deep domain. It is strongly positively skewed (w3 > 0). The
mode, or most probable velocity, is negative; it is approximately equal to the mean
downdraft velocity. About 60% of the area under the density is on the negative half
of the w-axis, indicating the higher probability of downdrafts. Field observations

© Lamb (1982) also pointed out that “this is an example in which the predictions of a theoretical model were later
confirmed by observations.”
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Figure 13.4 The probability density of vertical velocity at three heights in a CBL
as determined from LES results. z; is the boundary-layer depth and w, is the
convective velocity scale. From Lamb (1982).

are generally consistent with this. Lamb (1982) attributes these unusual properties
of dispersion in the CBL to the large Lagrangian integral time scale and the highly
skewed pdf of its vertical velocity.

13.3.3 Joint probability densities

‘Wyngaard and Moeng (1992) determined the joint probability density (jpd) of w
and mixing ratio ¢ of a passive, conserved scalar through analysis of the fields
obtained through LES of a CBL. In general this joint density has the property

/7[ Bw', ¢)ydw' dc'
)

o oo
/7/ B, Hw'c'dw' dc’ = we. (13.31)
)

(The lower limit of the c-integral corresponds to ¢ = C+c=0, c=-C.)

The jpds for w with the top-down and bottom-up fields ¢; and c}, are shown in
Figures 13.5 and 13.6. They agree quite well with those measured by Deardorff and
Willis (1985) in a laboratory convection tank.” The jpds are nondimensionalized
so that

;o
B = ouo.b. //ﬂ*d:—’dg =1 (13.32)
W' oe

ard and Moeng (1992) commented that the laboratory jpds seem not to integrate to 1.0 over the plane
and suggested that an error was made in their scaling. We confirmed that error and corrected it.
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Figure 13.5 Left: The jpd of vertical velocity w and temperature § measured by
Deardorff and Willis (1985) near the top of a convection tank. Right: The jpd of
top-down scalar ¢; and w calculated through LES by Wyngaard and Moeng (1992)
for the same region in a CBL, scaled in the same way for comparison. The jpds
are normalized so the integral over this plane is 1.0. From Wyngaard and Moeng
(1992).
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Figure 13.6 As in Figure 13.5 but for measurements near the bottom of the
convection tank and for the bottom-up scalar cy. From Wyngaard and Moeng
(1992).

Since B determines all the w and ¢ moments, e.g.,

[ / w?Bdw dc’ =

‘Wyngaard and Moeng were able to extract from these results some of the differences
between top-down and bottom-up diffusion in convective turbulence (Chapter 11).
For example,

.f[c’zﬂdw’dc’:?, (13.33)
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* The correlation coefficient between w and ¢ is only 0.26, while that between w and ¢},
is 0.60.

* The bottom-up flux is carried 70% by updrafts, 30% by downdrafts. The top-down flux
has nearly the same distribution.

These joint densities also say something about the “efficiency” of the transport
process. To illustrate, consider a positive wc. The first and third quadrants contribute
to it, while the second and fourth contribute to a flux of the opposite sign. Let us
call these the “forward” and “back” fluxes, respectively. A “transport efficiency” is

net flux  forward flux + back flux

e (13.34)

 forward flux forward flux
The top-down process, with p = 0.26, has ¢, = 0.6; the bottom-up process,
with p = 0.6, has ¢, = 0.9. This shows again the unusual diffusive properties of
convective turbulence. Convective clouds could have similar diffusive properties.

Numerical models of the atmosphere and ocean need concise but reliable sub-
models of unresolved turbulence. The traditional way to develop such submodels
is to study the process in detail experimentally, to interpret its basic physics, and
then to express this physics through an approximate but concise equation or set
of equations. This process, called parameterization in meteorology, can be quite
difficult because the detailed, reliable turbulence data that it requires often do not
exist. As we saw in this and earlier chapters, DNS and LES can be used to provide
turbulence fields for this purpose.

13.4 The evolution equation for the probability density

In Parts T and IT we manipulated the fluid equations to produce equations for the
evolution of certain statistics of the turbulent fluctuations of velocity and advected
scalar constituents. Until fairly recently the probability density of velocity or an
advected scalar was not among the statistics for which one could derive an evolution
equation. That situation changed with a remarkable paper by Lundgren in 1967.
‘We'll briefly sketch his derivation here."

If B(v;; xi, 1) is the probability density of the velocity at point x; and time 7,
B(vi; xi, 1) dv; is the probability that the velocity at (x;, 7) is within dv; of v;. If
we define B, (v;: x;, 1) to be a “single-realization” probability density of velocity —
one that produces v; (x;, ) = u; in realization «,” then

Ba Vi xi, 1) = 8(ui —vi), (13.35)

We have used tensor notation rather than Lundgren’s vector notation.

# This is an elaboration of the interpretation offered by Lundgren (1967).
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where § is the Dirac delta function and u; is the velocity at x;, ¢ in realization o.
Thus the probability that in realization « the velocity at (x;, t) is within dv; of v;
is Bo(vis xi, 1) dvi = 8(u;j — vj)dv; = 1if v; = u;, as required. Averaging this
expression over all realizations (and denoting this by angle brackets) yields

Bvisxi, 1) = (Ba iz xi, D)) = (8 i — vy)). (13.36)

In equating the probability density of velocity u;(x;, 1) to the expected value
of a delta function involving velocity, Eq. (13.36) provides a link between the
dynamics of the velocity field and those of its probability density. Before showing
how Lundgren (1967) used that link, we’ll need to generalize Eq. (13.36) to joint
probability densities.

The probability density ﬁ(v,“); xlm. t) is the “one-point” form. Its product with
(1)

i

dv:” is the probability that the velocity at x,“) and time 7 is within dv; of v,
From Eq. (13.36) it is written as

B(05x00) = (3 (70) = o) ) = 3" - 7)) = 0.

(13.37)

The “two-point”, or joint, probability density ﬂg(vl“), u}z): xf'),xfz); r) is the
1y

probability that at time 7 the velocity at.x; " is within dv; of v’m and the velocity at

@ )
Xi i

Ba(u o X, 6 1) = <a(u;'> — o) 5(u® - o) ) — 8012,
(13.38)

is within dv; of v;”". By extension of the arguments leading to Eq. (13.37) it is

Lundgren’s derivation of the pdf evolution equation proceeds as follows. The
time derivative of Eq. (13.37) is

iﬂ(l) = (is(,ﬂ; _ vm) > _ <85(“'m B U'(U) a(“'m B vfl))
at ar \ ' !

) (1) il
:’)(u, - ) t
_ (2 m_ )9 o
,_<3vgl)a(u, — )alul . (1339
i

Lundgren then evaluated the right side of Eq. (13.39) with the Navier—Stokes and
continuity equations through tedious calculations. The resulting evolution equation
for the probability density is
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B | @)
at

! :’)x’“)
2

il 1 ) 1 @ 9 : @ 0@
+3vm 7@/(3xﬁ"7|x(')—x(z)|) (Lj e} B,2)dx"? dv

i i i

o [ ) o]
+m [X‘Z}ﬂ(“vmm/v' B(1,2)dv =0. (13.40)

i ]

The conservation equation for (1) involves also the two-point (joint) probability
density B(1,2). Lundgren also derived the equation for S(1,2), which involves
B(1,2,3). Thus a closure approximation is needed in order to use the pdf conser-
vation equation. This approach forms the basis of a type of turbulence modeling
called pdf modeling.

Questions on key concepts

13.1 The terms probability density and probability distribution are frequently
misused. Explain how the two differ.

13.2 Interpret Eq. (13.9) physically.

13.3  Write f(u), where u is a random variable, as an integral of the probability
density of u. Explain the integral physically.

13.4  What is the Central Limit Theorem? Why is it important in applications?

13.5 Given a joint pdf of two variables, show formally how one obtains a pdf of
one of the variables.

13.6 Explain why the broadening of the tails of the pdfs in Figure 13.3 is consistent
with the notion of dissipation intermittency discussed in Chapter 7.

13.7 Explain physically, using the concepts of scalar fine structure discussed in
Chapter 7, why the kurtosis of velocity derivatives in turbulent flows tends
to be large.

13.8 Using the properties of the pdf, explain why a variable with a pdf having a
sharp peak at the origin has a larger kurtosis than one with a broad maximum
there.

13.9 Interpret the pdf of vertical velocity ina CBL, Figure 13.4, as being consistent
with a zero-mean field with narrow, strong updrafts separated by broader
regions of weak downdrafts.

13.10 Explain why the behavior of effluent plumes in a CBL with R, ~ 10® can
evidently be effectively modeled in a convection tank having 4-5 orders of
magnitude smaller R;.
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Use the expression for the convergence of a time average to the ensemble
average, Chapter 2, to show why dispersion experiments are much more
readily done in the convection tank than in the CBL.

Defend the argument that laboratory convection-tank studies of dispersion
should be phased out in favor of numerical computations through turbulence
simulation.

Refute the argument that laboratory convection-tank studies of dispersion
should be phased out in favor of numerical computations through turbulence
simulation.

Discuss the key step, concept, or definition on which Lundgren’s derivation
of the evolution equation for the pdf of velocity in a turbulent flow is based.

Problems

Determine the probability density of a sine wave experimentally by sampling
it a large number of times and putting each sample into the appropriate
amplitude bin. Why must you make sure that your sampling period is not an
integral or fractional multiple of the period? Discuss the scaling required to
convert the bin counts into the probability density.

Determine the probability density of the sum of samples taken in Problem
13.1. Let the number of samples in the sum become large. What form does
the probability density take?

Show how the probability density of u(r), say, is related to the joint density for
u(t) and v(z) if the processes are stationary. What simplification in the joint
density ensues if the processes are statistically independent? Demonstrate
the latter with the joint Gaussian probability density.

Estimate the uncertainty in a probability density determined by binning and
counting, as in Problem 13.1. If 87 (u) is the measured probability density
(determined through binning and counting a total of N samples, say) and f8(u)
is the true density, how does [8” (1) — B(u)]? vary with N? (You might want
to adapt the averaging-time formula (Chapter 2) for this purpose.) Discuss
the benefits of sampling slowly enough that neighboring samples are statis-
tically independent. For what values of « is the probability density least well
determined? What are the implications for higher moments of the variable?
Discuss the proof of the Central Limit Theorem.

Using Eq. (13.9), show how the value of u at the peak of the integrand defining
the n-th moment of a Gaussian variable u depends on n for even values of 7.
Prove Eq. (13.39).

Discuss, using physical examples, when you would expect turbulence to have
nonzero third moments.
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13.9 Explain why the characteristic function, Eq. (13.12), can be interpreted as
the expected value of e/<.

13.10 Prove Eqgs. (13.14) and (13.15).

13.11 Prove Eq. (13.16).

13.12 Explain the interpretation of Eq. (13.19) that is given just below it.

13.13 Interpret the second of Egs. (13.8) physically.

13.14 Sketch the pdf of the top-down scalar, using its joint pdf with vertical velocity
shown in Figure 13.5.

13.15 Show that when & # 0, using (1 — u)" in the integrand of Eq. (13.9) yields
central moments (moments about the mean), [u — u]".
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14

Isotropic tensors

14.1 Introduction

An isotropic turbulence field, a concept introduced by G. I. Taylor (1935), has
statistical properties that are independent of translation, rotation, and reflection of
the coordinate axes.

The covariance equations in Chapter 5 include production terms involving gradi-
ents of the mean velocity and mean scalar fields. As we shall see, these mean-field
gradients are anisotropic and cause the energy-containing range of shear-driven
turbulence to be anisotropic as well. Likewise, we’ll see that buoyancy-driven
turbulence is anisotropic. Thus it appears unlikely that equilibrium isotropic tur-
bulence exists naturally.” It can be produced through DNS, however, by adding a
random-force term to the Navier—Stokes equation (Problem 14.14).

As we discussed in Chapter 7, the hypothesis of local isotropy, or isotropy of the
smallest-scale structure of a large- Ry turbulent flow, is due to Kolmogorov (1941).
Because it greatly simplifies the specification of the fine structure of turbulent
flows, it is widely used in analytical, observational, and numerical studies. But
Kolmogorov pointed out that the arguments for local isotropy, which we’ll present
in his words in Section 14.5, are largely physical ones. Today the observational
evidence against it is compelling, and the physics underlying local anisotropy is an
active area of research.

14.2 Cartesian tensors
Jeffreys (1961) discusses basic concepts of cartesian tensors. If we have two sets
of rectangular axes with the same origin, (Ox, Oy, Oz) and (Ox’, Oy’, 0Z/), then
we can write the transformations

# Betchov (1957) did attempt to generate isotropic turbulence with a multiplicity of small, colliding air jets.

313
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X' =hLx+myy+nz,
' = bx +myy + naz. (14.1)

7' =l3x +m3y +naz,

where the parameters /, m, and n are direction cosines — the cosines of the angles
between the old and new axes. (/ is the cosine of the angle between Ox and Ox’,m
that between Oy and Ox/, ..., I the cosine of the angle between Ox and Oy, ....)
We can also invert Eq. (14.1) to express x, y, and z in terms of the primed quantities.
In cartesian tensor notation we write these transformations more compactly as

xJ' =aijxi, Xi=ajx; aaj=5j. (14.2)

Quantities (such as velocity u;) that transform in this way are called tensors of the
first order, or vectors. A set of nine quantities w;x referred to a set of axes and
transformed to another set by the rule

wly = aijagwi (14.3)

is called a tensor of the second order.

The covariances we meet in turbulence are tensors. Examples include the scalar-
scalar covariance ab, a zero-order tensor; the scalar flux ci; and the mean scalar
gradient 9C/d.x;, first-order tensors; and the kinematic Reynolds stress u;u; and the
mean strain rate U; /9.x;, second-order tensors. Yet-higher-order tensors appear in
the molecular destruction terms in the moment equations of Chapter 5.

These are all single-point tensors — tensors that involve only one spatial point.
Multi-point tensors involve more than one spatial point.

14.3 Determining the form of isotropic tensors

An isotropic tensor is one whose components do not change under rotation, transla-
tion, or reflection of the coordinate axes. There are two ways to determine its form:
through the process described by Jeffreys, which uses the transformation rules; and
by a technique due to Robertson and described by Batchelor (1960). The first was
also used by Taylor (1935); it is quite tedious. We will use the latter.

14.3.1 Single-point tensors

Since a vector’s components change under coordinate rotation, the only isotropic
vector is the zero vector. Put another way, a nonzero isotropic vector would have a
direction, and that would be in conflict with isotropy. Thus, the turbulent flux and
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the mean gradient of a scalar, being vectors, vanish in isotropic turbulence. Likewise
any odd-order single-point tensor will change sign under coordinate reflection, so
the isotropic form vanishes.

The situation is different for even orders, as we shall illustrate with the Robertson
technique. Let 7j; be an isotropic, second-order, single-point tensor, one that
involves properties at one point in space. Contracting it with two arbitrary vec-
tors A and B yields a scalar that is bilinear in A and B and depends also on the
invariants of Tjg:

TikAi By = a(invariants)A; B; = o A; BiSix. (14.4)
Rewriting this gives
(Tix — adix)Ai By =0, Tix = adjx. (14.5)

Equation (14.5) says that a second-order isotropic single-point tensor has nonzero
components only on the diagonal, and those diagonal components are equal. If the
diagonal components were not equal, they would change under coordinate rotation
(Problem 14.6), so the tensor would be anisotropic.

The pressure-stress tensor is an application of Eq. (14.5). A stress tensor ojy, say,
expresses the force in the i direction per unit area on a surface whose normal is in
the k direction. The force per unit area on the surface is the dot product of the stress
tensor and 7;, the unit normal to the surface. Since pressure acts normal to a surface,
whatever the orientation of that surface, the pressure-stress tensor is isotropic. It
must then have the form oj; = —pé;x, where the scalar p is the magnitude of
pressure. The pressure force f; is

fi = oiknk = —péini = —pni., (14.6)

which is indeed normal to the surface.
To determine the form of the fourth-order isotropic tensor 7jjxu, we contract
Tijkm with four arbitrary vectors and write the resulting scalar as
TijkmAi BjCy Dy = ¢ A; B;C; D + BA;C; B; D; + y A; D; B;C;
= A Bjd;jCr Dinbgm + BA; Ci8i Bj D8 jm

(14.7)
+ Y Ai Dy 8im B Ciid ji
= Ai Bj Ci Dy (i jSkm + Bdikd jm + ¥ im0 ji)-
Since A, B, C, and D are arbitrary we can rewrite this to find
Tijkm = @ijSkm + BOikSjm + ¥ Simd jk- (14.8)

Tijkm contains the three unknown scalars o, B, and y.
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14.3.2 Two-point tensors

Robertson’s technique shows that the following two-point tensors have the isotropic
forms (Batchelor, 1960)
ax)b(x+r1) =F(r), r=|r;
cXui(x+r1) =G (14.9)
ui(X)uj (X +r) = H(r)riry + 1(r)d;j;
Bij (k) = J()kikj + K(K)dij, Kk = |k|.

Here the unknowns F, G, H, I, J, K are functions of the magnitude of the vector
on which the tensor depends.

‘We’ll show next that we can determine some of the unknowns in the isotropic ten-
sor forms by using physical constraints such as incompressibility and homogeneity
and geometric constraints such as the sy ies of the tensor.

14.4 Implications of isotropy
14.4.1 Rate of shear production of TKE

Equation (14.5) for an isotropic second-order tensor indicates that the kinematic
Reynolds stress tensor in isotropic turbulence is

i = %s,k. (14.10)

so the off-diagonal Reynolds stresses vanish. Thus in isotropic, incompressible
turbulence the rate of shear production of TKE, Eq. (5.45), vanishes:

aU; wu;  AU;
=-——""bikm— =
DXk 3 DX

— Uillg

(14.11)

Under isotropy the rate of buoyant production of turbulence also vanishes (Problem
14.20). Thus, unless it is driven in some other way, such as by stochastic, isotropic
forcing in numerical simulation experiments, constant-density isotropic turbulence
decays because its rate of TKE production vanishes.

14.4.2 Rates of molecular destruction of covariances

The rates of molecular destruction of #;u; and TKE, respectively, are

Qu; duy duj du;
il 2v——— = 2vM;ji;, —_—
ax; dx;

=M 14.12
"ax, dx; v Mijiy ( )
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where from Eq. (14.8) the isotropic form for M is

Quj duy
Mijim = E@ = bij8m + BSikSjm + ¥ Simjk- (14.13)

In order to evaluate these molecular destruction terms through local isotropy we

must determine the parameters «, B, and y in Eq. (14.13). We can identify two
constraints on Mij,:

1. Summing i on j yields zero by incompressibility:

du;
Miigm = fhﬂ =0  (constraint 1).
i 0xm

)

. Summing j on k yields zero. This stems from

u;i ou [l du
Mijjm = ——L = —u; ==,
0% 9xm 0%, \ 0%
which is the gradient of a mean quantity. An upper limit for its magnitude is (Appendix,
Chapter 5)

9 duj 1 1/2 -
T B
o\ oxe ) T\ v
Since Eq. (14.12) indicates that M;j;; is of order € /v, M;jj is negligible at large R, and
we can write

Au; 0
Mijjm = T:ﬁ =0 (constraint 2). (14.14)
These two constraints give
0=3a+p+y, O=a+p+3y, (14.15)
sothata =y, B = —4y, and
Auj duy
Mijim = E o = (818km — 4ikSjm + Simjk) - (14.16)
If we write from Eq. (14.16)
oup\?
My = (87‘) =2y, (14.17)
1

then we can express the dissipation-rate tensor M;jx, as

M _ Au;j duy _ 1/ 0uy
fkm = Axj dxp 2

]
8x|> (8j8km — 48ik8jm + Simbji) . (14.18)
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From Egs. (14.12) and (14.18) we can write €, the rate of dissipation of TKE,
under the assumption of local isotropy as (Problem 14.1)

p
€= oMy = ISv( il) . (14.19)
1

The variance of the streamwise derivative of u; is typically evaluated from the
variance of the time derivative through Taylor’s hypothesis (Chapter 2),

ouy 2 1 [0u;
— ) ~ . 14.20
(3)(1 ) u? ( ot ( )
The rate of molecular destruction of w;uy, Eq. (14.12), becomes with the local
isotropy form (14.18)

9
My = lOv( “‘) St (421

This says that under the assumption of local isotropy the velocity variances but not
the turbulent shear stress components are dissipated.
The rate of molecular destruction of scalar flux can be written as (Appendix,
Chapter 5)
r)ul dc
Xuje = (¥ + V) ——. (14.22)
dx;j 0x;
As a contraction of a third-order, single-point tensor determined by the dissipative-
range structure, this vanishes under local isotropy.
The rate of destruction of scalar variance, Eq. (5.7), involves a contraction of a
scalar gradient covariance. Under isotropy this covariance becomes

¢ gc [ dc\?
¢ 9¢ :(—C> 8. (14.23)

d}c, dx, x|

14.4.3 Higher order examples

The number of terms in the expressions for isotropic, single-point velocity derivative
tensors increases rapidly with the order of the tensor. We saw that at fourth order
there are three terms; at sixth order there are 15. Finding the constraints needed to
evaluate the constants and doing the algebra can become quite tedious. As kindly
noted by Champagne (1978), the author worked out the isotropic forms of two
sixth-order tensors in the budget of vorticity variance (Problem 5.6):
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du; Ou; 2u; \?
x5 0Xy, 0x70X,

axlax,) [Sij)?kufslm + 881nSkm + 8ijSkiSmn
1
- g(&/%ném + 8i18knd jm + 8 j18indkm + 8jiSknSim
+ 8k18ind jm + 818 jnSim + ik j18mn + 8 jkSi10mn + 8ikS jnSim
+ 8ikn8 jm + 8k 8indim + 8x81nSim) ] (14.24)

But; Dty Ity dur\> 4
i ke Ml (ﬂ) [3178508n = 5 (35808 + 81818+ 81 jnbi)
x| 3
1
6

ax; Tx, dxp -
(8ij8knS1m + 8i18kjSmn + Sindkidjm)

3
- 1(311%6/", + 8indkj8im) + 8itSkmjn + Sindkmd1j

+ 8ikSim8jn + 8ikSindjm + 8im8j18kn + 81m51k61n:|- (14.25)

14.5 Local isotropy
14.5.1 The concept

The concept of local isotropy is credited to Kolmogorov (1941). His short paper
appears in the Friedlander—Topper (1961) collection as a rather rough English trans-
lation. After defining locally isotropic turbulence in the formal terms of probability
statistics, he wrote:

It is natural that in so general and somewhat indefinite a formulation the just advanced
proposition cannot be rigorously proved. We may indicate here only certain general con-
siderations speaking for [it]. For very large R [Reynolds number] the turbulent flow may
be thought of in the following way: on the [ensemble] averaged flow ... are superposed the
“pulsations of the first order” isting in disorderly displ: of separate fluid vol-
umes, one with respect to another, of diameters of the order of magnitude £ = ¢ (where
€ is Prandtl’s mixing [length]); the order of magnitude ... of these relative velocities we
denote by v'"). The pulsations of the first order are for very large R in their turn unsteady,
and on them are superposed the pulsations of second order with mixing [length] ¢@ < ¢
and relative velocities v < v("); such a process of successive refinement of turbulent
pulsations may be carried until for the pulsations of some sufficiently large order n the
Reynolds number

RO — £y
v
becomes so small that the effect of viscosity on the pulsations of the order n finally prevents
the formation of pulsations of the order n + 1.
From the energetical point of view it is natural to imagine the process of turbulent mixing
in the following way: the pulsations of the first order absorb the energy of the motion and
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pass it over successively to pulsations of higher orders. The energy of the finest pulsations
is dispersed in the energy of heat due to viscosity.

In virtue of the chaotical mechanism of the translation of motion from the pulsations of
lower orders to the pulsations of higher orders, it is natural to assume that in domains of
space, whose dimensions are small in comparison with £("), the fine pulsations of the higher
orders are ji to [an] i ly space-isotropic statistical regime. Within small
time-intervals it is natural to consider this regime approximately steady even in the case,
when the flow as a whole is not steady.

Since for very large R the differences

wi(P) = ui(P) = ui(P”)

of the velocity components in neighboring points P and P© of the four-dimensional space
are determined nearly exclusively by pulsations of higher orders, the scheme just exposed
leads us to the hypothesis of local isotropy....

In summary, Kolmogorov thought it plausible that the “chaotical mechanism of
the translation of motion from the pulsations of lower orders to the pulsations of
higher orders” that exists in high-R; turbulence gives the “fine pulsations of the
higher orders ... [an] approximately space-isotropic statistical regime,” the state of
local isotropy.

Today we often state his argument in terms of the rms fluctuating strain rate
u(r)/r associated with eddies of spatial scale r. As we discussed in Chapter 2, this
increases monotonically from of order u /¢ in the energy-containing eddies to v/n
in the dissipative eddies. Since the mean strain rate is of order /¢, the ratio of the
fluctuating and mean strain rates for an eddy of size r, u(r)€/ur, increases with
decreasing eddy size r; it reaches (v/n)/(u/€) ~ Rl”2 in the dissipative eddies.
At sufficiently large Ry, the argument goes, eddies beyond the energy-containing
range are not influenced by the large-scale, anisotropic mean strain rate because it
is much smaller than their own turbulent strain rate. Thus local isotropy is seen as
an asymptotic state reached at sufficiently large R;.

A variant of this argument is that the energy cascade from the largest eddies
to the smallest ones (Chapters 6 and 7) occurs over such a large range of scales
in large- R, turbulence that the anisotropy inherent in the energy-containing range
does not reach the smallest eddies. Equivalently, it is argued that the largest and
smallest eddies do not directly interact in large- R, turbulence.

14.5.2 Evidence

Batchelor (1960, p. 110) wrote that Kolgmogorov’s notion of local isotropy “has
now received considerable support.” He cited early measurements in laboratory
flows showing that certain predictions of Eq. (14.18), for example
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aur\> 1w\ 1 duz\>

- o (22) (2B (14.26)
dxp 2\ 0x; 2\ dx;p

were approximately verified across the turbulent wake of a cylinder. But since then
numerous deviations from the isotropic forms for derivative covariances, Eq. (14.18)
for velocity and Eq. (14.23) for a conserved scalar, have been documented in low
and moderate Reynolds number shear flows. For example, in a plane jet Antonia
et al. (1986) found (in comma notation)

22U U @)@ ?

ML2ML2 g L1tz 023, (1427

while under local isotropy these values are 1.0 and 0, respectively. In a nearly
homogeneous turbulent shear flow Tavoularis and Corrsin (1981) measured values
of 2.2 and —0.44, respectively. Antonia et al. (1991) found similar evidence of local
anisotropy in the dissipation-rate tensor in direct numerical simulation of turbulent
duct flow.

Shen and Warhaft (2000) studied the fine structure of the velocity field in grid
turbulence having an unusually large Reynolds number — R;, ~ 10, R, ~ 6 x 10*.
Second-order statistics (spectra, structure functions) showed local isotropy, but at
fifth order, for (9u/dy)3/[(3u/dy)?/?, local anisotropy had emerged.

Mydlarski and Warhaft (1998) found the temperature field in grid turbulence with
alateral gradient of mean temperature to have strong, Reynolds and Péclet number
independent local anisotropy. The anisotropy was evident at second order, in devi-
ations from Eq. (14.23) for derivative variances, and in higher, odd-order structure
functions. They found no Reynolds or Péclet number dependence of temperature
spectra and no qualitative change in the nature of the temperature fluctuations over
the range 30 < R;, < 700, in strong contrast to the behavior of the turbulent veloc-
ity field in the same flow (Mydlarski and Warhaft, 1996). They commented that
scalar turbulence shows high-R; behavior even when the turbulent velocity field
has low R;.

As we discussed in Chapter 7, local anisotropy of temperature derivative fields
is prominent at third order (Warhaft, 2000). Figure 14.1 is a summary of laboratory
and atmospheric observations of the skewness of 36/dx versus R; in flows with
both mean shear and a mean temperature gradient. The sign of this skewness is
given by (Sreenivasan, 1991)

du de
sgn(Spe/ax) = 7sgn<d—z) sgn(d—z) . (14.28)



322 Isotropic tensors

14
o o, i T
12 -
.
104, . :‘I.'.'. . B
ISl ogl © o, . 3
. o ° o
D
06 i -e .
04 . 4
1 1
101 102 103 104
R,
Figure 14.1 of the sk of the ise derivative of

fluctuating temperature as a function of R;. These were made in a large num-
ber of laboratory and geophysical flows with both mean shear and a mean
temperature gradient. From Sreenivasan and Antonia (1997). Reprinted, with per-
mission, from Annual Review of Fluid Mechanics, 29, ©1997 by Annual Reviews,
www.annualreviews.org.

In grid turbulence having a lateral (y) gradient of mean temperature, Tong and
Warhaft (1994) found even larger skewness (~1.8) for 30/dy.

Sreenivasan (1991) attributes the skewness of the temperature derivative in shear
flows with a mean temperature gradient to elongated eddy structures with a pre-
ferred orientation. Their signature is the “ramp-cliff” nature of temperature signals
(Figure 7.2) observed in heated jets and in the surface layer on a sunny day. In this
model the skewness is due largely to the “cliffs” — strong, one-signed temperature
gradients. Thus it appears that scalar-derivative skewness is tied to the large-scale
structure of the flow, in conflict with the ideas underlying the hypothesis of local
isotropy.

14.5.3 The maintenance of local anisotropy

We can gain some insight into local anisotropy of a scalar field" through the con-
servation equation for scalar derivative skewness. In the process we’ll see that the
conservation equations for moments of derivative fields, and their scaling rules,
differ in important ways from those for the energy-containing-range.

‘We'll begin at the second-moment level. Taking the gradient of the conserved
scalar equation (1.31) and using our tilde notation for full fields yields an equation
for g; = 9¢/0x;,

(14.29)

‘The author is indebted to Chenning Tong for discussions on this topic.
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Because of the stretching term on the right side, the scalar gradient, like vorticity,
is not a conserved variable. But their dot product g;@; is conserved (Problem 1.12).
If we decompose the variables in Eq. (14.29) into mean and fluctuating parts,

8 =Gi+g. u=U+u, (14.30)
the equation for the fluctuating gradient is

dgi g G, agi agi
o UGt Ui U
at ax; dx;j ax; ax;

Buj aU; du; du;
/ ax; By ax; 8o ax; & ax;

(14.31)

Multiplying Eq. (14.31) by 2g;, averaging, and rewriting the molecular term and
dropping its diffusion part yields the evolution equation for the gradient variance:

0gig 0gig 3G v ouj
Blrl J 31’fjl+2 ujgla +g,g/d]+g,a]G/
oujgigi | 0uj 9gi 08i
L2 40 Tigi =2 . 14.32
+ ax; + ax; 818 = v dx;j dx; (¢ )

The first four terms (counting the bracketed terms as one) on the left side and the
term on the right side of Eq. (14.32) are of types that also appear in the equations for
second moments of energy-containing range variables — in order, local time change,
mean advection, mean-gradient production, turbulent transport, and (on the right
side) molecular destruction. The fifth term on the left side is a new type that we’ll
call turbulent production.

‘We’ll scale the terms in Eq. (14.32) as in Chapter 5, reintroducing the scalar
intensity scale s and the Taylor microscale A:

—. duj du W
= ()2 =v[—— )~ ~—. 1433
s=ET e (ax, ax,) 2T (14.33)

The fluctuating gradients of the scalar and velocity scale as s/A and u /2, respec-
tively, and their mean gradients scale as s /¢ and u/¢. We'll take the time scale of
the time-change term as that of the evolution of the turbulent flow structure, the
large-eddy time scale £/u. We’ll assume that y ~ v.

Since the far right side of Eq. (14.33) implies that £ /A ~ u/v = R;, the Taylor-
microscale turbulence Reynolds number, the relative importance of the terms on
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the left side of Eq. (14.32) depends on R;. As a result the two dominant terms,
which are of order us? /A3, are to first approximation in balance at large R;:

mom
v 0xj dx;

14.34
o ( )

algig/ =
i

This says that to leading order the mean-squared intensity of scalar gradients is in

equilibrium, its rate of production through the turbulent strain rate balanced by its

rate of removal through molecular diffusion.

To help grasp the meaning of Eq. (14.34), consider the effect of an imbalance 1
in its two terms. From Eq. (14.32) the time scale of the response in g;g; would be
of orderg;gi /I ~ Aju ~ £/u R;‘ —much less than the eddy-turnover time £/u. So
Eq. (14.34) says that on the time scale of the large eddies these two leading terms
keep themselves in balance.

The other terms in Eq. (14.32) represent finite- R;, corrections to the balance of the
leading pair. Thus we see a fundamental difference in the nature of second-moment
budgets for energy-containing-range variables, which we discussed in detail in
Part I, and those for dissipative-range variables. In the former, all terms can be
of the same order; some involve mean field—turbulence interactions and others
represent turbulence—turbulence interactions. By contrast, budgets for dissipative-
range quantities are inherently R; dependent, so at large R some terms are much
larger than others. The leading terms represent turbulence—turbulence interactions.

‘With that background, we’ll now consider the budgets of the third moment of spa-
tial derivatives of a conserved scalar. That for (6.1)3 in a quasi-steady, horizontally
homogeneous ABL (Problem 14.23) is

360,13

v =-303u3,10,10,1 — (0,10,10,1u3) 3 — 30,10,10 ju ;1 — 6y01;0,1;61.
us? us us’ (14.35)
033 023 a3

The terms on the right are, in order, mean-gradient production, turbulent transport,
turbulent production, and molecular destruction; below each of the first three terms
is its scaling estimate. The third term is the largest by a factor £/1 ~ R;. Thus,
as in the budget of gradient variance, Eq. (14.34), to lowest order the quasi-steady
balance in Eq. (14.35) is between turbulent production and molecular destruction.

However, this lowest-order form of Eq. (14.35) involves only derivatives of veloc-
ity and temperature, which qualifies it for the local isotropy assumption. But each
of its two leading terms involves an odd-order tensor that vanishes under isotropy.
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The third moment in the first term of Eq. (14.35), being odd in x3 and x, also van-
ishes. Thus we conclude that the (6.1)? budget is maintained by locally anisotropic
mechanisms.

Sreenivasan e al. (1977) and Tong and Warhaft (1994) have found that the
skewness of the lateral derivative € 3 can be even larger than that of the streamwise
derivative. Here the general third-moment budget is, with scaling of terms indicated
(Problem 14.24)

%’;)3 = —303u330303 —3U 303030
s M.Yz u 53
e o3 (14.36)
—(0,30.30,3u3) 3 — 30,3030, juj3 — 6y0303;03.
u Sz u S?
3 Pys

Again the lowest-order balance is between turbulent production and molecular
destruction, and again both vanish under local isotropy. Of the two mean-gradient
production terms, that involving the mean temperature gradient does not vanish
under local isotropy, but is smaller than the leading terms by a factor /1 ~ R;.
It is not clear that it is large enough to maintain the observed values
of (0,3)3.

In summary, the observational evidence indicates that shear flows with a mean
scalar gradient can have an equilibrium state of local anisotropy of the turbulent
scalar field. Scaling arguments suggest that the local anisotropy is produced through
the turbulent strain field acting on turbulent scalar gradients and removed at the same
mean rate through molecular diffusion. The roots of the anisotropy appear to lie
in the mean shear and scalar gradient in the parent flow, but the nature of their
statistical link to this local anisotropy is not evident.

On a closely related topic, Durbin and Speziale (1991) derived the evolution
equation for the dissipation-rate tensor and found that maintaining the dissipation
rate in the presence of a mean strain rate requires locally anisotropic turbulence.
This supports the notion that the dissipation-rate tensor can be anisotropic in shear
flows, which is consistent with evidence di 1in Section 14

14.5.4 Gauging local anisotropy
Relatively few of the myriad implications of local isotropy have been tested. Claims
of local anisotropy are often based on an observed ~1 derivative skewness that
would vanish under isotropy. The implicit assumption is that § ~ 1 is large.
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Figure 14.2 The flatness factor F of the ise derivative of mea-
sured in various laboratory and ic flows. From Sreeni; and Antonia

(1997). Reprinted, with permission, from Annual Review of Fluid Mechanics, 29,
©1997 by Annual Reviews, www . annualreviews.org.

One can show that (Problem 7.16) the skewness S and flatness factor F of a
stochastic variable are related by

F+1
N ; (14.37)

This suggests a different criterion for local isotropy — that S be much less than this
upper limit:

F+1

T2
Figure 14.2 shows a compilation by Sreenivasan and Antonia (1997) of F for the
temperature derivative in laboratory and atmospheric flows; values are as large
as 100. Thus at large R; one might argue that § ~ 1 satisfies the constraint of
Eq. (14.38) —i.e., that § ~ 1 is small. But the skewness of du/dx plays a dynam-
ically important role in turbulence (Problem 14.22), and it is also ~1. From that
point of view S ~ 1 is not small.

INESS (14.38)

14.5.5 Local isotropy in turbulence models

Given the contrary evidence, what can we say about modeling turbulence as
locally isotropic?

In applications to acoustic and electromagnetic signal propagation, for exam-
ple, the power spectral densities (spectra) of velocity, temperature, and water-vapor
fields (Chapter 15) are often modeled as isotropic at large wavenumbers. There
are two aspects of such spectra: their behavior in the inertial range, which lies



Problems 327

just beyond the energy-containing range; and their behavior in the dissipative
range beyond that, which is revealed by derivative moments (Chapter 15). There is
now abundant evidence that flux cospectra (Chapter 15) in shear flows with mean
scalar gradients do fall faster than x 2 in the inertial subrange. This ensures that
the turbulent flux budgets have negligible molecular-destruction terms at large Ry
(Chapter 5), as required in local isotropy.

But as we have discussed, measurements show that for moments of veloc-
ity and temperature derivatives in shear flows with mean scalar gradients, local
isotropy is only a first approximation. The isotropic forms (14.19) and (14.23),
while attractive in their simplicity, could introduce non-negligible errors in shear
flows.

Questions on key concepts

14.1 Explain the notion of an isotropic turbulence field.

14.2  Explain why naturally occurring turbulence is not isotropic in its energy-
containing range.

14.3  In Chapter 6 we discussed forcing turbulence with a stochastic body force
Bi(t), Eq. (6.16). If we wish the turbulence to be isotropic, how should
Bi be constrained? Discuss, for example, B;, f; Bj, and B;u;. Explain your
reasoning.

14.4  Explain the meaning of local isotropy and the essence of the traditional
arguments for it.

14.5 Explain why the notion of local isotropy is useful in dealing with turbulence
moment equations.

14.6  What new type of term appears in second-moment budgets for dissipative-
range properties?

14.7 Explain the underlying difference in the scaling of second-moment budgets
for energy-containing-range properties and for dissipative-range properties.

14.8  Explain physically why the traditional arguments for local isotropy of scalar
fields seem not to hold in the presence of mean scalar gradients.

14.9  Explain physically why the skewness of the temperature derivative vanishes
under the assumption of local isotropy.

Problems

14.1 Prove Eq. (14.19). Discuss how experimentalists use this result to estimate
€ from a time series of ; measured at a point.
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14.2 On the basis of local isotropy, what can you say about the individual com-
ponents of the molecular destruction rates of scalar-scalar covariance and
scalar variance?

14.3  For a coordinate transformation caused by rotation of the x| and x; axes by
an angle o about the x3 axis, write the transformation equations in terms of
«. Then rewrite them in terms of the direction cosines.

14.4  Show that §;; is unchanged under coordinate rotation and reflection and
hence is an isotropic tensor.

14.5 Show that €;jx = —¢ix. Why does this imply that €;j; is unchanged under
coordinate rotation but not under reflection?

14.6  Show that a diagonal second-order tensor does not change under a coordinate
rotation if and only if its diagonal elements are equal.

14.7  Using the definition of vorticity, relate @;@; to M; k. Use the isotropic form
of Mjjxn to develop an expression for ;a;.

14.8 Define ajy = Wi — 8ixg>/3. Show that the pressure covariance is its only
global sink. What is its source term?

14.9  What s the form of the mean velocity gradient dU; /d.x; under isotropy? (Use
continuity.)

14.10 The structure function AC(r) for a conserved scalar ¢ in homogeneous
turbulence is defined as

AC(r) = (c(x) — e(x +1))%.

What is the dependence of AC on separation r in an isotropic field? How
would you expect it to behave in a real turbulence field at separation distances
(a) of order £ and (b) much less than £?

14.11 Show that the squared and averaged continuity equation is consistent with
local isotropy.

14.12 Write the isotropic forms of

dc dc dc

14.13 Use local isotropy to determine the forms of the two leading terms in the
equation for conservation of scalar-gradient variance (Problem 5.14).

14.14 What constraints must an added body-force term in the Navier-Stokes
equation satisfy in order that numerically calculated turbulence be isotropic?

14.15 Rewrite the molecular terms in the equation for the evolution of mean helic-
ity (Problem 5.7). Under the local-isotropy assumption is mean helicity
destroyed molecularly?
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14.16 Turbulent free convection can be established between parallel horizontal
plates, the bottom one heated and the top one cooled. The mean velocity is
zero. Why is this flow inhomogeneous in the vertical? When can it approach
homogeneity in the horizontal? In the latter case could it also have statistical
symmetry about a vertical axis? In this case show that statistics in a horizontal
plane follow isotropy but with the separation vector restricted to lie in the
plane.

14.17 Use Egs. (14.24) and (14.25) to express the two leading terms in the vorticity
variance equation (Problem 5.6) in terms of streamwise derivatives of u
under the assumption of local isotropy.

14.18 Write the isotropic forms of the terms representing the rate of molecular
destruction of stress and scalar flux.

14.19 Show that under the hypothesis of local isotropy the rates of molecular
destruction of the TKE components are equal.

14.20 Explain why the rate of buoyant production of TKE vanishes under isotropy.

14.21 Under the local isotropy hypothesis the tensor u; ;0 k¢, as a covariance of
derivatives, might be expected to have the isotropic form d;; ke + B8ix je +
¥8i¢8 k- Find two constraints on this tensor and use them to solve for two of
the coefficients in terms of the third.

14.22 Consider steady isotropic turbulence with zero mean velocity and mean
vorticity.

(a) Write the equation for fluctuating vorticity ;. Use it to derive the
vorticity variance budget.

(b) Identify the turbulent transport term in that budget and explain why it
is zero.

(c) Interpret the two remaining terms physically. Write them as velocity
derivative moments, and use local isotropy and Eqs. (14.24) and (14.25)
to express them as moments of streamwise derivatives of streamwise
velocity. Use the physics underlying this budget to explain why du/dx
has nonzero skewness.

14.23 Derive the conservation equation for (6.1)3 in the ABL, Eq. (14.35).

14.24 Derive the conservation equation for (9;4)3 in the ABL, Eq. (14.36).

14.25 Carry out the scaling of Eq. (14.32) and show that the leading-order form is
Eq. (14.34).
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15

Covariances, autocorrelations, and spectra

15.1 Introduction

In Chapter 13 we introduced the concept of moments of a stochastic, random vari-
able. In this chapter we’ll extend that discussion, beginning with scalar functions of
a single variable and the autocorrelation function. We'll then introduce its Fourier
transform, the power spectral density or simply spectrum. We’ll generalize to three
dimensions and vector functions and cover classical material on spectra in isotropic
turbulence. Finally we’ll introduce spectral formulations tailored for use in the ABL,
which is inhomogeneous in the vertical but can be homogeneous in the horizontal
plane.

15.2 Scalar functions of a single variable
15.2.1 The autocorrelation function

In Eq. (13.22) we defined cross moments of a stochastic function of time, say u(r).
One example is the two-time covariance u(t;)u(t;), sometimes called the autoco-
variance. For a stationary function of time it depends only on the time separation
1y — t1. Its autocorrelation function is defined by nondimensionalizing with the
variance:

M:p(h*h). (15.1)
u?
p(t) is an even function (Problem 15.1). Schwartz’s inequality (Problem 15.2)
implies that u(¢))u(rn) < uZ, from which it follows that

o] = p0) =1. (15.2)

For stochastic functions typically p(r) — 0 as t — oo; we interpret this as
indicating that u(¢) has a “fading memory” at sufficiently large separation in time.

331
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The autocorrelation function often emerges in statistics of derivatives and
integrals of u(t). For example (Problem 15.3),

b 2 b b bbb
[/ u(t)dt] :// u(t’)u(t”)dt’dt”:uz// p(t'—t"ydt' dt”. (15.3)

The variance of the derivative is (Problem 15.4)

du®))’ _ = d%p®)
dt - dr?
The quantities in (15.3) and (15.4) define two time scales associated with p(7):

* d*p(t)
/0 pt)dt =1, a

(15.4)

1=0

-2 (15.5)
=0 )“2. ’

7 and A are known as the integral scale and the microscale, respectively. In tur-
bulence the corresponding scale i, of a spatial record u(x) is called the Taylor
microscale.

Figure 15.1 shows a typical autocorrelation function and its scales A and 7. As
indicated there, A is the time of the zero crossing of the parabola fit to p at the
origin, and 7 is defined through the area under the curve. In large-R; flows A is
small compared to t (Problem 15.5). Trends in atmospheric data can prevent p(r)
from going to zero and thus make t difficult to determine.

15.2.2 Fourier repr ion of a real, hastic scalar fi

Following Batchelor (1960) and Lumley and Panofsky (1964), we’ll use the
Fourier-Stieltjes representation for our random, stochastic fields. As the latter

10
p(®) \
05
\
\
\
1
0 \
0 A T t

Figure 15.1 A sketch of an autocorrelation function p, with its microscale A and
integral scale T shown. The area of the rectangle is the area under the p curve.
From Lumley and Panofsky (1964).
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explain, because such fields can be neither periodic nor integrable, neither the usual
Fourier series nor integrals are formally applicable. However, according to Lumley
and Panofsky (1964), under a set of weak assumptions u(7) can be expanded in
another random, stochastic process Z(w):

+o0
u(t) = / & dZ(w). (15.6)

This is known as a stochastic Fourier—Stieltjes integral. The process Z(w) has the

property
1T e=ibt _ p—iat
lim — ————u(t)dt = Z(b) — Z(a). (15.7)
T—oo 21w J_ 7 —it
The integrals are written in this way so that Z(w) need not be differentiable.
‘We can perhaps make Eqs. (15.6) and (15.7) more familiar as follows. If we let
a=w, b =w+ Aw, then we can write

il _ gmiat  p—iof g—iAot _ ,—iot
- - , . (15.8)
—it —it
With the series expansion 718 ~ | _ jAwt, this becomes
—ibt —iat
e P —e L
~ Awe !, (15.9)

—it

and Eq. (15.7) can be written, after dividing by Aw and taking the limitas Aw — 0,

1 | [T p=ibt _ g—iar
lim | — lim — ——u(t)dt
Ao—0\ Aw T—oo 210 J_7 —it

[ dz
= ﬂ/ e u)dt = 2o (15.10)
—00

assuming the derivative d Z /dw exists. Thus in that case Eq. (15.10) is the Fourier
transform of u(r). From Eq. (15.6) the other half of this transform pair is

o g7
u(r) :/ &' ——dw, (15.11)
o do

the inverse Fourier transform.
‘We’ll see later in the chapter that the Fourier—Stieltjes representation is particu-
larly useful for finding exact statistical solutions to linear stochastic problems.
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15.2.3 The power spectral density, or spectrum

The differences or increments d Z (w) may be thought of as the complex amplitudes
of the Fourier modes of frequency w. They are orthogonal; that is, nonoverlapping
members are uncorrelated:

dZ(w))dZ* () =0, ) #w), (15.12)

with d Z* the complex conjugate. The variance of the differences is the differential
of the power spectral distribution function F,

dZ(@) dZ* (@) = dF (©) = ¢(w) do, F(w):/m (@) dw,  (15.13)

with ¢ (w) the power spectral density or, loosely, the spectrum. The autocorrelation
and power spectral distribution functions are related through

— +o0 +oo
u?p(t) :/ ! dF () :/ o (w)do, (15.14)

which indicates that the autocorrelation function Fp(t) is the Fourier transform of
the spectrum ¢. The inverse transform relation is

+00 _
d(w) = if e p(tyu? dt. (15.15)
2 o

Since p is an even function, ¢ is also an even function.

The adjective power is used here because when u(r) is a voltage signal, its
square is proportional to power. F' is a distribution function because F(w) gives
the contribution to the variance u? from frequencies below w (from (15.13)).

According to Lumley and Panofsky (1964) this set of theorems is called the
Wiener—Khintchine theorem, and in effect restores everything that was lost due to
the lack of integrability or periodicity of our stochastic function u(r).

15.2.4 Cross correlations and cross spectra
The foregoing analysis can be extended to two different stationary random

functions, say u(¢) and v(¢). Their cross covariance is

[ too P —
u(tl)u(tz):CL,U(tl—tz):ff NG Z () dZi ().  (15.16)
—x
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The Fourier-Stieltjes covariance here is

[ 0, w# o,
17, @) dZi @) = 15.17
(w)dZ§ (') [q&“v(w)dw. o=, ( )

with ¢, the cross spectrum. Thus the transform relationships are

+o0
Cuy(t) = / &'y (@) do,
o

e (15.18)
Guv(@) = 7/ e Cyy(T) dr.
T J—o0o
If we write the cross covariance C,, as the sum of even and odd parts,
1 1
Cun(@) = 5| Cur(®) + Cun (=) | + 7| Cun (1) = Cun (= 7)
= Eyy(7) + Ouy (7). (15.19)

and then use Eq. (15.18) and write the exponential in trigonometric form, we have

1 e
Puv (@) = —/ (coswt — i sinwt) |:E,,l,(1) + 0,“,(1):|d1
27 J o
1 +oo i oo
= g/w coswt Eyy(t)dt — E/w sinwt Oy, (1) dt
= Couy(®) = i Quv(@). (15.20)

Coy,y is the cospectrum and Q,,, the quadrature spectrum. The inverse transform
pair is

+00
E, (1) :/ cos wTCoyy(w) dw,
—c0

. (15.21)
Ouy(1) :/ sin wt Quu (@) dw.
—00
The covariance is given by
+oo
W = Cup(0) = Eyp (0) = f Cou(@) do. (15.22)

Thus the cospectrum is the density of contributions to the covariance as a function
of frequency.
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Equation (15.20) says that the quadrature spectrum is zero if Cy,,, is even. If the
maximum correlation between u and v occurs at some nonzero time difference, then
Cyy is not even. For example, « and v might be a conserved scalar at two points
separated in the streamwise direction; the maximum correlation would occur at a
lag corresponding to the transport time between the points.

If v(¢) is simply u(t) delayed by a time interval At, we say that v(¢) has a “phase
shift” of & = wAr and we can write

oo +00
wy = [ Temaze. o= [ Tdeaze.  asay
—00 -0
The cross covariance is
+oo
Cun(1) =/ 0% () do, (15.24)
-0

since dZ(w) dZ*(w) = ¢ (@) dw. Thus we have

Puv(@) = e p(w) = cos O () — i sin 0 (),
Coyy(w) = cos ¢ (w), Qup(w) = sinbo(w),
L Q)
tanf = Cont@)’ (15.25)
A time lag Ar(w) at each frequency is defined by
_ Qu(@)
tan [wAt ()] = Com@)’ (15.26)

Another dimensionless quantity is the coherence, the square of the spectral
correlation, or the normalized covariance:

4Z,(@) dZi (@)
dZ,(w)dZ} () dZ,(0)dZ;(w)
_ 19wl _ Col@) + 0l (@)
Guby  du@ (@)

Cohyy(w) =

(15.27)

By Schwartz’s inequality this cannot exceed 1; that value occurs when the Fourier
components of # and v at frequency w are proportional. The example of (15.23) to
(15.25) has a coherence of unity at all frequencies.
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15.3 Scalar functions of space and time
15.3.1 Extending the formalism

The concepts we have introduced apply also when our independent variable is
space rather than time. Homogeneity in a spatial coordinate then corresponds to
stationarity in time. We take as independent variables only those spatial coordinates
in which the stochastic function is hc us. Spatial coordi in which it is
inhomogeneous, and time in nonstationary conditions, become parameters.

Consider a random scalar function # (temperature, say) that is homogeneous in
three spatial coodinates, x; = x. Our Fourier representation is now

+00
ox:1) = / eNdZ (ks 1), (15.28)
—00
where k is a wavenumber vector. We write
—_— 0, K # K
dZ(:1)dZ*(k';1) = (15.29)
Gk, )de, k=«

@ (x; 1) is the power spectral density; it is the Fourier transform of the autocorrelation
function:

_ +00
2 (p(r;1) = / T (k1) d,
oo

= — T i g (r;1)d 15.30
¢(&)—W/7me (t)p(r; t)dr. (15.30)

If & were homogeneous in only two directions, as in the xj—x; plane in a
horizontally homogeneous turbulent boundary layer, for example, we would write

oo
0(x. 1) :f FENHID) 471 e x5, 1),
-0

with the Fourier-Stieltjes coefficients having the properties

dZ (i, k3 x3, 1)d Z* (k| 165 X3. 1)

_{o 7KK K (1531
(K1, k25 X3, 1)dK1dKa, K1 = K|, K2 =K}

The associated transform pair is

_ +o0
02(x3, ) p(r1, ra; x3,1) = / eI g (11 ier: x3, 1) dicy dica,
—0
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1

k1 ki) = s

+o0 o
[ eI (x5 1) p(r, 1o X3, 1) dry dr.
e

(15.32)

That is, both x3 and ¢ are parameters, correlations being made in the x;—x> plane at
time 7. Correlations between two different values of x3 or ¢ are treated as co- and
quadrature spectra and cross covariances were treated.

If a scalar random function depends on three space coordinates and time, and
is stationary but inhomogeneous in all three directions, then the analysis of Sec-
tion 15.1 applies, but with an additional parameter denoting the space point. Joint
statistics between two space points are handled as a cross covariance.

If the function were homogeneous in all three directions but nonstationary, then
the analysis of Eqs. (15.28) to (15.30) applies, with an additional parameter of time.
Statistics at two times would be handled by cross covariances. If the function were
both stationary and homogeneous we would have

+00
0(x, 1) :/ X 47 (e, ),
0

0, K#K, w#d,

(15.33)
¢ (k, w)dkdw, k=, w=0o,

dZ(k,w)dZ*(k', ') = [
e _ +00 B

0, DO +E1+1)=0%p(E 1) = / & EHOT G (¢, ) di do,
+00 B

¢<x.w>=ﬁ f e ETOTgY) (6 1) did,
.

where p is called a space-time correlation and ¢ is a space-time spectrum.

15.3.2 Application to typical measurements

Say we are measuring a turbulent scalar 6 along the x| coordinate — e.g., on an
aircraft, with x| the flight-path direction, or by using Taylor’s hypothesis with a
stationary sensor at a fixed point. Then in homogeneous turbulence the autocorre-
lation function, spectrum relation of Eq. (15.30) becomes (hereafter not explicitly
indicating dependence on parameters such as )

_ oo
ezmsl,o,m:[ 11 () di

400 +oo
= [ ek (// ¢ (k) dicy dkj) dk
—o0 —00
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+00
:/ S () dicy, (15.34)

+00
FI(KI):f/ ¢ () dica dics.

F! is called a one-dimensional spectrum. Its superscript indicates the direction
of the spatial separation vector &' Equation (15.34) indicates that F'(ky) and
62p(&1,0,0) are a Fourier transform pair:

+o00 o
/ M8 F () dicy = 62p (&, 0, 0),

o0

| e - (15.35)
Flien) = —/ eTMEG2p (&1, 0,0 dE.
27 Jooo
Evaluating the second of Eqs. (15.35) at k1 = 0 gives
7 e 7
FI(U)=*/ p(61,0,0)dé = — ¢, (15.36)
2 ) T

where ¢ is the integral scale of 6 in the x; direction. Equation (15.36) says that
the one-dimensional spectrum does not vanish at zero wavenumber. This happens
because a Fourier mode of wavenumber magnitude «, oriented nearly normal to
the x| direction, appears to have a very small wavenumber in that direction.

The three-dimensional spectrum E. (the subscript ¢ differentiates it from E, the
three-dimensional energy spectrum) is the integral of ¢ (k) over a spherical shell of

radius «:
Ec() = // ¢ (k) do. (15.37)
Kiki=k>

As indicated, E. (k) contains contributions from all Fourier modes of wavenumber
magnitude « regardless of their direction. From (15.30),

— 400 00 oo
62 :[ ¢(|c)d|c:f (f[ ¢(|c)do) dK:/ Ec(c)dk. (15.38)
—00 0 Kejrci=k2 0

Like E, E. vanishes at the origin because there is no energy at x = 0; we are
working with zero-mean variables. Thus, unlike the one-dimensional spectrum, its
shape does reflect the relative importance of the contributions of eddies of spatial
scale 1/k to the variance.

E. is the scalar spectrum traditionally used in turbulence theory. The Obukhov—
Corrsin arguments (Chapter 7) for the behavior of the scalar spectrum in the inertial
subrange, for example, are made for E..

** Some authors indicate this direction by writing F (i), but since a function depends on the value of its argument,
not the name, this is inappropriate.
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15.3.3 Isotropy

As wediscussed in Chapter 3, isotropy is unlikely to appear in the energy-containing
range of “natural” (as opposed to computational) turbulence. But what Batchelor
(1960) calls axisymmetry, invariance to rotations and reflections about an axis, is
possible — as in turbulent free convection, for example, which has axisymmetry
about the vertical axis. Axisymmetry is isotropy in the plane normal to the axis of
symmetry.

An isotropic scalar field has simple relationships among the functions ¢, F'
and E. discussed in the last section. Under isotropy ¢ (k) = ¢ (k) and Eq. (15.37)
becomes

Ec(k) :// p)do =4’ (k). (15.39)

The one-dimensional spectrum F'(k1) then is, from (15.34),

o ~
F'(m):// ¢(K)dﬁ(zdﬁ(3:// E"(K;dxzd,q. (15.40)
—00 oo 4K

As indicated by the wavenumber-space diagram in Figure 15.2, we can integrate
over circular rings and write (15.40) as

*E ® E.
Fl(K|):/ ‘(K)2md,(=f £ o (15.41)
o 4ni? o 2K
from which we find by differentiation with respect to
aF! E,
& — ,ﬂ_ (15.42)

Ky 2k

This equation allows the three-dimensional spectrum E.. to be found from measure-
ments of the one-dimensional spectrum F' if the field is isotropic. Furthermore,

~
dA=2rrdr =2rkds

Figure 15.2 A wavenumber-space diagram of the integral in Eq. (15.40).
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from (15.34) we see that under isotropy the one-dimensional spectra are all equal:
F'=F>=F3

15.3.4 The inertial subrange

Conserved scalar fluctuations in the inertial range, i.e., for scales much less than £
and much greater than 7, are traditionally argued (Chapter 7) to depend only on r,
€, and y.. If so, then in this range E. depends only on «, €, and .. Dimensionally,
this implies the inertial-range form (Obukhov, 1949; Corrsin, 1951)

Ec(ic) = Byee P33, (7.9)

with B a universal constant. Using this inertial-range form for E. in Eq. (15.42)
gives

3 _ _
Fl(k)) = Eﬁx(e*'/%, 3 = Bixee™ P, (15.43)

with B called the one-dimensional spectral constant.

15.3.5 Conventions in the literature

The one-dimensional spectrum is naturally defined as in Eq. (15.34) — as a function
of a variable that ranges from —oo to co. But since it is an even function it can be
convenient to use the “one-sided” form that integrates over 0 to oo to the variance.
This doubles the value of Sj.

There are two conventions for the three-dimensional scalar spectrum E. It inte-
grates either to the variance, as in Eq. (15.38), or (as in Tennekes and Lumley, 1972)
the half-variance.

15.4 Vector functions of space and time

In order to deal with turbulent velocity fields we shall now extend everything we
have done to vectors. The requirements for homogeneity and stationarity given
at the beginning of Section 15.2 are the same. We will initially assume that the
turbulent velocity field is homogeneous in all three spatial directions, consider only
correlations at the same time, and not indicate explicitly the dependence on time
or other parameters. Although the results are more complicated notationally, they
do have direct and important implications for turbulence measurements.
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15.4.1 The covariance, spectral density pair

With the Fourier-Stieltjes formalism we’ll write our stationary, homogeneous
turbulent velocity field as

+o0
ui(x) = f N dZi(k), (15.44)

where the d Z; (k) are random vector functions. As with scalars, they have orthogonal
increments:

dZi(e)dZ; ('

=0, Kk #K; dZi() dZ5 () = ij(0)dk, k= k. (15.45)

The transform relationships are

400
ui(X)u;(x + 1) = Rij(r) :f T () dc,

L (15.46)
) — ikt g,
¢ij(K) = ) [m e Rij(r)dr.

Rij is a covariance when i = j and a cross covariance when i # j. Itis called the
correlation tensor. ¢;; is the spectral density tensor.

By definition a homogeneous field is statistically unchanged under a translation
of its coordinate axes. From Eq. (15.46) this implies that R, is an even function;
Rua(r) = Ryg(—T). As aresult ¢y, is purely real and an even function (Problem
15.12). This is not true for the off-diagonal terms, however; R, for example, is
neither even nor odd, and ¢;» is neither real nor imaginary.

Cospectra and quadrature spectra are defined as for scalars. We first write
Rij = Eij + O;j, the sum of even and odd parts. The Fourier transform of R;;
is, from (15.46),

1 too
¢U(K):Wf e ™T[Eij(r) + 045(r)] dr

1 i Fee
= W Wﬁ sin(ic - 1) 0; (r) dr

= Cojj(k) —iQij(x), (15.47)

+00
[ cos(k - 1) Ejj(r) dr —

the sum of real and imaginary parts.
As for scalars, we can obtain the so-called one-dimensional spectra that can be
determined from measurements. If we measure | along the x| axis, for example,
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then we have from (15.46)

+00
R.1(r1.0.0>:f "1 () die

o

+00 +00
=/ efan (jf ¢||(|c)d)(zd)(3) dr.  (15.48)
o oo

‘We define the one-dimensional spectrum FllI as
, +o0
F“(x,):// $11(x) dicy di3. (15.49)
-0
From Eq. (15.48) it is the one-dimensional Fourier transform of Ry (ry, 0, 0):
+o0
Rll(n.O.O):f EVTEL (ey) dicy . (15.50)
—c0

As with the one-dimensional scalar spectrum, the superscript 1 in Fl‘l indicates the
direction of the separation vector r. Similar one-dimensional spectra can be defined
for other combinations of velocity; 1"1'3. for example, goes with Ry3(r1, 0, 0).

If the two lower indices are the same, then the one-dimensional spectrum is a
real, even function. If they differ, then the one-dimensional spectrum will not be
real, so it can be split into co- and quadrature spectra. The co- and quadrature one-
dimensional spectra can be related to the full co- and quadrature spectra in a way
similar to (15.49) (Problem 15.13).

The three-dimensional spectrum is also defined with the indices contracted,

E(»():[/ w@du. (15.51)

the factor of two being included so it integrates to the turbulence kinetic energy per
unit mass (TKE):

ity o
—= E(x)drk. (2.63)
2 o
This th di ional spectrum represents the contribution of Fourier modes of

wavenumber magnitude « to the TKE, regardless of the orientation of the Fourier
modes. Spherical averages of other functions (for example, Co;;, Section 15.4.3)
are also used.

15.4.2 Isotropy

‘We introduced the implications of isotropy for scalar spectrain Section 15.3.3. Here
we’ll extend the discussion to turbulent velocity fields.
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15.4.2.1 The spectral density tensor
As we discussed in Chapter 14, as a second-order tensor function of a vector ¢;; (i)
has the isotropic form
¢ij = J(K)Kikj + K ()85, (14.9)
with J (k) and K («) functions to be determined. The requirement of zero velocity
divergence implies, from the definition (15.46) of R;;, that dR;;/dr; = 0. This, in
turn, implies from (15.46) that kj¢;; = 0, which from (14.9) gives the constraint

K
Ki [J(K)K2+K(K)] =0, sothat J(k) = — (f)_ (15.52)
3
Thus, ¢;; becomes
o _ I(,'K,’
iy = Ko [y - 5. (1553)
Using the form (15.53) in (15.51) then gives
E(k) = // K(k)do = 47k’ K (k). (15.54)
KiKi=K*
s0 K (k) = E/(47«?) and we have finally
E(k) KiKj
91700 = 3 (3 - ) (15.55)

as the form of the spectral density tensor in an isotropic turbulent velocity field.
In an isotropic field we have

Uil = Uglly 8,

so that, for example, w3 = 0. From Eq. (15.46) we also have

+o0
u1u3=0=/ P13(k) di. (15.56)
—x

One might expect that Eq. (15.56) is enforced in an isotropic field by making
¢13 = 0, but Eq. (15.55) shows this is not the case:

E(k) (kik3

P30 = -5 ( P ) (15.57)
Instead, the integral (15.56) vanishes because Eq. (15.57) shows that ¢3 is odd in
«1 and «3. Evidently the continuity constraint u; ; = 0 prevents ¢3 from vanishing

(Problem 15.24).
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u,(@+7) u,(@+r)

u,(x) (@)

wf(r) wg(r)
Figure 15.3 A schematic of the longitudinal and transverse correlation functions.
From Batchelor, 1960.
15.4.2.2 The correlation tensor

Batchelor (1960) was evidently the first to apply this analysis to the correlation
tensor R;; in isotropic turbulence. As a second-order tensor function of a vector, it
has the isotropic form

a(rrirj + B(r)éij, (15.58)

Rij(r) = u; (X)u;(x +

witha(r) and B(r) to be determined. He expressed them in terms of the longitudinal
and transverse correlations f and g, respectively, sketched in Figure 15.3:

W f(r) = R (,0,0) = a(r)r> + B(r);  ug(r) = R11(0,7,0) = B(r),

(15.59)
where by isotropy 7% uy = %u,u; = u?. Solving (15.59) for @ and B yields
a:uz('f:g), 8 =u’g. (15.60)
2

Thus, in terms of f and g the isotropic form of R;; is

Rij(r) = u? (Mrlr,-+g(r)5,'/). (15.61)

The two unknown functions f and g are related through incompressibility. We

have
(15.62)

and since
il ar 9 T a

— == 15.63
ari dr; or ror ( )

2= riri,
this yields the constraint
il 19,
£ a1 (15.64)
-

ror
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With (15.60) this implies that f and g are related through

_pr_ L
g =f+ 29 = 3r(r . (15.65)

so that in an isotropic field R;; is determined by a single scalar function, either f
org.
G. I Taylor (1935) defined the length scale 2 from the curvature of g at the origin:
172

2’g
k7(72/m 0) . (15.66)

Today we call A the Taylor microscale. He misinterpreted A, stating that it “may
roughly be regarded as a measure of the diameters of the smallest eddies which
are responsible for the dissipation of energy.” In fact from the definition of g,
Figure 15.3, we can express Eq. (15.66) as (Problem 15.20)

By 0 2
22 = 2u2/,“” LT PO (15.67)
dxp 0xp €/v

a=eR P =R, (15.68)

We can rewrite this as

which shows that the length scale A lies between £ and 5, much closer to the latter
(Problem 15.14). It is idered to be more signi in a time characteristic of
the viscous dissipation, tq ~ u?/e ~ A% /v, than as a length scale.

‘We can also use isotropy to relate the one-dimensional spectra, which we can
now write as

+oo +00
uzf(r):/ &, () dr. ltzg(r):/ TR () die. (15.69)
- .

From (15.69) we can write

20f FO ers ol
u—= ek Fyy (k) dk. (15.70)
ar -
Thus, the inverse relation is

1ot [
ik Fly (k) = 5/ e’”(’u2%dr, (15.71)
o
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Differentiating (15.71) with respect to ix yields

dikFl| ok F) [ R , Af
e = = ﬂ/ e —u r;) dr. (15.72)

The inverse of (15.72) is

9 oo gFl
w2 e EL 0 (15.73)
K
Thus, the physical-space expression (15.65)
rao
=450
transforms to Lo
Fl = Flj — > —«F|}. (15.74)
20k
‘We can rewrite this as
=1(r xdF“ (15.75)
n=3\"n aw | 2

Since under isotropy the statistics are invariant to rotation and reflection of the
coordinate system, we also have

(15.76)

Finally, under isotropy we can relate these one-dimensional spectra to E. By
definition

Ao = [ [~ on e, (15.77)

and using the isotropic form (15.55) for ¢;; gives

* E®)
Fli() =// et (6 +13) dicy . (15.78)
o

Figure 15.2 shows the geometry of this integral. Since dk> dk3 = 2wk dk and
K3+ K% = k% — k7, we have

E(x)
F]I'(Kl):-/n 2:3 (% = ) d. (15.79)
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Differentiating (15.79) with respect to k1 yields

aF| < Kk E oF| < E
11 :_[ Md,(_ i#:_[ b(K)d,(_ (15.80)
K K

Ky | K3 K1 0K | K3

the derivative of the lower limit of the integral not contributing since the integrand
vanishes there. Differentiating once more with respect to «; gives

arl arl
0 (lﬂ> SE gy =i <l ﬂ) (15.81)

M K1 0Kk] i} ‘% E kLS
We usually write this result as

1
E(x) —ol <lﬂ) (15.82)

ak \k K

15.4.3 The inertial subrange

In the inertial subrange the Kolmogorov (1941) arguments (Chapter 7) imply that
E() ~ €2k = a5, (15.83)

where @ >~ 1.5 is called the Kolmogorov constant. The one-dimensional spectra
also have inertial ranges but with different spectral constants. Equation (15.80) (or
15.82) implies that Fl'I behaves in the inertial range as

9
Fl = Eaewlﬁm. (15.84)
Likewise, Egs. (15.75) and (15.76) show that in the inertial subrange

Fl=Fh=Fs=F)=Fh=F= %Flll = gaez/—‘x’—*/—‘. (15.85)
The last result — the 4/3 ratio between inertial-subrange levels of “longitudinal”
and “transverse” one-dimensional spectra — is often used as a test of the approach
to isotropy at small scales. In observational work one typically measures frequency
spectra of u and v and/or w, interprets them as the one-dimensional streamwise
wavenumber spectra F ,'1 and lez and/or F3'3. and examines their ratio at inertial-
range «. Figure 15.4 shows results of this procedure applied to the Kansas data.
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Kiz2m

Figure 15.4 The approach to the isotropic (4/3) ratio of FJ'J and Fh in the inertial
subrange in the 1968 Kansas experiment. z is distance from the surface, L is
the Monin-Obukhov length, and k1 is streamwi . From Wyngaard
(1973).

Again, different normalizations of one-dimensional spectra are used. Sometimes
a form is used wherein the integral over the half-line is the variance, in which case
the factor 9/55 becomes 18/55.

An approach to isotropy in the inertial subrange in a turbulent shear flow should
be manifested also in a stress cospectrum that falls faster than the energy spectrum.
Lumley (1967) has argued that in the inertial range Co13(k), the spherically aver-
aged cospectrum of kinematic stress 7w, depends on the mean shear U’, €, and «.
Since the dependence on U’ should be linear, on dimensional grounds we then have

Cosle) ~ e PU'c Ry [(L)} . (15.86)

(ex2)13

The argument of the function f here can be interpreted as (U'/u’)?, where u’ is the
strain rate of an eddy of size 1/k (Problem 15.23). When this argument is small the
turbulent strain rate dominates, f — constant, and this becomes

Cops(i) ~ e Pu'k™73. (15.87)

This inertial-range behavior has been observed for the one-dimensional cospectrum
of u and w (which should be proportional to Coy3) in the Kansas experiments (Wyn-
gaard and Coté, 1972) and in high- R; boundary layers (Saddoughi and Veeravalli,
1994).
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15.5 Joint vector and scalar functions of space and time
15.5.1 The covariance, spectral density pair

With the Fourier-Stieltjes formalism for stationary, homogeneous turbulent velocity
and scalar fields,

+oo +oo
i (x; t):[ Az ), O(x: t):[ e *dZ(k:t), (15.88)

we can define a joint spectrum:

—— 0, K #K/,
A7) dZ* () =
(k) (k) [d),‘(»c)dlc, =

+o0
l‘i(X+r)9(x):Ri(r):/ €T (1) dx,
oo
d)-('c)*#f+00 TR (r) dr (15.89)
e L T '

Again we can write R; = E; + O;, the sum of even and odd parts. The Fourier
transform of R; is then, from (15.89),

1 e —iler [ )
Pilk) = W.ﬁ e "“TEi(r) + Oi(r)]dr

=~

1 +o0 i oo
/ cos(k -r) Ej(r)dr — m/ sin(k - r) O;(r) dr

s e} ) %
= Coi(x) —iQi(K), (15.90)
the sum of real and imaginary parts. Since Q; (k) is an odd function, we have from

Eq. (15.89)
+o0 +o0
u; (x) 0 (x) :/ i (k) dx :[ Coj(x)dk. (15.91)

Thus Coj (k) represents the spectral density of contributions to the scalar flux ;6.

15.5.2 Isotropy

In an isotropic field Co; (k) has the form Ak; (Chapter 14), with A a scalar. The
zero-divergence constraint on u; requires that k; Ax; = 0, so that A = 0. Hence
Co;(k) = 0, and thus ;0 = 0. The last follows more directly in physical space:
as an isotropic vector, u;6 = 0.
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As we argued for stress, in anisotropic, flux-carrying turbulence a tendency
toward isotropy at smaller scales — beginning in the inertial range, say — should
be evidenced by a spherically averaged flux cospectrum Co;(x) that decreases
more rapidly with wavenumber than the energy and scalar spectra. As we dis-
cussed in Part II, both the streamwise (i = 1) and vertical (i = 3) components
of the one-dimensional forms of this cospectrum are observed to be nonzero in
the ABL. Lumley and Panofsky (1964) predicted that Co3 behaves in the inertial
range as

Coy ~ fT?e'/—*wa (15.92)

This behavior was observed in the one-dimensional cospectrum of u3 and 6
measured in the Kansas experiments (Wyngaard and Coté, 1972). Those authors
predicted that the cospectrum of u| and 6 behaves as

900U 4
~ 15.9
3Z 32’( ’ (5 3)

01

but the slope of the observed one-dimensional spectrum was >~ —2.5. Bos and
Bertoglio (2007) generalized the scaling of Eq. (15.93) to include €, which yields

IO IU”

NTzaz

Coy Um0y ~+20/3, (15.94)
with « a free parameter. With @ = 1/3 this yields an inertial-range slope of —2.55,
which agrees well with the measurements. Thus the observed behavior of these
cospectra is also consistent with the notion of an approach to isotropy at smaller
scales.

15.6 Spectra in the plane
15.6.1 The concept

Although they are necessarily inhomogeneous in the vertical, boundary-layer flows
can approach homogeneity in the horizontal plane. If so, then from numerically
simulated fields, for example, we can calculate spectra as a function of the wavenum-
ber vector k, = (ki, k2) in the horizontal plane; the vertical coordinate is a
parameter, as in Eq. (15.32). Unlike one-dimensional wavenumber spectra, these
two-dimensional spectra vanish at zero wavenumber and so directly indicate the
horizontal spatial scale of eddies contributing to them.

Let’s designate the spectrum that integrates over the horizontal plane to the scalar
variance as ¢?:

// @ (k) diy dicy = 2. (15.95)



352 Covariances, autocorrelations, and spectra

The one-dimensional streamwise wavenumber spectrum F, is related to ¢ by
oo
Felkr) = / @ (ey) dics. (15.96)
—00
‘We’ll assume isotropy in the horizontal plane (i.e., axisymmetry in z), so that

¢(2)(|ch) = ¢(2)(»{h)A We'll define a two-dimensional spectrum Ef.z) by integrating
over circular rings in the horizontal plane:

21
EP (iky) :f 6D (kn)in 6 = 2mind® (k). (15.97)
0

It also integrates to the variance,

S
/ E® (i) dicn = (15.98)
0
From Egs. (15.96), (15.97), and axisymmetry it follows that
oo E(Z)
Fe(ky) = / ﬂd@. (15.99)
_ 27Ky
Kelly and Wyngaard (2006) showed that this can be inverted to yield
d [ 2qF

EP () = - aketa) (15.100)

—s—5—=dK].
dicn J, (= i)'2

Equation (15.100) provides a way to determine the two-dimensional spectrum
from measurements of the one-dimensional spectrum, under the assumption of
axisymmetry.

15.6.2 The inertial range

Atenergy-containing wavenumbers spectra depend strongly on the stability state of
the ABL, but we’ve seen that in the inertial subrange and beyond they can approach
universality. We'll assume the turbulence at these smaller scales is isotropic in the
plane. It is particularly convenient to find variables whose spectra in the plane
have axisymmetric forms in an isotropic field, for such spectra depend on a single
wavenumber.

Let us assume that at wavenumbers « >> 1/h, where k = || = |(k1, k2, k3)|
and h is the boundary-layer depth, the vertical inhomogeneity of the boundary layer
is unimportant and the spectral density in the horizontal plane is the integral of the
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full spectral density over all «3, as in homogeneous turbulence. Thus, we write
the spectral density tensor and the scalar spectral density in the horizontal plane
(denoted by a superscript (2)) as

<z>,(f)(|<h):/ $ij (k) dks, d)‘z’(Kh):f ) drz,  xp = (K1, K2).

(15.101)
In this large wavenumber region we use the isotropic forms,
E(k) KiKj E. (K)
¢ij (k) = [5,»,»7 Kzl], dk) = (k) = (15.102)

We'll consider separately the inertial-range spectra of vertical velocity, horizontal
velocity, and a conserved scalar in the horizontal plane. Miles er al. (2004) have
also done the inertial-range spectrum of pressure.

15.6.2.1 Vertical velocity
From Eq. (15.102) we have

E (k) E(x) E(x)
yo (K =i3) = yo (k}+43) = 47“(4;(,3 (15.103)

$33(k) =

From Eq. (15.101) the spectrum in the horizontal plane is therefore

2 (kn >_/ 4( )khdm $3) (kn). (15.104)

Since ng) is axisymmetric, it is natural to define a two-dimensional spectrum for w,

E
Z(K)Kﬁ dis. (15.105)

EY = f 9% (k) ds =270 (n) = /
ey s

The geometry of the integral in (15.105) is shown in Figure 15.5. From«3 = &y, tan 6
we have dik3 = kpd0/cos*6. We also have k = ky/cos6. Using the inertial
subrange form of the three-dimensional spectrum

E(k) = ae??c ™3 (15.106)

in (15.105) then yields

/2
ED — a5 f cos'3 0 do. (15.107)
0
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K3= Ky tang

Kn

~ cosd

Figure 15.5 The geometry of a common spectral integral.

Integrals of the form of (15.107) appear frequently in these analyses. We can
generalize it to’

/2
I(a) :/ cos“6db. (15.108)
0

If we define v = cos® 6 we can rewrite this as
1 e 1
’(01)25 vZ (1—=v)"2dv. (15.109)
0

The Beta function is defined by

1
B(m.n):/ V"1 =0y . (15.110)
0

‘When m and n are any positive real numbers,

B(m,n) = B(n,m) = % (15.111)

In our expression (15.109) for I («) we have n = 1/2 and m = (« + 1)/2, so that

1(‘1):%:@& (15.112)
2r(1+%) 2 r(1+9%)’ ’

from which we find 1(%) = 0.61. Equation (15.107) for the circularly averaged
vertical velocity spectrum in the plane then becomes

E? =0.61ae3 ", (15.113)

# 1am indebted to Ricardo Munoz for this development.
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which indicates that the Kolmogorov constant for the two-dimensional spectrum
of vertical velocity is 0.61c.

15.6.2.2 Horizontal velocity
From (15.102) the spectral densities of the horizontal velocity components are

E(K)

(K) T3 +i3). P2 = o (<] 3. (15.114)

¢1|—

These are not axisymmetric in the horizontal plane. However, their average

(15.115)

¢ ton  Ek) K+ 2462
2 4wkt 2

is axisymmetric. The spectrum of this average is then

(Z) 2) ) 2 2
(d) +on )(m.)z/ i:: <%)dn. (15.116)

The two-dimensional spectrum is, from the axisymmetry,

(7) 2) oo 2 2
E 2
El(qz) = 27Ky <¢ Rkl ) = / KknEe) (M) dis. (15.117)

oo 264 2

Using the geometry of Figure 15.5, this yields in the inertial subrange
) sl [ 12
EX = i [f cos”20.do — 5/ cos“/39d9], (15.118)
0 0

Evaluating the integrals through (15.112) yields

E? = 0.540¢?3°".

(15.119)

This says that the Kolmogorov constant for the two-dimensional spectrum of the
average of the two horizontal velocity spectra is 0.54a, slightly less than that for
vertical velocity.
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15.6.2.3 A conserved scalar

From (15.102) the spectral density of a conserved scalar is related to its three-
dimensional spectrum through

#) = £ (15.120)
4mic?
The spectrum in the horizontal plane is
® E.
* (n) :f < s, (15.121)
oo 4K

Since this is again axisymmetric, the two-dimensional scalar spectrum E(‘.z’ is
%
EQ = 2miy¢® = [ L’z(")dm (15.122)
o 2
Using the geometry of Figure 15.5 and the inertial subrange form
Ec) = Byee P, (7.9)
this yields
2 1/3,.=5/3 /2 5/3
E® = Bxee P, / cos®? 0 do, (15.123)
0
which through (15.112) becomes
E® = 0.848x.e ", (15.124)

the two-dimensional spectral constant here being 0.84.

Questions on key concepts

15.1 Outline the notion of an autocorrelation function.
152 Explain why we say the autocorrelation function is an indicator of the
“memory” of a stochastic function.

15.3 How do the integral scale and the microscale of a stochastic process differ?
15.4 Explain in simple terms the meaning of the power spectral density of a
function. How does randomness enter, and how is it accommodated?

15.5 Interpret and explain Eq. (15.34) physically.

15.6  Explain physically the notion of a three-dimensional spectrum in turbulence
and why it is attractive.

15.7 Explain how in relatively low-R; flows the Taylor microscale might be
misinterpreted as the scale of the viscous eddies.
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Describe the concept of spectra in the plane.
Discuss how and why spectra in the plane can be more useful than one-
dimensional spectra.

15.10 Discuss some of the spectral implications of the approach to isotropy at small

15.

15.2

153

15.4

155

15.

o

15.7

scales.

Problems

Show that the autocorrelation function is an even function of its argument:
p) = p(=1).
For any two real, random variables « and v one can write

Expand this expression and rearrange the result to prove Schwartz’s
Show that

inequality,
W <y v
b 2 b pb __ bbb
[/ u(t)dt] :// u(r’)u(t”)dt’dr”:uZ[/ p(t' —t"yar'dt".
a a Ja a Ja

Use the stationarity of () as expressed by

&> ——
0=

d2u(n) du(n)\?
2““)7”( at )

to show that the variance of the derivative is

(du(r))z I T0)

dt dr |,

Referring to Figure 15.1, use Taylor’s hypothesis to compare the time scales
and X of the autocorrelation function of a turbulent velocity signal by relating
them to the energy-containing scale £ and the Taylor spatial microscale.
Use the Fourier-Stieltjes representation to relate the spectrum of du/dt to
the spectrum of u(r).
Use the Fourier-Stieltjes representation to assess the reliability of the finite-
difference approximation to the derivative of u(r),

u u(t + At) —u(t — At)

at O= 2At
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Do this by finding the spectrum of this approximation to the derivative.
15.8 (a) Find the spectral transfer function (the ratio of the spectra of the filtered
and unfiltered variables) of the filter defined by

duf (1) du
f
0+ =1,
ORI
where u(t) is a time series and uf(t) is the filtered series. Sketch the transfer
function. What does this filter accomplish?
(b) Find the spectral transfer function of the filter defined by

w (1) +1 u(t).

du’ (1)
dar
Sketch its transfer function. What does this filter accomplish?

15.9 In practice when dealing with observational data or the results of numerical
simulations of turbulence we estimate spectra through the coefficients of
finite Fourier series. Use a stationary, finite time series of a scalar variable
to show how this is done.

15.10 Spectra estimated from time series or numerical simulation results are typi-
cally “ragged” due to inadequate averaging. Show how averaging the spectral
estimates over narrow frequency or wavenumber bands can smooth such
spectra. Develop a criterion that gives the maximum width of the averaging
band in the inertial subrange for a given distortion of the spectrum there.

15.11 Determine the time constant needed in a fine-wire resistance thermometer
in order to measure the finest scales in the turbulent temperature field in a
fluid of Pr ~ 1.

15.12 Prove that if R, is an even function of &, then ¢, is purely real and an even
function of k.

15.13 Relate the one-dimensional co- and quadrature spectra to the full ones in a
way similar to (15.49).

15.14 Express A /¢ and 1/ as functions of the large-eddy Reynolds number R;.

15.15 Prove Eq. (15.121).

15.16 Prove Eq. (15.122).

15.17 Show that in an isotropic field the integral scale determined from f is twice
that determined from g. (Hint: use (15.65).)

15.18 Prove Eq. (15.75) by staying completely in wavenumber space.

15.19 Show that Eq. (15.46) implies that Ryq (€. 1) is an even function of &.

15.20 Derive Eq. (15.67) from Eq. (15.66). Assume homogeneous turbulence.

15.21 Ifthe three-dimensional pressure spectrum has ax ~7/? inertial subrange, how
do its one- and two-dimensional spectra behave there? Relate the spectral
constants.
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15.22 Why is the one-dimensional vorticity spectrum unusual? (Hint: sketch it.)

15.23 Interpret the argument of the function f in Eq. (15.86) as a squared ratio of
mean and turbulent strain rates.

15.24 Explain why the continuity constraint «; ; = 0 prevents the isotropic form
of ¢13(k), Eq. (15.57), from vanishing.
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16

Statistics in turbulence analysis

‘With some reasonable assumptions and the Fourier—Stieltjes representation we can
gain analytical insights into a wide range of turbulence problems. We’ll discuss
several examples in this chapter.

16.1 Evolution equations for spectra

We’ll begin with an idealized problem involving a passive, conserved scalar in a
field of isotropic turbulence. With the Fourier—Stieltjes representation we’ll convert
the scalar conservation equation to an evolution equation for its power spectral
density, or spectrum. That will give insight into the maintenance of its inertial
subrange, and show what motivated Obukhov (1949) and, independently, Corrsin
(1951) to propose a Kolmogorov-like similarity hypothesis for it. Then we’ll extend
the analysis to a conserved scalar in a horizontally homogeneous turbulent boundary
layer, where scalar fluctuations are generated by the large- R, turbulence acting on
a mean scalar gradient in the vertical direction.

16.1.1 A scalar in steady, isotropic turbulence
16.1.1.1 The spectral equation

Imagine a volume of steady turbulence of large R and Co; (turbulence Corrsin
number, Chapter 7), as in Chapter 6, Section 6.3 but now isotropic. The velocity
field, which has only a fluctuating part u; (x, ), advects a scalar field ¢:

Crt+(Cuj) j=sX, 1) +yC jj. (16.1)
s(x, 1) is a stochastic, zero-mean, homogeneous, stationary source term that fluctu-
ates between positive values (a source of ¢) and negative values (a sink). If we think

of the scalar as temperature, then the source term represents zero-mean stochastic

361
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heating and cooling. We’ll assume that the spatial integral scale of the scalar field
is of the order of the turbulence scale £.

By this design C, the mean part of the scalar, is independent of x and 7, the
turbulent flux ¢u; vanishes, and the conservation equation for the fluctuating scalar
field ¢(x, 1) is

e+ (cuj) j=sx,1)+ycjj. (16.2)
Multiplying Eq. (16.2) by 2¢, ensemble averaging, rewriting the molecular term,
and dropping its diffusion part yields the scalar variance equation

9
ot

(16.3)

=25~ (Puj) ;= 2yTC =

By homogeneity, which is implied by isotropy, the second term on the right,
turbulent transport of variance, vanishes so the equation reduces to

25¢ —2ycjc; = Pr— xe, (16.4)

with Pr the mean rate of production of variance by the fluctuating source term and
Xe its mean rate of destruction through molecular diffusion.

Now we introduce the Fourier—Stieltjes representations for the fluctuating
quantities (Chapter 15):

r(x,t):/e'”‘dZ(K,t). ui(x, 1) :/e“”‘dZ,(K,t),
(16.5)
s(X, 1) :/e"‘"dS(K.l), cuj(x,1) :/e”‘"dFj(K,l),

Hereafter we will not explicitly indicate the dependence on 7.

Using these representations in Eq. (16.2) gives the evolution equation for the
Fourier-Stieltjes components:

%(IZ(K):ﬂ'»(,dF,(K)7yKZdZ(K)+dS(K), (16.6)

where k2 = kiK;.
The power spectral density ¢ of the fluctuating scalar field is defined through

¢ (k) de =dZ(x)dZ*(x), (16.7)

and its time derivative is

9 £l El
Eqmc)dx:dl (K)EdZ(K)+dZ(K);dZ (k). (16.8)
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Following the steps in Eq. (16.8) yields

99 (k)
ot d

K = *iK,dZ*(K)dFJ(IC)+indZ(K)dF;(K)

—yi? (dz*(x)dzuc) +dZ(|c)dZ*(x)) (16.9)
+(A77W d5W0) +dZ00 d57(®) ).
‘We write the first pair of terms on the right side in the notation of Chapter 15,
m = Ceocuy (0) dit = Coc ey, (€) di — i Q. (k) di.
m = C:_(,“](K) de = CoE,(,A,(K) dk +iQ(,“,J(K) de, (16.10)

with CMM/, the cross spectrum of ¢ and cu;, written in terms of its co- and
quadrature spectra. The first pair of terms on the rhs of Eq. (16.9) is then

—ik;dZ*(x)dFj(k) +ik; dZ(x) (I'Fj(l() =2k Quu, () dk. (16.11)
Similarly, the diffusion and source terms in Eq. (16.9) yield
— 2k dZ(0) dZ* (k) = —2y K% (k) dx,
dZ*(k) dS(k) + dZ(k) dS* (k) = 2Coc (k) dx. (16.12)
with Co, s the cospectrum of ¢ and s. The resulting spectral evolution equation is

99 ()
o = 2C0¢,5(K) + 2K} Qc,en; (K) = 27K7p (K). (16.13)

The terms in Eq. (16.13) integrate over k to the corresponding terms in
Eq. (16.3) for variance. Since the turbulent transport term in Eq. (16.3) vanishes by
homogeneity, we see that the corresponding term in Eq. (16.13) integrates to zero:

/// 2k Qc,eu; (K)dirdiadics = 0. (16.14)

This implies that the term rep transfer within space.
Under isotropy (Chapter 14) the quadrature spectrum Qc cy;, being a vector
function of the vector k, has the form

Qc.cu; () = Kk F (k) (16.15)

with « = [k|. It follows that 2« ; Qt'.m, (k) = 2)(21’(/(). Under isotropy the other
spectra in Eq. (16.13) depend only on wavenumber magnitude:

@) =¢(k),  Cocslic) = Coc (). (16.16)
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Thus under isotropy the spectral evolution equation (16.13) is

¢ (k)

o = 2C0est) + 262 F (k) — 2y (k). (16.17)

In Chapter 15 we integrated ¢ over spherical shells of radius «, writing
Ec(k) = /f (k) do = 4k’ (k). (15.39)
Kiki=x?

‘We’ll extend that to the other terms in Eq. (16.17), defining a “production” spectrum
P (k) and a “transfer” spectrum 7 (k):

P(k) = [/ 2Co.5(k)do = Sm(ZCum(K},
T(k) = // 22 F(k)do = 87k*F (k). (16.18)

The spherically integrated version of Eq. (16.17) is then

0Ec(k)

o = P +Tw - 2yk2E(K). (16.19)

This says that the equilibrium three-dimensional scalar spectrum E. (k) results
from the balance of three terms: P(k), the rate of gain by production, centered
near ke ~ 1/£; T («), the net rate of gain by transfer from other wavenumbers; and
the rate of loss by molecular destruction, centered near kg ~ 1/1oc, With 1o the
Obukhov—Corrsin scale (Chapter 7). These are sketched in Figure 16.1.

. P(k) T(x)
8 / \/ 7N\
1 7 1 N ~ K
N, e
g \\ / ’
T(k) 292 E, (k)

Figure 16.1 A schematic diagram of the terms on the right side of Eq. (16.19), the
spectral budget of scalar variance in steady, isotropic turbulence of large turbulence
Reynolds and Corrsin numbers.
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If we define the mean rate of transfer of variance through wavenumber x from
all smaller wavenumbers as the “cascade rate” Ca(x), then the net rate of gain of
variance at wavenumber « by such transfer is

lim Cat0) = Cax + &) Ca(k)
m =
Ak—0 Ak K

=T (k). (16.20)

Then the spectral variance budget Eq. (16.19) can be written

AE (k) _ _ ACa(k) _
Kk

o = Pw 2y Ec(k). (1621)

‘We can briefly explain the behavior of the cascade rate Ca(k), which is sketched
inFigure 16.2. Integration of the steady-state form of Eq. (16.21) over the production
range, from k = 0 to k = kend, say, and using Eq. (16.4) gives

Kend
Calkend) :/ P(k)dx = Pr = y,. (16.22)
0

Thus, in the variance-containing range Ca(x) increases from 0 to x.

In the inertial subrange of wavenumbers, k. < k < kg, the production and
destruction terms in the steady form of the spectral budget (16.19) are negligible
so it reduces to .

9Cal) =0, (16.23)
ke
and Ca(k) = xc. This is the counterpart of the inertial subrange in the velocity
spectrum; its existence was postulated first by Obukhov (1949) and Corrsin (1951).
At yet larger i, in the dissipative range, molecular destruction of scalar variance is
important and the steady spectral variance budget is

% = —2yk2E.(k), (16.24)

and Ca(k) decreases to zero at large k.

Ca(r)

| |
I I
| !
| i
< Inertial subrange —»{
i |
| |
! !

e Ky K

Figure 16.2 The behavior of Ca(k), the cascade rate of scalar variance.



366 Statistics in turbulence analysis

v b de

16.1.2 A scalar in a steady, hori: y layer

Next we’ll consider a physical problem: a conserved scalar with mean vertical
gradient C 3 in a steady, horizontally homogeneous boundary layer with a mean
horizontal velocity U. Here the equation for the fluctuating part of the scalar is
(Chapter 5)

co+ Cauz +c Uy + (cuy) j — (@3) 3 = yc jj. (16.25)
Multiplying by 2c, averaging, using horizontal homogeneity, and rewriting the

molecular term (Chapter 5) gives the scalar variance budget:

ac?

Sr = "2Ca e~ (Pus) 3~ 2T (16.26)

The terms on the right side represent, in order, the rates of mean-gradient production,
turbulent transport, and molecular destruction.
Because of the vertical inhomogeneity in this problem we must restrict our

Fourier-Stieltjes representations to the horizontal plane. As in Chapter 15, we’ll
use the notation ky, = (k1, k2), Xp = (X1, X2):

c(Xp: x3,1) = f MM Z (ki X3, 1), u3(Xn: X3, 1) = ]em" X0d Z3(kn; X3, 1);
C“J(Xhixw):/e'"“"‘"dF,(Kh:st), j=12 (16.27)
(cuz —cu3) 3 =fe“‘h"‘"¢lV(xh;X3, 1).

‘We shall not indicate the dependence on x3 and 7 hereafter. Substituting these into
Eq. (16.25) yields
EJZ(Kh) = —C3dZs(kn) —ik1U1dZ(kpn) — ik dFj(xn) —dV (k)

—ykjkjdZ(kn) +y(dZ)33(kp)  (j summed on 1,2). (16.28)

We proceed as in Subsection 16.1.1, multiplying Eq. (16.28) by d Z* and averaging,
and adding to that the result of multiplying the complex conjugate of Eq. (16.28)
by dZ and averaging. We define the spectral density of ¢ in the horizontal plane,

¢ () dicn = dZ(n) dZ*(kp). (16.29)
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We also define the quantities

dZ (k) dZ5(kn) +d Z*(kn) d Z3(kn)

cuy c,u3

- (cm (kn) + C*‘Z’(m) diey = 2Co@), diy,

ik jdZ* (en) dF (i) — ik dZ (en) dF} (k) = =265 02, (kn) diy,  (16.30)

A7 () dV (y) + dZ () AV () = 2C0L,,.1) | (n) dici.
The first of the pair of molecular terms in Eq. (16.28) produces
—2ykjic;dZdZ* = —2yiid® dkp, (16.31)

which represents destruction through molecular diffusion in the xj- and x»-
directions. The second molecular term produces

y (dz,n d7* + dz_g}dz) =y(dZdZ*) 33— 2ydZ3dZ% ~ —2ydZ3d 7%,
(16.32)
which represents destruction through molecular diffusion in the x3-direction. If we
assume local isotropy the molecular destruction rate is 3/2 of that produced by the
horizontal gradients and the spectral evolution equation is (Problem 16.15)

0@ (kn)

5 —2C,3 Coll), (k) + 26, O3, (kn)

c,uy

—2C02),. () = 3yigd® (e) (j summed on 1,2). (16.33)

The terms on the right are ordered as in Eq. (16.13) for three-dimensional,
isotropic turbulence. The first term is the rate of production by the interaction
of the turbulent flux and the mean gradient. The second term integrates over the
horizontal plane to the horizontal part of turbulent transport, which is zero; hence
it represents transfer within the horizontal wavenumber plane. The third term inte-
grates to the vertical part of turbulent transport, and the final term is the rate of
molecular destruction.

If we assume isotropy in the plane (also called axisymmetry), as in Chapter 15,
¢, Cofﬁ,, and Cof(",m) , depend only on wavenumber magnitude ky, not on its
direction. Furthermore, lhe’isolropic expression Eq. (16.15) now becomes

02, () =k FP ), j=1.2, (16.34)
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so that  2«; Qf(),,/(l(h) = ZK}fF(Z’(K}.). Thus under axisymmetry Eq. (16.33)
becomes

3@ (kn) _
o

c.u3

~2C 3 Col), (kn) + 22 F® (i) — 26”:}()1«3' 2 (kn)
_ 3yx§¢‘z’(/<h)» (16.35)

‘We now integrate Eq. (16.35) over circular rings in the horizontal wavenumber
plane, reintroducing the two-dimensional scalar spectrum defined in Chapter 15:

2
E® (k) = / & (en)in d0 = 2 (k). (15.97)
0

We define a production spectrum P® (kp,),

2
PO ky) = - [ 2C5 Co), (kn)in do. (16.36)
o 3
a horizontal transfer spectrum Thm (kn)s
21
12 (n) = / 22 F (kn)ich d6, (16.37)
0
and a spectrum of vertical turbulent transport,
2 )
T2 (k) = — f 2001, (kn)kn do. (16.38)
o .

This gives the spectral scalar variance budget in the horizontal plane,

IES
7’3,( W _ p@Ga) + 1) + 720w Y GED (). (1639)
This is the counterpart of the isotropic turbulence result, Eq. (16.19) (Problem
16.11).

The terms in Eq. (16.39) integrate over &y, to the terms in the variance budget
(16.26):

o o (2)
f PP (i) dicy = —2C 3 cuz = Pr, / T, (k) dien = 0;
0 0

oo «
/ TP (kn) dicn = —(Pu3) 3 = Tr, —Syf KCED (kn) = —xe.  (16.40)
0 0
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Thus the integrated variance budget is
el
at

= Pr+Tr—x. (16.41)

‘We can define a cascade rate Ca‘® (xn), the mean rate of transfer of scalar variance
through wavenumber y, from all smaller wavenumbers in the horizontal plane. The
net rate of gain of variance at wavenumber }, by such transfer is

3Ca®
_ 3Ca(kn) — T}:Z)(K}‘). (16.42)
dkn

Thus Eq. (16.39) can be written

IES (k1)
ar

= PO (y) — + TP 0) =3y EQ (), (1643)

3Ca® (k)
Okn
which is the two-dimensional counterpart of Eq. (16.21).
Integration of Eq. (16.43) over the production range gives in steady state

Ca® (ko) = / ’ (P‘Z’(Kh) + TV(Z)(K,,)) dicy = Pr+Tr. (16.44)
0

Equation (16.41) shows that this is equal to y., the rate of molecular destruction of
variance. Thus, in the variance-containing range Cca® (kn) increases from 0 to x,
as in the three-dimensional case shown in Figure 16.2.

In the range of horizontal wavenumbers «y, such that ke < k < kg the pro-
duction, vertical transfer, and molecular destruction terms in the spectral budget
(16.43) are negligible, so it reduces to

3Ca? (kn) —o

16.45
dkn ( )

Thus here Ca®(ky) = xc. and as in the three-dimensional case we have the
possibility of an inertial subrange.” As we discussed in Chapter 15, Section 15.6,
the inertial-range spectral constants for these two-dimensional spectra are different

from those for three-dimensional spectra.

16.2 The analysis and interpretation of turbulence signals

The Fourier-Stieltjes representation allows us to determine analytically the effects
of instrumental or sampling attributes such as spatial and temporal averaging. We
shall illustrate with several examples.

* Such inertial subranges can be scen in spectra of fields from high-resolution LES of the ABL.
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16.2.1 Spatial averaging of conserved scalars

Flow sensors typically average the measured variable over a small region of space.
For example, a resistance-wire temperature sensor averages temperature over its
length; infrared-absorption sensors average the mixing ratio of water vapor and
carbon dioxide over the length of their transmission path. We can determine ana-
lytically how this line averaging impacts some statistics of the signal.

‘We’ll consider first averaging the fluctuating scalar field ¢ over a vector path
L of length L. We’ll associate the measurement with the midpoint x of the path.
Denoting ¢™ as the measured value of ¢, s as the vector along the path from that
midpoint, and s the distance along that path, we have

1 L2
Mx, Ly1) = 7f c(x+s,1)ds. (16.46)
L)1y

In this path averaging, scalar fluctuations having along-path length scales small
compared to L average to nearly zero and, hence, are greatly attenuated. Scalar
fluctuations in directions normal to the path are unaffected.

The Fourier—Stieltjes representation of the scalar field allows us to quantify
these averaging effects. We assume homogeneous turbulence so we can represent
the true and measured fluctuating scalar fields as (we shall hereafter suppress the
dependence on time):

('(x):/ei""‘dZ{K). M (x, L):/e"""‘dZ"‘(K.L)A (16.47)

Using (16.46) we can write the path-averaged scalar signal as

m ! L2 ik (x+s)
c"(x,L) = z e dZ(x) |ds
—L)2

1 L2
:/ [7f e'“"“”dx] dZ(x). (16.48)
L).1p
The averaging integral is
,/ i) gg SN L/2) Gy (16.49)
L2 k-L/2

so Eq. (16.48) can be written

m -~ fex Sin( - L/2)
M(x, L) 7/2 7.6.]‘/2 dZ(x). (16.50)
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Figure 16.3 The spectral transfer function of line averaging of a scalar field.

Thus we have an expression for the effect of sensor-path averaging on the Fourier—
Stieltjes coefficients of the measured scalar:
sin(k - L/2
47", L) = (7/)¢IZ( ). (16.51)
©-L/2
This quantifies how this path averaging removes Fourier components of the ¢ field
of wavenumber in the path direction much greater than 1/L, while not affecting
those of wavenumber components perpendicular to the path.
Since the scalar spectrum and its measured form are

k) de =dZ(k)dZ*(k), ¢" (k) de = dZ" (k) dZ"*(k), (16.52)
it follows that the measured spectrum is

") = me) =Tk L)$(x) (16.53)
L/2)? ' '

with T'(k, L) the spectral transfer function of line averaging. It is shown in
Figure 16.3.

To determine the effect of path averaging on F!'™(k}), the one-dimensional
streamwise wavenumber spectrum that we calculate from a time series measured
at a point using Taylor’s hypothesis, we integrate over two wavenumbers:

F™ () = //x 6™ ()dicy dics

) (16.54)
// sind(e-L/2)
é (k) oLz deades
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If the sensor path vector L is oriented in the x; (streamwise) direction the path-
averaging transfer function can be taken out of this integral. In order to avoid flow
distortion this orientation is not generally used, however, so typically the integral
in (16.54) must be carried out over k7 and k3. This is usually done numerically.

If the sensor averages over a rectangular area A A whose sides are Ax; and Axa,
the spectral relation is

sin® (i1 Ax1/2) sin®(kaAx2/2)

P AN =00 N2 (Anf2R

(16.55)
If the sensor averages over a volume AV whose sides are Axj, Axy, Axs, the
spectral relation is

sin? (k] Ax; /2) sin®(kaAxp/2) sin®(k3Ax3/2)

P AN =000 (R @A’ (abu2?

(16.56)

In general the effect of spatial averaging on other statistics is more difficult (or
perhaps not possible) to determine analytically.

16.2.2 Resp of scalar structure-function sensors

In the same way we can analyze the response of a “structure-function” sensor.
Its output is the difference of turbulent quantity at two points separated in space.
‘When the separation distance r falls in the inertial range of scales such two-point
difference variances can be used to infer dissipation rates (Chapter 7).

Again suppressing the dependence on time, we write

ix+r1) = / O 4700, Ex) = [e"""‘dz(x). (16.57)
The difference signal is
AGX,T) = EX + 1) — E(X) = /e”‘ x (e"'“ T 1) dZ(K)
:/e”"‘dZd(K. ). (16.58)

From (16.58) the spectra of the scalar difference and the scalar are related by

Ga(k) dx = dZa(€) dZj (k) = (™" — 1)(e ™" = 1)dZ () dZ* (k)
=2[1 — cos(k - )] ¢ (k) dx. (16.59)
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Figure 16.4 The spectral transfer function of the two-point scalar difference
operator.

Thus the difference variance is
(Ac)? = /¢d(x) dk = /2[] —cos(k - 1)] ¢ (k) dk. (16.60)

The spectral transfer function 2 [1 — cos(k - r)] of the scalar difference operator
is shown in Figure 16.4. Let’s interpret it physically. First, Fourier components
of wavenumber perpendicular to the separation vector r have k - r = 0, so that
cos(k - r) = 1 and the transfer function is zero; these components are rejected by
the difference filter. More generally, in the small-separation limit k - r — 0 the
two sensors detect essentially the same signal so their difference variance is nearly
zero. Put another way, the difference filter rejects eddies that are much larger than
the separation distance.

As k -1 increases from zero the magnitude of the transfer function gradually rises
to its first maximum of 4 (Figure 16.4), where k - r = 7. Here Fourier components
in the r direction at the two points are 180 degrees out of phase so they add, not
subtract. This happens again atk - r = 2n — Dm,n =2, 3 .

The difference array is often used for separations in the inertial range of scales,
where the spectrum ¢ (k) is typically assumed to have its isotropic form ¢ (k)
(Chapter 15). Let us assume that the separation vector is in the x;-direction. We
can then write (16.60) as

(Ac)?2 = /oo 2[1 —cos(kir)] (//oo ¢ (k) dia dk3) dky

©
:/ 2[1 — cos(k1r)] F' (k1) dx; .
oo

(16.61)

If the separation vector is in the x>-direction the result is

(Ac)2:/ 2[1 = cos(kar)] F2(k2) da, (16.62)



374 Statistics in turbulence analysis

but since we saw in Chapter 15 that in an isotropic field F! = F? = F3 = F, say,
we can simply write this as

S
(Ac)? / 2[1 — cos(kr)] F (k) dx. (16.63)
00
In the inertial subrange F is
3 —1/3,.-5/3

F(K):Eﬁxée K7, (15.43)

and with this form Eq. (16.63) can be integrated to give (Problem 16.7)
(Ac)> =24Bxce P2l = Cor?3. (16.64)

C,2 isknown as the structure-function parameter for the scalar ¢. The k ~>/3 behavior
of the scalar spectrum in the inertial range of wavenumbers corresponds to the r2/3
behavior of the difference variance in the inertial range of spatial separations.

Temperature is often used as the scalar in turbulent flows. It typically is measured
with a fine-wire sensor of temperature-dependent resistance, operated in a bridge
circuit. If the wire has a time constant 7y, the measured temperature fluctuation 6™
follows the equation

6™ m
IWTJrG (1) =0(1), (16.65)

with 6(r) the fluid temperature at the sensor. A difference filter passes primarily
temperature eddies whose scale in the separation direction is smaller than the sep-
aration. Since smaller temperature eddies appear in the signal as higher frequency
components, the time constant 7y, influences the difference filter output. We’d like
to know how it affects its variance, for example.

One way to proceed is to use Taylor’s hypothesis (Chapter 2) in the form 86 /91 =
—U1360/dxy, with U; the mean velocity in the streamwise direction x1, to convert
Eq. (16.65) into an equation in xj:

6™ (x)
dxy

—wU +6"(x) = 0(x). (16.66)

The Fourier-Stieltjes components dZ™ and dZ of the measured and true signals
are then related by

(1 — iK1ty Up) dZ™ (k) = dZ (k). (16.67)
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Equation (16.58) for the measured difference signal, generalized to a sensor with a
nonzero time constant, becomes
(eer = 1)

(O —ixrmaun 2%

AO™(x, 1, Ty, Uy) = / el
:/e'""‘dzzl“(x.r. Ty, U1), (16.68)

with dZ}j' the Fourier-Stieltjes components of the measured difference signal.
Likewise, Eq. (16.59) becomes

2[1 —cos(k-1)]
T mun 0 (1669

@' (k) =

and Eq. (16.60), rewritten for the measured difference variance, becomes

/ MO0k = / wq}([) d. (16.70)
I+ (kitwU1)

Experimentalists can be reluctant to separate two sensors only in the streamwise
direction because this can put one sensor in the wake of the other. Thus, in general the
separation vector r in Eq. (16.70) has a lateral component, which means that (A6™)2
cannot be reduced to an integral of a transfer function times the one-dimensional
spectrum.

One can simulate a sensor separation r in the streamwise direction by using a
single sensor sampled at two times separated by r/ U :

x4 1, 1) = c(X, 1) = c(x, £ —r/U)) — c(x, 1). (16.71)

In this case Eq. (16.70) becomes

:/‘ 2[1 _COS(Ker]"‘(K)dK _ /- 211 _COS(KI,)]FI(Iq)dKL
o 1+ TwU)?* oo 1+ (k1T UY)?
(16.72)

If the separation r is in the inertial range of scales, the one-dimensional spectrum
F! falls as K;SB in the region that contributes to the integral (16.72). The transfer
function 2 [1 — cos(xr)] of the difference filter (Figure 16.4) is periodic; the first
peak is at kj = m/r, the second at 37 /r. A minimum requirement is that the sensor
time constant 7y, be small enough that the transfer function 1 + (k| rWU|)2 is unity
in the first pass band of the difference filter. Thus, we require

(Ac

(k1TwU1)* < 1 when «jr =27, (16.73)
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so that a requirement for the time constant of the sensor is
<57 (16.74)

Ty K ——. X

» 2n U,
This means that the smaller the separation » and the larger the mean wind speed
U, the smaller the required time constant. If we interpret “<” in Eq. (16.74) as
meaning a factor of 10 less, then for r = 0.6 m and U; = 10 m s~ this criterion
says that 7, should be less than 1073 s.

16.2.3 The two-point difference and the spatial derivative

Since cos2x = 1 — 2sin’x, we can write Eq. (16.63) for locally isotropic
turbulence as

7 % © gin?
(Ar? :%f sinz(»(r/Z)F(»()dK:/ %Mmm (16.75)

In the limit as r approaches zero the difference variance divided by r? is the spatial
derivative variance, which in an isotropic field is

Ao (ac\? _ [(ac\* _ [dc\®
fim A7 _ (2T (9T _ (2 (16.76)
r—0 r? dx dy dz
Since the spatial derivative variance is the integral of «2 times the one-dimensional
spectrum,
ac\? o
(7) :/ k2 F (k) dx, (16.77)
dx oo
we can write a derivative variance measured as in (16.75) as
B? [aeN\ [ sin(cr/2
(@07 _ (2e :f ST/ 2 ey . (16.78)
r* ax oo (kF/2)*

Thus sin?(xr/2)/(kr/2)? is the transfer function of the difference approximation
to the spatial derivative.

16.2.4 Application to velocity fields

The approach of the last three sections is applicable to turbulent velocity fields
as well. Again those applications that concern the smaller-scale structure are
traditionally handled with the assumption of local isotropy.
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The effects of spatial averaging and sensor separation associated with turbulent
velocity measurements tend to be three-dimensional. As a result they tend to appear
as spectral transfer functions only in three-dimensional wavenumber space. In the
case of three-component sonic anemometers, for example, the spectral transfer
functions depend on three acoustic path vectors L' and on three path-separation
vectors d'. Thus, to determine the effects of path length and separation on one-
dimensional velocity spectra we must integrate the spectral transfer function over
two wavenumbers:

o oo
Fim :/ / T, L', L2, L3, d!, a2, d*)¢ij (k) dica dics. (16.79)
o0 J—c0

This can make the interpretation of velocity measurements from three-dimensional
sensor arrays quite complicated at wavenumbers where the path averaging and
sensor-separation effects are significant (Kaimal ez al., 1968).

Wyngaard (1968, 1969, 1971) has calculated the spectral response of hot-wire
velocity and vorticity probes and resistance-wire temperature sensors; Kaimal er al.
(1968) have done the same for three-component sonic anemometers; and Gal-Chen
and Wyngaard (1982) have extended the analysis to multiple-Doppler radars.

16.2.5 Measuring resolved and subfilter-scale variables

Tong et al. (1998) developed a technique for measuring resolved and SGS variables
in the surface layer. Using high-resolution (256%) LES data, they first established
that filtering in the two horizontal directions is a good surrogate for three-
dimensional filtering. They then showed that filtering in time and using Taylor’s
hypothesis can be an adequate substitute for filtering in the streamwise direction.

These simplifications allow the use of a single linear array of sensors oriented in
the cross-stream direction. A variable f(x, ¥, 1), say, at a given height z is filtered
in time by using a running average such as

N
Floey, = > Fy.—nan. (16.80)
=—N

1
2N +1
n

These filtered variables from 2N +1 (five, say) sensors spaced in the lateral direction
are then combined with equal weights to simulate lateral filtering:

= é (f'%x, Y =28y, 0+ flx,y = Ay, ) 4+ i,y +24y,0).
(16.81)
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This produces a variable that is in effect spatially averaged over a rectangle of
streamwise length Uy (2N + 1) At and width (2N + 1) Ay in the horizontal plane.
We define this as the resolved part of f, so we have

F=r+r =gy, r=r-gv. (16.82)

Figures 6.4 and 6.5 show subfilter-scale (SFS) momentum and temperature fluxes
measured in HATS (Horizontal Array Turbulence Study). The array technique has
also been used in several subsequent field studies to give new insights into SFS
fluxes and their modeling.

16.3 Probe-induced flow distortion

Figure 16.5 shows a schematic of flow past a circular cylinder. Ahead of such an
obstacle the flow streamlines are modified by its blocking effect and the turbulence
inthe flow is distorted. Since in-situ turbulence probes (in general we’ll take probe to
mean the instrument plus its mounting apparatus) necessarily have some bulk, their
velocity measurements, in particular, are prone to contamination by this “probe-
induced flow distortion.”

Hunt (1973) discusses two limits in this problem: a > ¢, where a is the scale
of the body and ¢ is the integral scale of the turbulence; and a < . The first is
quite complicated, but the second is analytically tractable. Fortunately the second
applies to the of energy-containing range turbulence structure with
flow distortion due to the probe. We’ll discuss a simple analysis of it.

Typical streamline

[N
——

—~
P

Turbulent

I Wake

J

/.

D

< <
L

U,

Figure 16.5 Flow past a circular cylinder. From Hunt (1973).
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16.3.1 A simple approach for the velocity field

‘We represent the undistorted flow (that existing in the absence of the body) as
;i (t) = U181 4 u; (1), the usual sum of ensemble-mean and fluctuating parts, with
the xj-axis chosen in the mean-flow direction. We denote the distorted flow near
the body (but not in its wake) with a superscript d: ﬁ?(r) = U,"(X) + u;i(x, t). The
mean distorted flow need not be in the x-direction.

Now we make a key assumption: that £/ U, the time scale of the fluctuating
velocity signal at a point near the body, is much larger than a/ Uy, the time scale of
the response of the distorted flow to those velocity fluctuations:

/Uy > a/Uy, (16.83)

which is equivalent to £ > a. This ensures that the distorted flow near the body
sees the turbulence in the approach flow as varying so slowly that it “tracks” its
time variations perfectly. Thus we can treat the distorted flow near the body as
quasi-steady.

We now write the distorted velocity at the measurement position x near the body
ina Taylor series about a base state of steady, nonturbulent approach flow of velocity
(U1.,0,0):

2iid (x)
o 00
The subscript 0 means evaluated in the base state. In typical applications we need
keep only the linear terms in the expansion, so we truncate Eq. (16.84) and write
itas

~d —nd
it (X, 1) = it

wi(t) +---. (16.84)
0

e, 1) = al )|+ axu0). (16.85)
0
The flow-distortion coefficients a;; are defined as
oid
ayyx) = 0] (16.86)
au; |y

For geometrically simple bodies the @;; can be determined through the analytical
solution for potential flow; in this way Wyngaard (1981) found them for the flow
ahead of a circular cylinder. For somewhat more complex shapes (e.g., bodies of
revolution) one can calculate the a;; numerically (Wyngaard ez al., 1985). For the
much more complicated geometries of typical in-situ probes the a;; can be measured
directly (Hogstrom, 1982).

In the absence of flow distortion z??(x) = U181, ajj(x) = &;j and Eq. (16.85)

0

reduces to
A, 1) = Urdi1 + 8ijuj (1) = Ussiy + wi (1) = @i (1), (16.87)

as required.
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If we ensemble average both sides of the linear expansion (16.85) we find
x>l . (16.88)
0

This says that to first order in the fluctuating velocity, the mean flow at the mea-
surement point is simply that which exists there when the flow is nonturbulent.
Differences do appear at second order.

If we subtract Eq. (16.88) from Eq. (16.85) we find an equation for the distorted
turbulent velocity:

ul(x, 1) = aij(X)uj(t) = aj(Du1(t) + ap(Dua(t) + a(Xuz (). (16.89)

This says that probe-induced flow distortion can cause attenuation or amplification
in a measured turbulence signal as well as crosstalk (signal mixing).

Symmetries of the turbulence probe can simplify the problem, however. For
example, symmetry about its x, x> centerplane (as for the circular cylinder in Fig-
ure 16.5) makes aj3 = 0 on that centerplane (Problem 16.12). Similarly, symmetry
about a vertical (x, x3) centerplane makes a;» and a3, vanish there.

The effects of probe-induced flow distortion can be particularly serious for tur-
bulent fluxes. Say, for example, we are measuring w3 on a tower in a horizontally
homogeneous surface layer. We’ll assume a typical situation: lateral symmetry
of the probe about a vertical centerplane, but no corresponding vertical symmetry
about a horizontal centerplane. Thus when the mean wind vector lies in this vertical
centerplane aj, and a3; are zero. But the asymmetry about the horizontal midplane
induces non-zero a3 and as3 so that

uf(x, 1) = an u (1) + a®us (@),
Mg(x-l) = ai(X)uy (1) + azz(X)u3(1). (16.90)

Thus the measured stress is
fudx) = i ul w3 16.91
uju3(x) = (anaszs +ajzas) wiu3 +aai3 uy + aizass uz. (16.91)

Figure 16.6 shows the measured stress upstream of a right circular cylinder as
calculated with Eq. (16.91). Here the symmetry about the horizontal midplane
causes @3 to vanish at x3 = 0 and minimizes the errors there. Elsewhere the errors
can be quite serious, even several diameters upstream. Hogstrom’s (1982) results
confirm this.

Wyngaard (1987) showed that the errors in vertical scalar fluxes produced by this
distortion of the turbulent velocity field can also be minimized by designing the
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EN

Figure 16.6 Contours of the ratio of distorted kinematic Reynolds stress iju3 and
the free-stream value for flow upstream of the shaded circular cylinder. uf/ui =9,
u2/u? = 4, with —u? the free-stream value of wyu3. From Wyngaard (1981).

probe to be vertically symmetric about its horizontal midplane. He showed also that
the flow-blocking effect due to probe bulk causes the scalar flux to be overestimated,
but this can be minimized in an array with minimal stagnation loss in streamwise
speed at the flux-measurement point.

16.3.2 Conserved scalars

Conserved scalar fields are also affected by flow distortion, but in ways that depend
on the nature of the velocity field. We’ll consider three limits here.

16.3.2.1 Steady laminar flow
A conserved scalar C is released at a variable rate from a source in a steady,
divergence-free, laminar velocity field. We measure the scalar downstream with a
sensor that induces flow distortion. How does this influence the measured C signal?
We assume that in the flow-distortion process we can neglect molecular diffusion,
SO we can write
DC _aC

B = TUCi=0, (16.92)
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with C j the gradient of C. The scalar gradient follows the equation (Problem 16.13)

DC;

Dt

(16.93)

which shows that the scalar gradient is not conserved in flow distortion.
If we multiply Eq. (16.93) by U; and change dummy indices we find (Problem
16.14)

Dt
Thus if the flow is steady the quantity C ;U; is conserved during flow distortion,
any change in velocity along a trajectory being accompanied by a comp i
change in the scalar gradient.
If we denote a distorted field with a superscript d, then by integrating Eq. (16.94)
in time along a trajectory from X in the free stream to a point x,, in a region of
flow distortion we can write

DC,U; aU;
S of} (16.94)

CAUL X, 1+ A1) = CiUj(x0. 1), (16.95)

where At is the travel time between the two points. Using Eq. (16.92) in the free
stream and in the flow-distortion region gives

ac act

WJrUiC'i = +Uics, (16.96)
which with Eq. (16.95) gives

acd fle)
—— (£ + AL = —(x0,1). (16.97)
a1 a1

This means that in a steady velocity field the time series of conserved scalar fluc-
tuations in a flow-distortion region has a constant time delay relative to the time
series in the free stream. Therefore their frequency spectra are identical.

16.3.2.2 Quasi-steady turbulent flow, low frequencies
In turbulent flow Eq. (16.94) is
=g, #0 (16.98)
=27, X .

s0 ¢ ;i is not conserved under flow distortion.
Wyngaard (1988) discussed the turbulent case when the velocity and scalar sig-
nals are low-pass filtered at the “probe frequency” f, = U/2ma associated with
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the transit time of flow of mean speed U past a body of length a. Using turbu-
lence scaling he argued that if the “error parameter” p = (u/U;)(a/0)'? <« 1,
with  and ¢ the turbulent velocity and length scales of the approach flow, is small
Eq. (16.97) holds also for the low-pass-filtered scalar signal:

acd i 13
S Gt HAD = 200,10, p=@/UD@/0 1. (16.99)

If so, then for p < 1 the low-pass-filtered time series in the free stream and in the
distortion region differ only by a fixed time delay, so their frequency spectra are
identical below the probe frequency fp.

In an aircraft application with u ~ 1 ms~!, U; ~ 100 m s~!, so that u/U; ~
1072, anda ~ 1 m, £ ~ 300 m, so that (a/é)'/3 ~ 107", for example, then the
error parameter, p ~ 1073, which one expects is small enough for Eq. (16.99) to
hold. Thus the frequency spectra of the scalar in the region of flow distortion and
in the free stream should be the same. In tower applications the situation is less
clear because both u/ U and a /¢ are apt to be larger, making the error parameter p
larger. If, for example, we measured at the flight height but from a very tall tower,
then in a convective ABL /U could increase to 3 x 1071, say. If the probe were
smaller (@ ~ 0.2 m, say) then (a/i)'/3 ~09x 107", making p ~ 3 x 1072; the
error parameter is 30 times the aircraft value. If we measured from a tower but in
the surface layer, say, (a/€)'/? could be larger yet. Thus p could be still larger for
in-situ measurements in the unstable surface layer.

16.3.2.3 Quasi-steady turbulent flow, high frequencies

Wyngaard (1988) also extended his analysis to high frequencies (relative to the
probe frequency U /a). He found that if the parameter ua /(U 1), with A the Taylor
microscale, is small, the classical rapid-distortion analysis (Batchelor, 1960; Hunt,
1973) can be extended to scalars. As the flow approaches the body along a streamline
on its centerline, the decreasing fluid velocity causes fluid particles to decrease
their streamwise separation, as in duct flow with a sharp increase in cross-
area — a rapid expansion. This is found to amplify the streamwise wavenumber
spectrum of the scalar in the inertial range. The off-axis flow experiences a rapid
contraction, which attenuates the inertial-range wavenumber spectrum. However,
Taylor’s hypothesis in the form x; = 27 f/ Uy, plus the constraint that both spectra
integrate to the variance, show that the frequency spectrum is unchanged.

ctional

Questions on key concepts

16.1 Explain the essence of the process by which a conservation equation for a
turbulent field is converted to an evolution equation for its power spectral
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density. What assumptions are required about the field? What information
can be gained by this process?

Explain Figure 16.1 physically, and in particular discuss why it shows
no activity in the wavenumber region between the energy-containing and
dissipative ranges.

Interpret and discuss Figure 16.2 physically.

Discuss the essence of the arguments in Subsection 16.1.2 that allow us
to use the results of DNS or LES to calculate spectra in the homogeneous
horizontal plane of the ABL and interpret them in much the same way that
we did for isotropic turbulence.

Discuss the physical interpretation of the response function for line averaging
of a scalar field, Figure 16.3.

Explain physically why Figures 16.3 and 16.4 are so different.

Explain the concept of the array technique for measuring resolved and
subfilter-scale variables.

Discuss the concept and implications of probe-induced flow distortion, and
how and why it can be analyzed quite simply when the scale of the turbulence
is much larger than the scale of the probe.

Problems

Show that the first two terms on the rhs of Eq. (16.33) integrate over the
wavenumber plane to turbulent transport.

Assuming the pressure spectrum behaves as « in the inertial subrange,
contrast the difficulties in measuring the variances of du/dx and dp/dx.
‘Write an expression for the cross spectrum of a conserved scalar ¢ and
vertical velocity w in the homogeneous horizontal plane. In practice we
cannot measure w and ¢ at the same point in the plane; if the distance on
the plane between their points of measurement is r, write their covariance
as an integral of a transfer function times their cross spectrum. Show how
both the cospectrum and the quadrature spectrum contribute to the measured
covariance.

Express the two-point velocity difference variance [t (x + 1) — u1(x))? as
an integral of the spectral density tensor times a transfer function, under the
assumption of isotropy. Write the integral for the particular casesr = (r, 0, 0)
andr = (0, r, 0). Evaluate the integrals. Show how this yields the dissipation
rate.

A linear array of sensors spaced r apart on the horizontal plane has been
used to produce a low-pass filtered variable by adding the sensor outputs
with weight w. An example is

-3
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o (kny 2, 1) = w X VXy = 2 0) F w X U(Kn, 2, 1)+ w X V(K + T, 2 0).

For this simple case what is the relation between the spectrum of v’ in the
plane and that of v, ing the field is hc us in the plane? What cri-
terion should w satisfy to give unity transfer function at small wavenumbers?
Choose w that satisfies that criterion and sketch the transfer function.

16.6 To leading order the budget of vorticity variance is (Problem 5.6)

‘What is the physical meaning of each of these terms? Use the definition
of vorticity and the assumption of local isotropy to evaluate the production
term. Write the destruction term as an integral of the velocity spectral den-
sity tensor. Simplify and express the skewness S of the streamwise velocity
derivative du /dx) as an integral of the spectrum of u;.

16.7 Show that the integral in (16.63) yields the result (16.64).

16.8  Show that € = 2v [ k2 E (k) dx.

16.9 Explain why it is (Subsection 16.1.1.1) that isotropy requires that the mean
part of the scalar, C(x, t), not depend on x, and that the turbulent flux cu;
vanish.

16.10 Show that if the separation vector r is in the streamwise direction, Eq. (16.70)
can be reduced to a transfer function times the one-dimensional spectrum.

16.11 Sketch the spectral variance budget of Eq. (16.39).

16.12 Explain why a3 vanishes on the centerplane ahead of a circular cylinder,
Figure 16.6.

16.13 Derive Eq. (16.93).

16.14 Derive Eq. (16.94).

16.15 Derive Eq. (16.33).
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ABL. See Atmospheric boundary laer
Acoustic sounding, 193
Adiabatic temperature profile, 176

Air
cloud, 182
dry, 182
moist, 182
nelastic approximation, 178
Anisotropy, local
gauging, 325-326
maintenance, 322-325
Atmospheric boundary layer (ABL), 193-211
buoyancy effects, 19
cross-isobaric angle, ws
depth, 196
diumal cycle, 196
Ekman spiral, 208
horizontal advection, nonstationarity, 248
important features, 193-196
interfacial layer, 193
inversion-capped neutral, 201
mean momentum balance, 193
mean momentum equations, 20
neutral, 198
required averaging times, 196
stable, 201-204

decay of ficton velocity, 269
inertial oscillation aloft, 275-2
near-surface response, 273-275
sloping terrain, 277-278

trbulence Reynolds number, 196
well mixed, 28
Autocorrelation function, 36, 331-332
32

Schwartz's inequality, 331
Autocovariance, 36
Average, types, 30-34

ensemble, 30-34, 297

local, 66, 116

Index
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record, 65
space, 30, 37-38, 207
time, 30, 35
volume, 30, 297

Averaging
concepts, 28-38
convergence, 35-37
ensemble rules, 31-32
generalization to filtering, 117-118
phase, 279
phase rules, 279

space, 116-117
time
deﬁmlion 35

required, 37
Axlsymmelry. 340

Baroclinity, 208, 210, 246
Batchelor, G. K.
on Kolmogorov 1941, 146
microscale, 150
universal equilibrium theory, 154, 304
Boundary layer, body, 193
Boussinesq approximation, 178
adshaw, P.
on non universality of models. 108
on pressure fluctuations, 234
Brunt-Vaisala frequency, 203, 282
Buoyancy

atmospheric vs. engineering turbulence, 199

and eddy size, 200-201
effects on diffusion, 201
moist air, 183
sensitivity of turbulence, 199
term, 178179

Businger, . A.
on free convection, 229

Cascade
energy, 21,55, 116
scalar variance, 127, 363
CBL. See Convective boundary layer
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Central limit theorem, 302
Chaos,
Characteristic function, definition, 299
Cloud droplets

preferential concentration, 162-163

turbulent coalescence, 162
Coherence, definition, 336
Conserved scalar

definition, 13-14

equation, 181182

flux budgets. top-down and bottom-up.

255-256

mixing, 6
variance equation, 91-99
variances, top-down and bottom-up, 256
Constant-flux layer, 215-217
Constant-stress layer, 28
Convective boundary layer (CBL),
241262

Coriolis
forces, 193, 195
parameter, 207
second-moment budgets term, 196
term, 12, 178
Correlation
space-time, 338
tensor
definition, 342
isotropic turbulence, 345-348
Corrsin number
eddy, 148
twrbulence, 148, 361
Corrsin,
on computation, 20
Cospectrum, definition, 335
Covariance budgets
scalar flux, 99-100
scalar variances, 231
scaling guidelines, 94
shear-stress, ZT’ 233
temperature fl
velocity— vcloclly 100-101
Cross covariance, definition, 334
Cross «pecnrum. definition, 335
Csanady.
T:Aylor pmhlem 80

da Vinei, Leonardo
on turbulence, 10
Decomposition
mean, fluctuating, 29
resolvable, sub-filter scale, 67
Destruction, molecular
scalar flux and Reynolds stress, 109-110
scalar variance, 93, 96-9
Diffusion, molecular, 45
enhancement by turbulence, 64
point source, 757
scalar constituent, 4548, 59-62
scalar flux and Reynolds stress, 109
scalar variance, 92

Index

Diffusion, turbulent, 45
analogy with molecular, 48
laboratory measurements, 49
mass, 59
over plant canopy, 254-2
point source, 60-62
puff, 151-152
Taylor solution, 79-83
top-down, bottom-up, 252-256

Diffusivity, molecular
scalar constituent, 13
thermal, 14

Dimensional analysis, 217-218
Buckingham Pi theorem, 217
in dissipative range, 217-218
in pipe flow, 21 x
in surface layer, 2

Direct numerical s|mulduun (DNS), 10,55,

151,305

Dissipation, viscous
definition, 14
entropy equation, 180
interpretation, 102
local, instantaneous, 180
locally averaged, 159
scales, 103
structure, 157

Tennekes’ tube model, 157

Dissipative range
intermittency, 156
Kolmogorov hypolheses 153-154

structure, 156—

DNS. See Direct H\lmcncu\ simulation

Drag coefficient, 210

8-231

ddy
definition, 4
diffusivity, 19, 4548, 76-77, 84,
250-25
diffusivity models
direct testing, 248-249
generalizations for scalars, 257-258

inference from stress budgets, 249-251

size range, 16—
turnover time, 16, 42
velouty mle 4
visual L 16
Ekman
pumping, 210-211
solution, 208
spiral, 208
Energy transfer rate, interscale
BL, 127-128
derivation, 138140
expression, 12
physical mechanisms, 129-130
as spectral transfer, 126
Entrainment
flux, 259-260
velocity, 260-262
Entropy equation, specific, 176




Equations
ensemble-averaged motion, continuity, 56
moist atmosphere, 186

averaged. 186
ensemble averaged, 187
second moment, 188-189

Ergodicity, 34-35

Error function, 302

Eulerian description, 11

Filter
amplitude transfer function, 117
cutoff wavenumber, 118
function, 66, 117
Gaussian, 119
high-pass, 119
wave-cutoff, 118, 120

Filtering, spatial, 66
applied to equations, 67-69
in LES, 130

Flatness factor
constraint on skewness, 326
definition, 299
velocity derivative, 158

Flow distortion, probe-induced, 378-383
for conserved scalars, 381-383
two limits, 378
for velocity, 379-381

Flows, turbulent
channel, 57-58, 194, 270271
homogeneous shear, 27
secondary, 50
steady, homogencous, 120-127
wake, 27

Fluctuation
equations, 90-91
flow variable, 30

Fluid
incompressible, 11
Newtonian, 12

resolved, 69-70

subfilter-scale, 69-70
conservation equations, 132134
definition, 130
measuring, 135-137

modeling, 134-135, 153
sensitivity to, 137
Fourier
coetficients, 35
component, 122

component interactions. 122
series, 38, 122
Fourier representation
stochastic scalar function of space, time, 337-338
stochastic scalar function of time, 332-336
stochastic vector functions, 341-342
Fourier-Stieltjes integral, stochastic, 333
Friction
factor, 6-7
velocity. 8. 83

Index
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Gas constant
dry air, 182
fluctuations, 183

xture, 182
universal, 183
water vapor, 182

Gaussian
plume, 28
probability density, 302

Geostrophic
balance, 207
departure, 207
flow, 207
wind components, 207
wind shear, 210

Heat
flux, 75
transfer
conduction, 8, 197
entropy equation, 180-181
radiation, 197
Heating, dissipative, 22
Homogeneity
horizonta 5
Tocal, 95-96, 204-205
Humidity, specific, 183
Hydrostatic approximation, mean-motion
equations, 209

Ideal gas law, dry air, 175
Inertial subrange
applications, 151-153
definition, 42
2-dimensional turbulence, 165
energetics, extent, 145147
history, 146-147
isotropic spectral forms, 345349
scalar,
Instability, 4
Interfacial layer
as buffer, 241
entrainment, 259-262
flux Richardson number, 261
jump equations, 260
Inversion, capping, 76
Isobars, 193-195
Isotropy
definition, 313
implications
molecular destruction of covariances, 316-318
scalar spectra, 340-341
shear production of TKE, 316
local
concept, 319
evidence, 154-155, 320-322
hypothesis, 153, 313
in turbulence models, 326-327

Jet, nocturnal or low-level, 276
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Kinematic quantities, 13
Kinetic energy, mean flow
budget, 103
link to turbulence, 104
Kolmogorov, A. N.
inertial subrange, 146
on local isotropy, 15
scales, 16-17
scaling, dissipative range, 146
scaling, revised, 159-162
Kovasznay, L.
on eddy diffusivity, 248
Kurtic, 2
Kurtosis, aenmnon, 299

319-320

Lagrangian description, 11
Laminar sublayer. See Sublayer, laminar
Large-eddy simulation (LES), 10, 20, 130-137
of ABL by Deardorff, 245
first application, 115
origin of name, 116
of SBL, 272, 285
Length, mixture, 84-85
Length scales
buoyancy, 203
integral, 3
near »urme,zu 236
LES. See Large-eddy simulation
Liepmann, H.
on turbulence modeling, 107
Liquid water content, specific, 184
Logarithmic profile, 2§
Log-normal
model of dissipation rate, 161
variable, 161
Lumley, J. L.
on turbulence modeling, 108

Mass conservation equation
advected constituent, 13
fluid, 11
Mean-wind profile
baroclinic CBL, 247
convective ABL, 245
neutral ABL, 216, 245
SBL. 268
schematic, barotropic CBL. 246
Mixed layer
baroclinic, 246-247
barotropic, 244-246
generalized similarity, 258-259
mean momentum balance, 243
mean scalar profiles, 259
mean shear balance, 244-248
mid CBL, 241
similarity, 241-242
TKE budget, 243-244
Mixing ratio, 182
Mixing, turbulent, 62-65
Modeling, numerical
averaging.

Index

large- eddy simulation, 56
pdf 19,310
Reynu]d« averaged, 56
scale, 6870
second-order-closure, 19
subfilter, 68-70
subgrid, 68-70
type of averaging, 19
Models, turbulence
background, 106-107
history, universality, reliability, 107-109
subfilter-scale, 132
WET, 107
Moffatt, H. K.
on 1961 Marseille meeting, 159
oments
central, 299
cross, 301
definition, 299
joint, 301
Momentum conservation equation, fluid, 11
Monin-Obukhov similarity, 217-232
asymptotic behavior, 235-228
deviations, 228-23 1
dimensional analysis, 218-220
interpretation of L, 223
quasi-steadiness, local homogeneity, 224
Richardson number as alternative, 224-225
uses, 222-223
Moody chart, 5

Navier-Stokes equation, 13
Newtonian fluid, 12
Nusselt number, 9

Obukhov-Corrsin scale, 148

Pao spectrum, 151
Parameterization, definition, 308
Peclet number, eddy. 148
Physics, virtual
lume
Gaussian, 28
ionantngons s ensnbe-sveraged,
.61

Power spectral density

definition, 40

stochastic scalar function, 334
Prandil number, 148
Pressure covariances

flux budgets, 104

TKE budget, 104-105
Pressure, turbulent

amplitude, 106

measurement, 106

modified, 12

physics, 4445

role, 105-106
Probability density function

definition, 298-299

evolution equation, 308-310




Gaussian, 302
joint, 300
caleulated, 306-307
Gaussian, 302-303
observations, 306-307
physical interpretations, 308
properties, 306
observations
velocity derivatives, 303-305
vertical velocity, 305-306
Probability distribution function
definition, 208
Gaussian, 303
joint, 300
Process. random, 29§

Quadrature spectrum, definition, 335

Ramp-cliff structure, 155
Resolvable-scale variable

definition, 120

measurement, 377-378
Reynolds

analogy, 10

averaging rules, 31, 65

convention, 297

equations, 18

stress, 18,57

stress subfilter-scale, 68

terms, thermodynamic, 187
Reynolds number

dissipative eddies, 17

global for SBL, 255
gradient, 203- zm 270
turbulence, |

Rossby number, :44

Roughness
elements, §
length, 220

SBL. See Stable boundary layer
Scalar variance transfer rate, interscale
expression, 126-127
as spectral transfer, 127
Scale height, density, 177
Sealing
conditional, 160
local, 272
local free convection, 226
2less, 228, 272, 28
Scatter, model evaluations, 204
Schmidt number, 148
Schwartz's inequality, 331, 336, 357

Index

391

Skewness
definition, 299
temperature derivative, 154
velocity derivative, 158
vertical velocity, 201, 305
Spatial averaging, instrumental
scalars, 370-372
velocity, 376-377
Spatial derivatives, measured as differences, 376
Spectra in plane, 351-356
concept, 351
conserved sc
horizontal velocity,
inertial range, 352
isotropic forms, 353
two-dimensional spectrum, 352
vertical velocity, 353-355
Spectral density, tensor
definition, 342
isotropic form, 344
joint, 350-351
Spectrum
I-dimensional scalar function, 3840
3-dimensional scalar function, 40—41
3-dimensional vector function, 4142
scalar
beyond inertial subrange, 149-150
caseade rate, schematic of, 365
evolution equation, ABL, 366-369
inertial-diffusive subrange, 149
inertial subrange, 147148
isotropic turbulence, evolution equation,
361-3

56

Obukhoy-Corrsin form, 145
one-dimensional, 339
three-dimensional, 41, 339-341
variance budget, schematic of, 364
viscous-convective subrange, 149-150
space-time, 338
velocity
beyond inertial subrange, 151
inertial subrange, 146-147
three dimensional, 42, 343
Sreenivasan, K. R.
on local isotropy, 155
Stable boundary layer (SBL)
contrast with CBL, 267
eddy diffusivity profiles, 286
equilibrium height, 282-284
evolving, 286-287
examples, 202, 267
jet, nocturnal, 276
LES, 272-273, 285
‘maintenance of turbulence, 284-285
modeling, algebraic, 271-272
modeling equilibrium height, 288-289
modeling, second-order, 271
parameterization, 288
quasi-steady, 281-286
time histories, 269
treating gravity waves, 278-281
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Stationarity, definition.

01 Thermal energy equation, 14
Steadiness, quasi, 95-96, 2

Time scale
train Eulerian integral, 36, 82
normal, 64 Lagrangian integral, 82
rate, 12 Rotta, 250
schematic, 64 TKE. See Turbulence kinetic energy
shear, 64 “Transition to turbulence, 5
Stratification “Transport, turbulent, 92
neutral, 198 Triads, 129
stable and unstable, 199-200 Turbulence
Stress average vs. instantaneous structure, 204
rofile closure problem, 71, 106
neutral ABL. 216 dependence on initial conditions, 10, 15
schematic, CBL, 246 dissipative eddies, 16-17
turbulent, 18 effective diffusivity, 15
virtual mean, 28, 57 free-stream boundary, 27, 29, 193
viscous, 12 arid, 27
wall, 6 homogeneous, 27
Structure function impact of Kolmogorov, 20-21
definition, 152 isotropic, 28
measuring, scalar, 372-376 kinetic energy, r—s decomposition, 137-138
parameters, mathematical intractability, 17-18
Structures, coherent, 49-50 mechanical, 201
Subfilter-scale variable as a nonlinear system, 22
definition, 120 numerical modeling, 18-20
measurement, 377-378 numerical simulation, 10-11
Sublayer, laminar, 8 observations, 10
Surface energy balance, 197-198 physical modeling, 20
Surface flux random, definition, 15
heat, 197-198 range of scales, 16-17
layer, 217 realization definition, 15
pipe flow, 5-10 resolvable, 116
temperature, 77 stably stratified
Surface layer critical state,
as a constant-flux layer, 215-217 energetics
definition, 241 stationary, 27
inactive motions, 216, 236 steady, 27
trbulence length scale, 216 stochastic, definition, 15
velocity spectra, schematic, 216 subfilter-scale, 120
and surface fluxes,
Taylor, G. 1 two and three dimensional, 4
on eddy diffusivity, 83 two-dimensional, 163-167
hypothesis, 21, 303-304 cascades, 166
microscale, 21 inertial subrange, 165-166
on mixture length, §4-85 interscale transfer of enstrophy, 164-165
Theorem, 81 observations, 167
Temperature virtual properties, 15
equivalent potential, 185 Turbulence kinetic energy (TKE)
potential budget
conservation equation, 181 ‘mixed layer, 243
definition and convention, 179 neutral turbulences, 101-103
virtual, 183,197 resolvable scale, 123-124
cloud air, 184 subfilter-scale, 124, 133
potential, 183 surface layer, 231
Tensors SBL. 270
Cartesian concepts, 313314 transfer, intercomponent, 105
deviatoric, 132 Turbulent flux
isotropic determining form, 314-316, 318-319 budgets, 89
Terrain, effects of sloping, 277-278 conserved scalar, 59
Thermal conductivity, 8 definition, 19, 28

Thermal diffusivity, 9 heat, 75



mass, 78-83
modeling, 19
momentum, 57

need for specification, 89
temperature, 76-77

Velocity
divergence, base state, 177-178
variance, equivalence of Lagrangian and

Eulerian, §1

Viscosity
dynamic, 4. 6
kinematic, 4

Index

Vortex stretching and tilting, 14

equation, 13
turbulent, 4344

‘Wall, law of, 28
‘Warhaft, Z.

on local isotropy. 155
‘Wavenumber

in Fourier series, 39

triads, 129
‘Wiener-Khintchine theorem, 334
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